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Abstract 



In this thesis we showed that Non-equihbrium Green's Function Perturbation Theory (NEGF) is reahy 
the overarching perturbative transport theory. This is shown in great detail by using NEGF as a 
starting point and developing in 3 directions to obtain the usual transport-related expressions. The 3 
directions are: Landauer-like theory, kinetic theory and Green-Kubo linear response theory. This thesis 
is concerned with using NEGF to generalize the 2 directions of Landauer-like theory and the kinetic 
theory. 

Firstly, NEGF is used to derive phonon-phonon Hedin-like functional derivative equations which 
generates conserving self energy approximations for phonon-phonon interaction. 

Secondly, for the Landauer-like theory, using the perturbation expansion, we easily obtain anhar- 
monic (or phonon-phonon interaction) corrections to the ballistic energy current and to the noise associ- 
ated to the energy current. The lowest 3-phonon interaction, the lowest and the second lowest 4-phonon 
interaction corrections to the ballistic energy current are obtained. The lowest 3-phonon interaction 
correction to the noise is obtained. Along a scpcratc line, wc found that wc can incoopcratc high mass 
disorder into the ballistic energy current formula. The coherent potential approximation (CPA) for 
treating high mass disorder is found to be compatible with the ballistic energy current expression. 

Lastly, for the kinetic theory, Wigner coordinates -|- gradient expansion easily allow the reproduction 
of the usual phonon Boltzmann kinetic equation. It is also straightforward to derive phonon-phonon 
correlation corrections to kinetic equations. Kinetic equations lead to hydrodynamic (balance) cqTiations 
and we derived phonon-phonon correlation corrections to the entropy, energy and momentum balance 
equations. 



Chapter 1 

Preface 



[Organisation of the thesis] The thesis is structured to compare 3 types of transport theories 
emanating from Nonequilibrium Green's Functions (NEGF): Landauer-like theory, kinetic theory and 
Linear Response Green-Kubo theory. That is why for each type of interaction, all 3 versions are 
presented as far as possible. Then for each interaction, the Hedin-like functional derivative equations 
describing the self consistent treatment of that interaction are presented. Such Hedin-like equations 
generate conserving approximations for that interaction. 

1.1 Main Objectives of the Research 

1. Seek a rigorous framework of NEGF for phonons. This is done along 2 lines of development: the 
Landauer development, and the kinetic theory development Here, rigorous means the derivations 
are done with minimal "mysterious steps" like dropping terms without notice. The anharmonic 
corrections to Landauer energy current is done rigorously by expanding the 5-matrix properly 
and checking all usages of Wick's factorization theorem properly. 

2. Phonon-phonon and electron-phonon interactions are recasted into self consistent functional deriva- 
tive Hedin-like equations. These equations generate self consistent skeleton diagrams of the inter- 
action. The self consistent skeleton diagrams are conserving approximations . In other words, we 
want to derive equations that generate conserving approximations for as many types of interactions 
as possible. 

3. We want to survey bulk theories that handle high concentrations of disorder in lattices to see 
which one works best for finite nanosystems (at least numerically). 

1.2 Guide to Reading the Thesis 

For the thesis examiners, I include here a guide to point out the main flow and to list the results in 
the thesis to facilitate an easy access to the thesis. There are several features in the thesis that the 
examiner can use as guides. 

^The meaning of conserving approximations is in the sense in [Bayml962| by Gordon Baym. Essentially, the idea is sim- 
ple: The Green's functions are approximated by retaining some subset of self energy terms/diagrams. These approximated 
Green's functions are used to calculate the physical quantities. Conserving approximations are self energy approximations 
that give approximated Green's functions that give approximated physical quantities which satisfy continuity equations 
between these physical quantities. I have to admit that Baym derived the criteria in a particular context (2-particle 
interaction) and this criteria may be modified in this particular context of particle number non-conserving 3,4-particle 
interaction. This needs to be checked in future. 
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[Features:] 

1. The contents page gives the overall structure of the thesis. The logical flow of concepts and 
developments can be seen in the contents page. Please always refer back to the contents page for 
the logic of a particular development. 

2. The asterisked sections in the contents page indicate sections with my contributions. Comments 
at the end of those sections explain the contributions. All un-asterisked sections are reproductions 
from the literature. 

3. Some long subsections has a bold paragraph heading in square brackets. That heading summarizes 
the objective of that subsection. For readers who are lost in the reading or lost in the derivation 
can refer back to the bold heading and stay on track. 

4. Final and important equations are boxed. A receipe is given in some sections where the derivation 
is very long. 

For the examiners of this thesis, I shall now list the parts of the thesis which contain my contribution 
and what they are. 

1. The chapters which have my contribution are: chapter [3] on NEGF (mostly phonons), chapter [5] 
on anharmonicity and chapter [7] on disordered systems. 

2. The results in the chapter on NEGF (mostly phonons) are: 

(a) Langreth's theorem for terms in vertex multiplication. 

(b) Noise associated with Energy Current (for a noninteracting central) where we obtained the 
Satio & Dhar's formula via a different way. They did it using generating functionals based 
on a 2-time measurement process. We did it by pure NEGF only. 

(c) H-Theorem for correlated phonons is explicitly derived. The corrections due to correlations 
enter the entropy density and the entropy flux density. 

(d) Generalized Kadanoff-Baym Ansatz (Phonons) was constructed but it turned out to be un- 
successful. We hope the derivation given there allows the problem in construction to be 
uncovered. 

3. The results in the chapter on anharmonicity are: 

(a) Anharmonic corrections to the Landauer ballistic current are systematically derived. 

(b) Anharmonic corrections to the ballistic noise are systematically derived. 

(c) Phonon-phonon Hedin-like equations are derived and a library of self consistent phonon self 
energies which gives conserving approximations is collected. 

(d) In the section on applications of QKE on top of BE, correlation corrections to phonon energy 
and momentum balance equations are derived. 

4. The result in the chapter on disordered systems is: 

(a) In section [7.4.1.1.3t the 2-particle configuration average within CPA is incooperated into the 
Landauer formula. Hence it becomes possible to modify Landauer formula for high mass 
disordered systems. This leads to the publication [NiMLL2011j . 

5. We state here briefly the aims of including the other chapters: 
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(a) Chapter 4 on Reduced density matrix is included to provide another dimension besides 
NEGF. A promising numerical method - stochastic unravelling - is also illustrated. 

(b) Chapter 6 on Elcctron-phonon interaction is included to show that electron-phonon interac- 
tion has also been rewritten into Hcdin-likc equations. 

(c) Appendix D on NEGF for electrons is included to show the corresponding development for 
electrons. This provides a comparison with the main text which is concentrated on phonons. 

1.3 Incomplete Derivations in the Thesis 

1. The derivation of the exponent in the influence functional. 

2. The checking of the Landauer energy conservation sum rule in the appendix. It is not exactly an 
incomplete derivation, the derivation gives contradictory results. 

3. In the section on electron-phonon Hcdin-likc equations, the derivations on "normal modes in 
body-fixed frame" and "phonon-induced effective electron-electron interaction" are not included. 

1.4 Notation used in this Thesis 

Notation used in this thesis 



G — Electron Green's function 

k — Electron momentum 

n — Electron band index 

D — Phonon Green's function 

u — displacement vector 

Q — normal coordinate 

,a — mode amplitudes 

R'^'^, Ri = I — position vector of site I or cell I. 

k — kth atom in the cell. 

a — cartesian component of the displacement vector 

q — Phonon Momentum 

j — Phonon branch index 

G^, — Lesser Green's functions 

G^, — Greater Green's functions 

G^, — Retarded Green's functions 

G^, — Advanced Green's functions 

G^ , — Keldysh Green's functions 

r*^^^ — Left lead related function 

F^^^ — Right lead related function 

/^^^ — Equilibrium electronic distribution (Fermi-Dirac distribution) 

/ — Non-equilibrium electronic distribution 

N^'i — Equilibrium phononic distribution (Bose-Einstein distribution) 

N — Non-equilibrium phononic distribution 
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Fourier Transforms: 



A{r) = I -p-e'''-''A{q} , A{q) = I dre~"'-' A{r) (1.1) 



(27r)2 

A{t) = j ^e-'^^'Aiuj) , A{u) = J dte'^^'Ait) (1.2) 



Delta function representation: 



S{t) = — [ due-'''' , 6{lo) = — f dte'^' (1.4) 
2-K J 2-K J 

[Recommended Phonon and or Transport related books] These are references that serve me 
well to cover the background of the topic. Obviously the list is strictly a personal one and is neither 
complete nor all inclusive. 

• Description of phonons and anharmonicity at the level of solid state or condensed matter text- 
books: iMadelungl978i and iCallawayl991| . 

• Specialized books on phonons: [Maradudinl974] especially chapter 1, |Srivastaval990j . [Gruevichl986] . 
|Ziman2001j and [Reisslandl973j . 

• Specialized articles on phonons: |Kwokl968j and |Klemensl958] . 

• Good books on transport: |Smithl989j . |DiVentra2nn8] . |Bonitzl998j and [Vasko2005]. These 
books on transport are more in the engineering style: |Chen2005] and |Kaivany2008| . 

1.5 Acknowledgements 

I would like to thank my supervisors; Prof Feng for his support and Prof Wang for always asking 
penetrating questions that provoke deeper thinking. I would like to thank my family and my friends for 
their support. 



Chapter 2 

Introduction 



2.1 Discussion on Theoretical Issues in Thermal Transport 

In this section, we discuss only theoretical issues in thermal transport with a mind for nanosystems. 
These are essentially the big questions that the thesis will try to address. 

1. [Transport Theories:] 

(a) [Boltzmann Kinetic Theory] Historically, this transport theory came first and it came 
as the classical version. Some quantum effects are taken into account by using Golden Rule 
transition rates for the rate of change in distribution due to collisions. 

(b) [Kubo Linear Response] This came from a complete quantum treatment although it is 
truncated at first order (hence the name linear response) . It is written into a response function 
form which makes it very attractive because transport coefficients arc response functions! 

(c) [NEGF] This is still a perturbative theory but the step forward is that, a time dependent 
Hamiltonian can also written into a perturbative form that allows a Feynman diagram- 
matic treatment thus immediately there are various ways to go beyond first order perturba- 
tion. There arc other developments from NEGF: (voltage/thermal) leads can be dynamically 
treated (called the Landauer-like treatment); kinetic theory can be derived from a complete 
quantum treatment and quantum corrections to kinetic theory can be done systematically 
(called quantum kinetic theory (QKE)). 

Thus as far as quantum effects are concerned, NEGF gives the most complete treatment although 
it is still perturbative. 

2. [Non-equilibrium Situation] Due to the small sizes of the system and due to the small sizes 
of the contacts the transport in the system is likely to be in a highly non-equilibrium state. The 
question is, can such a non-equilibrium state be reached by perturbation theory? Most likely 
no. We hope that by employing self consistent methods (such as Hedin's equations) the non- 
perturbative regime can be reached (computationally). 

3. [Finite Size Effects] The finite size of nanosystems means that surface and interface effects 
are going to be significant and perhaps dominate the transport properties. What is the most 
realistic way of taking these effects into account? The typical Physics/Engineering treatment is 
to treat surface and interface effects as some kind of "rough reflective surface" where particles' 
momentum get degraded and changes direction. A parameter is introduced to denote the amount 
of degradation. Chemists' treatment is a bottom-up approach where bigger and bigger molecules 
are considered and all internal and external degrees of freedom are taken into account. The Coriolis 
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and Mass Polarization terms calculated in the chapter on electron-phonon interaction are terms 
which decrease in effect as the system gets larger and larger. Thus these are finite size effects 
which the Physics/Engineering treatment miss. 

4. [N and [/-processes] In the well-established treatment of phonon transport by the phonon 
Boltzmann equation the argument of A^-processes redistributing phonons and of [/-processes 
"killing" crystal momentum is convincing and physically sound but Brillouin zones and momenta 
are all bulk concepts. Thus for finite systems, the ideas of elastic scattering (A^-processes) and 
inelastic processes ([/-processes) are not very obvious. It is important because we need to know 
what processes "kills" the momenta of the carriers. 

5. [Controlled Approximations] Many-body problems are not solvable. Approximations are un- 
avoidable. The issues we need to keep in mind are that approximations must be tracked so that we 
know exactly the approximations within the theory then it can be systematically checked which 
set of approximations work in a particular situation. Example: do approximations that work in 
describing bulk systems work for nanosystems? 

6. [Experiments] Thermal transport experiments are extremely difficult to carry out because there 
is no direct way to meansure a heat current so there are not many experimental results. Thus our 
real picture of thermal transport in nanosystems is still sketchy but there are a few hints which I 
will state now. H 

(a) [Depressed Melting Points] There are plentiful and definitive experimental results show- 
ing that nanomaterials have much depressed melting points compared to their bulk coun- 
terparts. No references are given here as such data can be found in many articles, tables 
and handbooks. There are also various (surface to volume ratio related) models to explain 
for the depression but in the context of anharmonicity, we simply need to know that melt- 
ing requires the particles to move apart from their average equilibrium positions and thus 
anharmonic excitations are needed. The lowered melting point implies the ease of creating 
anharmonic excitations in nanosystems over their bulk counterparts. This means 2 things: 
we should have theoretical developments including higher phonon-phonon interactions and 
simple renormalization may not be sufficient as anharmonicity is not really "small" . H 

(b) [Ballistic or diffusive transport? Fourier's Law?] The usual understanding of bulk 
thermal transport is that there is diffusive transport since the system size is far larger than 
the phonon mean free path and Fourier's Law is obeyed. For nanosystems, experiments 
tell a different story. The measurement in |Schwab2000j showed conclusive phonon ballistic 
transport at very low temperatures. This brings in the need to consider coherent (or semi- 
coherent) phonon transport. This motivates the theoretical development of transport theories 



with correlations on top of the usual collision scenario. The measurement in Chang2008 



^Here is a quick recap of the definition of the A'^ and fZ-processes. A^-process stand for Normal process and represents 
the conservation of "crystal momentum", i.e. (X^i f') initial ~ (^/ ) ^® obeyed in an interaction. 17-process stand 
for Umklapp process and represents the conservation of "crystal momentum" modulo reciprocal lattice vectors g, i.e. 
{Yli'li)- • • 1 ~ '^3+ (X]f f/) is obeyed in an interaction (with n — 1,...). (/-process maps the final vectors back 

^^^^ V / final 

into the first Brillouin zone and these mapped-back-vectors typically have a smaller magnitude and have their directions 
"flipped backwards". 

^Obviously, this is an incomplete coverage of experimental results but I hope that this coverage is representative. There 
is a huge amount of numerical results but I choose to be skeptical and exclude numerical simulation results from this 
introduction. 

^It is also important to note that the reduced dimensionality of nanosystems results in different phonon dispersion 
relations and also severely limit 3-phonon anharmonic excitations upon the application of selection rules. Thus higher 
phonon-phonon interactions will also need to be considered as well. 
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and in other measurements |Eletskii2009] showed that violations of Fourier's Law occur even 
when the system size is much larger than the phonon mean free path. It appears to be 
common that low dimensional systems do not obey Fourier's Law and there is real urgency 
to theoretically understand what sort of "diffusive" transport this is. This review article 
|Dubi20lT] and the references therein are useful for following more experimental work. 

2.2 The Hamiltonian of a Solid 

To describe interactions in a solid, it is very important to know the most basic Hamiltonian which is 
the Hamiltonian of a solid. We follow |Madelungl978| . 
We make the following simplifications 

Divide electrons into 2 types — > core electrons + valence electrons 
Define an ion as — > nucleus + core electrons 

So hereafter, "electrons" means "valence electrons". The Hamiltonian of the solid (in position repre- 
sentation) is 



jjsolid ^ J^I-I _^ l^I-I _^ 2^el _^ ^el-el _^ p^el-I ^2.1) 



where 



Kinetic energy of the ions T^~^ = V^^ (2.2) 

^-^ \ 21111. I ^ i 
i=i,k ^ 

Kinetic energy of the electrons T*"' = ^ f -- — j V% (2.3) 

i=l V "^e/ 

Inter-ionic potential energy W^~^ = - ^ <I> (Ri-^ — RiA (2.4) 

1 1 

Inter-electronic potential energy W^^ = — (2.5) 

/ ' ^ —to —to 



Ion-electron interaction potential energy W'^^'^ = — -j ^ = V{ri — Ri) (2.6) 

i=i 1=1 \rf — RA ii 

where Gaussian units are used and charges are in units of electronic charge. Thus the electron has 
charge -1 and the ion at site I has integer charge Zi. Note that there is no need to assume these explicit 
expressions for W^~^ and H^®^"^. 

2.2.1 Adiabatic Decoupling (Born-Oppenheimer Version) 

Here we follow |Maradudinl974j including his notation. After the Hamiltonian of the solid is specified 
the next step is to seperate the quantum problem of the solid into the quantum problem of the electrons 
and the quantum problem of the ions. Note that it should be obvious that the seperation cannot be 



^This is the rigid ion model where the core electrons and the nucleus is one object. A well known example where the 
core electrons and the nucleus are considered seperately is the shell model. 
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complete. The physical basis here is that the ions are slow and have small kinetic energy so IS 
treated as the perturbation in the Hamiltonian of the solid, 

^solid ^ ^.I-I _^ yj^I-I _^ j^el ^el-el _^ ^el-I (^2.7) 

The "unperturbed" Hamiltonian isH 

Hoif,R) = VF" + T^i + VF'^i-^i + (2.11) 

The expansion parameter of the theory is some power of the ratio where m is the mass of the electron 
and Mo is of the order of the mass of a nucleus. Let, 



m 

Wo) 



(2.12) 



Assume that we know the solution of this Schrodinger equation for fixed nuclei positions R (so i? is a 
parameter) 

Ho{f, R)<^n{f, R) = En{R)^n{r, R) (2.13) 

where n is an electronic quantum number. We want to solve (actually, to seperate) the exact Schrodinger 
equation 

W^'"^{r, R)^{r, R) = £^{r, R) (2.14) 
We define some equilibrium position R^ 

R-i? = Ku (2.15) 

We will find that the equilibrium position will be defined in the course of the calculation. Expand 
HQ{f, R) in powers of the ion displacements 

Hoif, R) = Ho{r, R° + ku) = H^^'^ + kH^^^ + k^H^^^ + ■■■ (2.16) 

Expand also £'„ (R) and (f, R) 

En{R) = En{R^ + ku) = e'^^^ + KE'i'^ + t^E'^^'^ + ■■■ (2.17) 



5 



Actually, in the thesis and in most literature, we expand W°^'^ about equilibrium position 7?", 

^soiid ^ t" + W^" + T°' + W^°'"°' + W"°"(f,i?) (2.8) 
= T^"' + W^"' + T^' + + W^°'"'<''' (f, + "electron-phonon terms" (2.9) 

We ignore the "electron-phonon terms" for the time being and define the "unperturbed" Hamiltonian as, 

Hoif, R) = W^-^ + r°' + W^^'-^'fO' + W°'-\r, i?°) (2.10) 

The "electron-phonon terms" will be brought back via perturbation theory. See Chapter on el-ph. The dilTerence is that 
the "electron-phonon terms" are not included in the calculation of the effective ion-ion potential. It will be seen at the end 
of the section, from the derivation of the harmonic approximation, that the effective ion-ion potential is the eigenenergy 
oiHo, i.e. E„{R). 
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T^"^ takes the formlfl 

T"(fl) = -.^-X:(^)|iv|,..^-ifi-^' (2.23) 

It is actually possible to show that the harmonic approximation can be accommodated into the theory. 
This is done simply by requiring that T^"^ have the same order in k as H^^ which is quadratic in ion 
displacement. Thus, 

2 = 2 ^ a = - ^ K = { — ] (2.24 

a 4 \MoJ ^ ' 

= n'^Hf^ (2.25) 
The total expanded Hamiltonian is now in the form, 

H = H^^ + «F« + + )) + n^H^^ + ... (2.26) 
We seek a solution of the form 

m{r, n) = Y, Xn(u)^n(r, u) (2.27) 

n 

We want to know the conditions for seperable solutions. 

H''°^'"^{r,R)^{r,R) = £^{f,R) (2.28) 
F"°i''^(f,u)^'(f,n) = £^{r,u) (2.29) 

[HS''^ + KHi,'^ + ^^[Hl,'^ + H['^)+K'Hl,'^ + ---)Y.Xnm^) = ^5]xn^n(r,n) (2.30) 

n n 

use Ho<l>nir,u) = En<^nir,u) I 

(4°^ + '^4'^ + {h?^ + 4'^) + ^'e(^^ + ■■■) Xn^n(r, U) = Xnmnir, u) (2.31) 



®We check backwards 

T"(i?) ^ --^E ft) I: VI, (2.19) 



Afi y 2m 



note that Vg = k ^V|, 

fe2 



Mi y 2m 

- --Ef^^^l-Vl (2.21) 
I recall that k = /Mq 

- -E£;V|, (2.22) 

I ' 
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Multiply (project) from the left by $Jj^(r, u) and integrate over r. We can assume that eigenvectors $ 
are orthonormal for all values of u. We get, 

1 dr<^*^{r, u)Hf^ (u)<I>n(r-, u)Xn{u) + {^n^ + ^^n^ +■■■) XnSnm = ^ ^ Xn{u)Snm 
n n n 

K^Y. [ '^^^*mir, ^)H? (n)$,(f, ^)x(^) + (e^^^ + nE^rk^ + i^E^^) + . . ^^{U) = £xm{u) (2.32) 
We focus on the first term on the LHS, 

flP («)*„(>=•, fljx.ia) = ~T,m,^i,('^''(*''">xn(a>) (2.33) 

= -^E2S;(v|,*»(^-«-))x»« 

I ' 



n 

k'^Y I df^*mir,u)^nir,u)H[^\u)Xn{u) 

E E (^) £ / dr^*mir, u) (V|$.(r, u)) Xn{u) (2.35) 

use j dr^*^{r, u)<^n{^-i u) = Snm in the first line 

seperate m = n terms and m ^ n terms for the other 2 lines 

K''H[^\u)Xm{u) 



'*'E (^) ^ / dr^*mi^,u) (Vs,$^(r,u)) • {Va,Xm{u)) 

E E (^) ^ / dr^*mir,u) {V^,Mf,u)) • (V„-Xn(5)) 



-'^'E (^) 1^ / ^^"'^-(r,^) (V|$„(r-',5)) xm{u) 

E E (^) 1^ / ^^"'^-(^"'' ^) (V|^n(r, u)) Xn{u) (2.36) 

n{^m) I 

in the absence of magnetic field, $ can always be chosen to be real 
then in the second line, we write ^^(r, n) (V^;^>r„(f, {?)) = -Vg;$^(f, -u) 
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define Cmiu) = —k^ 



I define Cmn = ->^^ ^ ^ ^ df$^(f, [(V^,«>„(f, n)) • V^, + (V|«>„(f, u))] 

= K2i/f^(n)xm(tI) + Cm(n) + Cmn (2.37) 
The complete Schrodinger equation becomes 



^2„(2) 



ii\ + -Em(^i) + Cmiuy^ Xm + C^nXn = ^^Xm (2.38) 

n(7^m) 

The lowest order for Cm is ~ and the lowest order for Cmn is ~ k^. The adiabatic approximation 
is where Cmn is ignored. The (nuclear) eigenvalue equation in this approximation is, 

i^Uf^ + Eraiu) + Cm(n)) Xmv = e-mvXmv (2.41) 

where v can be regarded as a vibrational quantum number. Since Cmn is at least of the order k^, the 
adiabatic approximation fails beyond . We expand the eigenvalue equation up to (so Cm does not 
contribute) and compare order by order. 



Hf'' + Em{u) + Cmiuyj Xmv = ^mvXmv (2.42) 



M _L ...(I) I ,,2 (2) 



Zeroth order in k gives, 



First order in k gives. 



^ (^Xmv + '^Xmv + '^'^Xrnvj (2.43) 



^(0) (0) ^ (0) (0) .2 44) 



£;(i)^(0) + sWy(i) = e(^) y(°) + e(°) y^^) (2 45) 

Second order in k gives, 

'^(2) + E^2)\ (0) ^ ^(1) (1) + ^(0) (2) ^ (2) (0) ^ (1) (1) ^ (0) (2) .3 46) 

^-"1 I -^m / Amti ' -^m Amv ' ^m, Ami) ^mi)Ami) ' '-mtiAmi) ' '-mtiAmii 



From the zeroth order equation, we immediately get e'mv = e'^ = Em (R^) and we use it in the first 
order equation to get, 

^(1) (0) ^ (1) (0) ^(1) ^ (1) ^2 47) 



^We estimate as follows, 

lowest C„ ~ K^<I>'^^V|$'^' = = K* (2.39) 

lowest ~ K^$^^'Va$'^' = = (2.40) 
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However e!^^ is first order in u and e^i is a constant, thus to satisfy the equahty, we need E', 
0) i.e. 



(1) 

"m 



(1) _ 
SO Sjiiv — 



0,(and 



(2.48) 



R=RO 



and eL') 



Thus the cquiUbrium configuration R^, corresponding to the mth electronic state is defined. We use 

= e^t) in the second order equation to get 

+ £;{2)^ (0) +g(0) (2) 

fji-(2)+£;(2)A (0) 
\ 1 ' rn I Amu 



£(2)3.(0) 



(0) y(2) 
mvAmv 



( 



y(0) 
A.mv 

(2) 



Recall, Ion kinetic energy term : k^H\ 
Effective ion-ion harmonic potential term : i^E^ 



g(2) ^(0) 

multiply on both sides 

^mv I Amv 

T^-\R) 

2 ^ dRij^aidRl2a2 



(2.49) 
(2.50) 



4ee 



(2.51) 
(2.52) 

(2.53) 
R=RO 



d^E„ 



(2.54) 



u=0 



And so we get the usual ion-ion Schrodinger equation in the harmonic approximation, where K^emv is 
the harmonic phonon energy. Thus the harmonic approximation is really part of the adiabatic approxi- 
mation. The effective ion-ion potential is given by E^ which implies that there is electronic contribution 
to the ion-ion interaction as it should because the electron-ion problem cannot be completely seper- 
ated. This results in some form of uncontrolled double counting of the electronic contribution when 
electron-phonon interaction is treated. Electrons enter the phonon frequency via Em and also enter the 
electron-phonon interaction. 

For the rest of the thesis, the effective ion-ion potential will be denoted by $ instead of E^ and 
for solids with multi-atoms in a unit cell, we need to generalize the index notation of the displacement 
vector to uika where I denotes the unit cell at position R^j^, k denotes the kth atom in the unit cell and 
a denotes the Cartesian component of displacement of that A;th atom. Effectively, we can write such an 
expansion for W^~^. 



W 



i-i 



+ 



5=0 



^ duika 
Ika 



Ulka + 



2! 



9'^hkiai9'^l2k2a2 



'^Iik\ai_'^l2k20c2 



«=0 



u=Q Iikiail2k2a2 

the first term is a constant shift in the Hamiltonian which can be absorbed 
the second term is zero as the minimum of $ is at R^^ (BO energy surface) 
the third term together with T^'^ is known as the harmonic approximation 
higher order terms are called anharmonic corrections 

^2$ 



- y 



2' ; I. ^i. 9ui^kiaidui2k2a2 

hkia\l2k2a2 



'^Iikiai'^l2k2a2 ~^ 



(2.55) 



u=0 
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Taylor expansion of W^^'^ around equilibrium positions is treated in the chapter on electron-phonon 
interaction. 



Part I 

Theories and Methods 
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Chapter 3 



Non-Equilibrium Green's Functions 
(NEGF) (Mostly Phonons) 

[Chapter Introduction and Roadmap:] We enumerate the introduction and the scope of the 
chapter to make it easy to read. (All acronyms can be deciphered from the Contents Page.) 

1. In transport, we have to deal with non-equilibrium systems (from time dependent Hamiltonians) 
and many-body interactions (from many-body interaction Hamiltonians). 

2. This chapter aims to show in great detail that, at the pertubative level, NEGF is the "Mother The- 
ory" of transport theories. We develop from NEGF into three forms for transport; the Landauer- 
like form, the (quantum) kinetic equation form and the linear response form. 

3. This chapter also presents NEGF rigorously and systematically, thus exhibiting its full general- 
ity. This allows NEGF to guide us through generalizations beyond the three forms of transport 
mentioned. (This thesis is only concerned with the first two forms.) 

4. We show that despite starting from a time dependent and a many-body interacting Hamiltonian, 
a perturbative expression can still be obtained. This expression originated from Kadanoff, Baym 
in |Kadanoffl962| and Keldysh in |Keldyshl965| . It looks symbolically similar to the usual finite 
temperature equilibrium Matsubara Field Theory. Thus all the nice features of Feynman diagrams 
expansions and resummations are automatically available in this theory! 

5. A contour time parameterization of Heisenberg operators is needed to arrive at the pertubation 
expansion. Once the perturbation is done, we need to go back to the physical problem in real 
time. This is done by applying Langreth's theorem to the (contour time) terms we kept in the 
perturbation expansion. 

6. We summarize the perturbation procedure using NEGF with the section "Receipe of NEGF". 

7. We then use NEGF in Landauer-like theory to derive the energy current for an (arbitrary) in- 
teracting central system. It was specialized to two cases: (1) the left-central coupling and the 
right-central coupling are proportional to each other (2) the central is harmonic with no many- 
body interactions. We also showed that calculation of noise (associated to energy current) is 
possible with the help of NEGF. 

8. NEGF is then used to develop kinetic theory. First the Green's functions give us an equation that 
looks like a kinetic equation - I call it "pre-QKE". Then we turn pre-QKE to QKE (i.e. turn 
Green's functions to distributions) via two different ways: (1) KB ansatz and (2) GKB ansatz. 



15 
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9. Finally NEGF is shown to develop into linear response theory but this is not the main theme of this 
thesis so linear response theory is briefly mentioned throughout the thesis only for completeness. 

As our focus is on phonon transport, we will present the theory in phonon variables. The parallel 
presentation for electrons is shown in the appendix. 



3.1 Foundations 

3.1.1 Expression for Perturbation 

The references we follow in this section are |Haug2007] , |Rammer2007j and |Leeuwen2005j . For a concise 
review which is intended for phonon transport, see |Wang2008| 



[The Statistical Average] We write the time dependent Hamiltonian in this form, 

H{t) = Ho + Hi,,t + V{t)e{t-to) (3.1) 

where Hq is quadratic in the variables and the (parametric) time dependent V{t) is switched on at 
t = . The step function is there only to symbolise the (sudden) switch on. 

The purpose of the switch on allows us to write statistical averages using Heisenberg picture and a 
simpler form results because we choose to to be the time when the pictures coincide. 

The non-equilibrium average is thus defined as, 



{A{t))=Tr{pt,AHit)) 



Tr(e-^(^o+^i"')^H(t)) 
Tr fe-/5(^o+i^i„t)) 



(3.3) 



where /3 = and T is the equilibrium temperature before the switch-onH 



[Establishing the Contour ordering identity] The idea is simply that Heisenberg operators can 
be written as a contour parameterized Interaction operator. The parameter on the contour is denoted 
by "r" , the so-called contour time variable]! 

First we artifically partition the Hamiltonian as 

H{t) = Ho + (//int + V{t)) (3.4) 



This is not to be confused with the adiabatic switch on as seen in |Grossl991] chapter 18 and [Fetter2003| pg 59. It 
means we can use a mathematical device 

H{t) = Ho + e-'^'^Hint (3.2) 

and prove that (within perturbation theory) if we start with an eigenstate of Hq, we will land up in some eigenstate of 
Ho + Hint- This is protected by Gell-Mann and Low theorem. We are thus assured that within perturbation theory, an 
adiabatic switch on of Hint will give us something sensible. I am unaware if there is such a corresponding "protection" 
for the time dependent Hamiltonian H{t) = Hq + Hint + V{t), i.e. using the mathematical device, we write H(t) — 
Ho + Hint + e"*^'*' V(f) and do we have the guarantee that if we start from some Ho + Hint eigenstate, we will land up in 
some eigenstate of H{t) = Ho + Hint + V{i)l Because of this, I will avoid using the phrase "adiabatic switch on of V(t)" 
in the main text. 

^Before the switching on of V(t), the system is in equilibrium which is a canonical distribution ptg — « 



Tr(e-''(ffo + Hi„t)) • 

^Note that in quantum dynamics, a "picture" consists of 2 components, the operator and the state, eg the Heisenberg 
picture consists of the Heisenberg operator and the Heisenberg state. Here we are rewriting the Heisenberg operator to 
the Interaction operator, so there is no change in "picture". It is just an operator transformation. Strictly speaking, in 
terms of dynamics, we are in Heisenberg picture throughout. 
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and use Dyson's identity (see Appendix A) and write the Heisenberg evolution from the coincident time 
to as 

Anit) = UHit,to)^A{to)UH{t,to) (3.5) 
= (^Te"^^'o^*'^^^"'+^^*'^^"«)^^^«(*-*°U(to)e-^^«(*-*«) (^Te-^^^o'^^'^^'-^+^^^'^^^o) (3.6) 
= (fe-^ ^4 'i''(Hint+V{t'))H,^^ ^^^^^^^ (^Te"^ 4 rf*'(^^int+V(t'))Ho^ (3 7) 

where T is the time ordering operator and T is the anti-time ordering operator 0. Also such notation 
has the meaning 



io) 



(3.8) 



The identity we want to prove is the following, 

1 r' M' 



(3.9) 

/^^-owy^.,^ " / (3.10) 

where T-^^ denotes time ordering parameterized by the "upper" contour 
and T^^ denotes anti-time ordering parameterized by the "lower" contour 



Tct I e 



AHoit) 



(3.11) 



(3.12) 



where contour q is the oriented path parametrized by contour variable r as shown below. 




Figure 3.1: The contour ct parameterised by r. The diagram on the left is the actual path. The diagram 
on the right is artifically "blown up" for clarity. On the right, the "upper" contour parameterizes 
evolution from to to t and the "lower" contour parameterizes evolution from t to to. This is the sequence 
of evolution when we read the Interaction operator from right to left. 



■'The Hermitian conjugate changes the sign of the exponent and it also reverses the order of the operators giving rise 
to f. 
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The proof is as follows, starting from the RHS (we write (i?int + V{t))ho as {t)ho and q as c to 
save some writing) 



RHS = Tc(^e~^^cdr{r)H„ji^^^(^t^^ (313) 
= J2 [-JiJ ^J"^^'---] "^^"^^ • • • (''n)HoAHoit)) (3.14) 



n=0 

Divide each contour integral into 2 branches, 

and 1=1 
to Jt 

The nth order term has 2" real time integrals. Take the example of (2) term. 



f = f + f where / = / and / = / " (3.15) 
Jc Jtn Jt 



dn J_^dT2 J^dTs... dTn T^ {{ti)Ho ■ ■ ■ {Tn)HoAHoit)) 
= J^dT3... J^dTn T^{{n)Ho ■ ■ ■ {Tn)Ho)AHQ{t) dn dT2 T-^ {{ti) Hq{t2) Ho) (3.16) 

where the factors to the left of AH^it) are later than time t ("lower" contour) and the factors to the 
right of Auoit) are earlier than time t ("upper" contour). This term has mulitiplicity (2). For a general 
term in the nth order, it has multiplicity (^) . So we can write the nth order term as 

^dri . . . J^dTnTc{{Ti)Ho ■ ■ ■ iTn)HoAHo{t)) 
= ^ [ ) i dTm+l ■ ■ ■ dTnT^{{Tm+l)Ho ■ ■ ■ {Tn) Ho)AHo{t) j dn . . . dTmT-^{{n)Ho ■ ■ ■ {'Tm)Ho) 



m=0 

( n\ n\ 

note = — TT and we can rewrite mto 

\m) m\{n — my. 



°° °° /• /• 

/ dn--- dTkT<^{{n)Ho - - - irk)Ho)AHo (*) / dn - - - dTmT-^{{n)Ho - - - (Tm)ifo) 



m=0 k=0 

And for the full series. 



re(e-t/c^^W.o^«oW) = 1:1;-^-^ ldn---dnT.,{in)Ho---{rk)Ho)AHo{t) 

m=0 fc=0 ■ ■ ■ V / c 

X J_^dn--- dTmT-^({n)Ho - - - {Tm)Ho) 

= Y.1a\-i) Ld'^i---drkTi^{iri)Ho---{Tk)Ho)AHo{t) 

fc=0 ■ ^ / c 

^m\\h) L ■ ■ • drmT^{{n)Ho - ■ ■ {t^)ho) 

ni — n \ / c 



X 

m=0 

write T<^ as T and T-^ as T 

write in / = / and = 

Jto Jt 
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= (fe-i^f'° dt'(/^int+V(0)«o) Aho it) (re-^ 'i*'(^^in.+V(t'))i.o) 
I invert the integral limits in the operator on the left to get a sign change 

= LHS 
Hence the proof is completed. 

[Derivation of the perturbation expression] We will now make use of the contour ordering 
identity and apply it to the time-ordered Green's function (just take it to be a strangely defined two 
operator averaged function for now, the proper definitions are given later) so that we get an expression 
amendable for perturbation. Recall the definition of the phonon displacement operator uika from the 
appendix and so using the phonon Green's function as example, 



D{likiaitil2k2a2t2) 

i Tr {e-'^^^°+^'-''>T{uHilikiaiti)uH{l2k2a2t2))) 



h 



-T{T{uH{hkiaiti)uH{l2k2a2t2))) 
n 



(3.17) 
(3.18) 



where T is a time ordering symbol 

the T symbol only serves to remind that ti and t2 are arbitrary and unrelated 

a proper meaning of T will emerge in the derivation 

uh is the phonon displacement operator in the Heisenberg picture. 

Use the contour identity for each Heisenberg operator 

~h\ '^V '^^oihkiaiti) j Tc^^ le '2 -uho (^2^202*2) 

combine the 2 contours, see the diagram 



" UHo{hkiaiti)uHa{l2k2a2t2) 

where we avoided commas in the arguments whenever possible to reduce cluttering. Thus we can 




Figure 3.2: Combining 2 contours to form the Keldysh contour for the one-particle Green's function. 
The first 2 diagrams take t2 > ti and the last diagram is general. Again, be reminded that these are 
artifically blown up diagrams. 

generalize and state that the final contour is from to to max{ti,t2} which we shall call it the Keldysh 

^Without reading the appendix, the indices I, k and a refer to unit cell /, fcth atom in the unit cell and the ath Cartesian 
component of the displacement vector. 
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contour ck- So 

D{hkiaitihk2a2t2) = -^(r,^ (e"^^=^^"^^'°'"'^^"^^''°^XHoaiA;iaiti)nHo(Z2A:2a2t2))) (3.19) 



h Tr(e-/'(^o+^int)) 

(3.20) 

The final step to do is to change the statistical weight to e~^^° where Hq is quadratic in the variables 
so that Wick's factorization theorem can be applied. So we apply Dyson's identity again simply by 
letting /3 = i(t- to), 



where (i/int)Ho(i) = eS^o(*~*")i?int(to)e~^'^°^*~*"^ and T orders from to to to - ih^. The term in round 
brackets can also be treated as a contour ordered expression. In this case, we call this the Matsubara 
contour, cm that parameterizes to — ihO to to — ih/S. The Green's function is now given by 

D{likiaitil2k2a2t2) 

, TV [e-^^o (r,,^e-^^=M'^-(^-)-oW) (e"^ ^-«^-+^W)Ho^^„(/,A:iaiti)nHo(/2A:2a2t2))) 



Insert a unity term Tc^e fi -^c^ '^■^((^int+^('^))^^o) jj^^o the denominator. 

to see why it is unity, write it back into Heisenberg operators using the contour ordering identity 
and combine the contours ck and cm into one contour path, ck + cm- 
we denote ti — )■ ti and t2 T2 

this is to emphasize that ti and t2 have no specific relationship until the perturbation is done 



D{likiaiTil2k2a2T2) 



(3.22) 



This is the final form where Wick's theorem applies and the denominator cancels disconnected diagrams. 
H The relationship between ti and t2 only affects the choice of ck but that is after the perturbation. 
Also, it is clear that any number of Heisenberg operators give only one ck after combining the contours. 
Now, at least in perturbation theory, we have an expression that can potentially probe non-equilibrium 

^Following the literature, we can write eqn 1)3. 22|) as D{likiaiTil2k2a2r2) = —j^(Tci^+cm {uh {hkiaiTi)uH {l2k2a2T2))) 
which is the so called contour ordered Green's function. Thus the contour ordered Green's function is really a nice symbolic 
form that represents eqn H3.22|) where really the calculation happens. 
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regimes. Thus now the machinary of Feynman diagrams is also available in NEGF. [f| 

^We could take on a different way of "partitioning" the Hamiltonian and we can derive a different expression for the 
Green's function. 

D(likiaitil2k2a2t2) 

■ Tr (e-'3(^«+^'"')r(wij(/ifciaifi)u/f(/2A:2a2t2))) 
~h Tr(e-'3(»o+-tfint)) 
I Change each Heisenberg operator with the differently partitioned contour-ordering identity 

I i.e. use Auit) = (e"* -^^ ''"^«o+«.„t(-)A^jo+H.„,(t)) 

I proceed to combine the contours and then "split" the statistical operator just like in the main text, we get, 
. Tr (e-^^o (Te,,e-^^^M '*-(«.nt)«o {.)^ (^^-iL^ '"''«°+"-' ^Ho+ff.„, («ifciaiti)itHo+H.„t (^2^202*2)) ) 
h Tr f e-^»oT, 



However, we are stuck as the operators are in different unitary-transformed form so we can't combine the expression into 
one single S-matrix form. 

We could even start from Ho and switch on Hint + V{t) so that the statistical average to use is 

(...) = ^ ^TT^ (3.23) 

The final perturbation expression is actually simpler with only Keldysh contour and the availability of Wick's theorem is 
immediate. 

Tr (e-^^oT,^ fe"* '*-{«.nt)«o(-)e-i /e, ''"^««'"'n«o(Zifciaiti)««„(/2fc2a2t2))) 

D{likiaitil2k2a2t2) = ^ ^ 7 — ^ — ^^^.^ ^ (3.24) 

n Tr I 



However we are not in favor of this expression because it seems artifical in switching on Hint which may represent Coulomb 
interaction, phonon-phonon interaction or electron-phonon interaction which cannot really be switched on or off. 

*Here is quick summary of the various levels of approximations in diagrammatic perturbation theory. This is stated in 
increasing order of sophistication. 

1. We need to pick out irreducible (proper) self energy diagrams. Irreducible (proper) self energy diagrams are diagrams 
that cannot be split into 2 by "cutting" only 1 Green's function line. 

2. Inserting an irreducible self energy diagram into the Dyson's equation amounts to an infinite sum of that diagram. 

3. To set up a self consistent self energy diagram, we need to pick skeleton diagrams from the irreducible self energy 
diagrams. Then replace free Green's functions with full Green's functions in the diagrams. Skeleton diagrams 
are irreducible diagrams with no self energy insertions. We can make skeleton diagrams by removing self energy 
insertions from irreducible diagrams. 

4. The self consistent diagram is then inserted into the Dyson's equation and the full Green's function is solved self 
consistently. It appears that Hedin-like equations generate the self consistent diagrams within the theory itself. 
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Now the final contour, ck + cm is of this form 



to - iriO = to ^ > Max{ti .tj} to - iliO = t(, 



to-ilipi 



to-ifip 



>Max{ti,t2} 



Figure 3.3: The combined Keldysh contour ck with the Matsubara contour cm. The diagram on the left 
is the actual path. The diagram on the right is the "blown up" path shown for clarity. It appears that 
Cm is later than ck but actually it is the other way round, ck is later than cm- Recall that ck appears 
when V{t) is switched on. 

We mention some special limits to indicate the generality of NEGF. 

1. Matsubara T / field theory: set V{t) = and restrict t^ < t < t^ — i/3h. See appendix for the 
derivation. 

2. Linear Response Theory: simply just take first order perturbation in V{t) (this is true for me- 
chanical perturbations). See the last section of this chapter. 



3.1.2 Wick's Theorem (Phonons) 



We now quickly digress to fill in the proof for Wick's theorem following jRammer2007j . We consider 
the case of bosonic operators which is the main interest in this thesis. The crux is that the statistical 
weight is a quadratic Hamiltonianj^l 

First we establish 2 identities: 

Identity 1: 



al,p{Ho)]_ = p(i/o)a5 (e^-«/^^^ - 1 



(3.25) 
(3.26) 



where Og = alj^^^, Oq = o^Hq ^-^'^ bosonic operators in the for mode q and Uq is the angular frequency 
of mode q. We omitted the vector notation and the Hq unitary transformation here just to simplify 
writing. 

Proof of identity 1: 

Write p{Hq) explicitly into modes: 



4n 



g' ir e i q' i 



(3.27) 



n 



q'i¥=q) Tr e i g' i 



-pfiWqa\aq 



fjlj. ( ^ — Phhjqa\aq 



(3.28) 



®A slightly more general Wick's theorem is proved in section [5.3.1l That case is when the statistical weight is quadratic 
+ linear. 
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use [ttq, aj] = 1 =^ ajflg = OgoJ — 1 in the exponent. 



n 



g ' H q' H 



\ 



q'(¥=q) ir e i q' i 



J 



/ t \ 1 

Tr I Q- P^i'^q'^qO-q 



(3.29) 



V 

Expand the exponential term, insert from left and remove from right. 



n 



g q q' q 



,/ , \ rr. I —litluj ia\a I 

q'ii^q) Tr e i q' i 



then, 



a\p{Ho) - p{Ho)a\ 

The proof for [aq,p{HQ)]_ = p{Ho)aq {e'^^^ 
Identity 2: 



q 

p{Ho)ay^'' - p{Ho)a\ 
= p{H,)a\{e^^^-l) 

l) follows in an analgous way. 



Oq, A 

[[aq.A] 



I _ ^t^i^q/ksT 



1 - e 



-hWq/kBT 



{a\A) 



{aqA) 



where A is an arbitrary operator. 
Proof of identity 2: 



a^, A 



Tr(p(i?o) (ajA-^at)) 

Tr (^pa\A^ - Tr (^pAa)^ 
Use trace cyclicity in the second term. 
Tr (pa\A) - Tv (a\pA] 

A 



-Tr 



al,p{HQ 



I Now, use identity 1. 

The proof for ^]_) = (l — e"'*'^'?/'^^^) {C'qA) follows in a similar way. 

Now we proceed to prove Wick's theorem using identity 2. Consider a typical expression upon 
expanding equation ()3.22p which is a N-string of 2N operators 



Sn = {Tc {c{t2n)c{t2N-i) ■ ■ ■ c{t2)c(ti))) 



(3.43) 
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where c(r) is either Og or Uq and we display only the contour time arguments. Since these are Bose 
operators, we can forget writing the contour ordering operator Tc for a while (of course it is still there!) 
and reorder them freely0 



Sn 



I 2N 

n 

\n=l 



c r„ 



2N-1 



Use identity 2 to write, 
1 



1 _ ^±ttUg/kBT 



2N-1 



c{r2N), n 



n=l 



where + is for aj, — is for 



1 _ ^±t^q/kBT 



2N-2 



c{t2n),c{t2n-i) W c(r„ 



n=l 



Use the product rule of commutators. 



2N-2 



n=l 



2N-2 



(3.44) 
(3.45) 

(3.46) 

(3.47) 
(3.48) 



n=l 



1 _ ^±t^qlkBT 



-1 



n=l 



I 2N-2 /2N-2 \ 2N~2 

X (c{t2n~i)c{t2n) Y[ c(r„) - c(r2Ar_i) c{Tn)\ c{t2n) + [c{t2n),c{t2n-i)]^ c(r„) 

\ n=l \ n=l / 

We keep commuting c{t2n) to the right in the first term. 

I /2N-2 \ 



c{t2N-i)c{t2N-2) • • • c{ti)c{t2n) - c{t2N-i) JJ c(r„) c{t2n) 



n=l 



2Af-l 



2Af-l 



+ [c{T2N),c{Tn)]_ JJ c(t„) \ 

n=l m(^n)=l / 

j^l _ ^±r^,A,T^ ( E [c(r2;v),c(r„)]_ ) 

\ n=l m(^n)=l / 

The average is independent as the commutator is a c-number. 

[cg{T2N),Cq'{Tn)]__ <^ [Cg(r2iv), Cg/ (r„)] _ ^ 

/2Ar-l \ / 2Ar-l \ 

(l-e^'-'/'^-^) ( 2: [c(r2^),c(r„)] \( J] ) 

\ n=l / \m(7^n)=l / 

Now use identity 2: ( [cg(r27v), Cg' (r„)] _) = 6qq> (l - e±'«^«/'^sr\ (cg(r27v)cg'(r„)>. 



(3.49) 
(3.50) 



(3.51) 



■"For fermions, there are sign changes to keep track of. See footnote 28 on page 100 of [Rammer2007j . 
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2N-1 



2N-1 



{c{T2N)c{Tn)) ( c(r^) \ 

n=l \m{y^n)=l I 

We remember to write Tc again 

2N-1 I 2N-1 \ 

{TcC{T2N)c{Tn)) (Tc c{Tm) 
n=l \ m(^n)=l / 



(3.52) 



(3.53) 



The 2nd factor is a string of 2N — 2 operators and the same procedure is repeated until 2 operators 
are left. By writing out explicitly some simple examples, we can see that the total sum is over all 
possible pairs (APP). This concludes the proof. 

We can thus write expicitly, say for a bosonic phonon displacement field, (where this statistical 
average is done with p{Hq)) 



{Tc{uHa{hnk2na2n,T2n)uHo{hn-lk2n-lOi2n-l,r2n-l) ■ ■ ■ UHo{hhai,n))) 

n ^-^^ iuHo{kkiai,Ti)uHoiljkjaj,Tj))) 



(3.54) 



APP j^j 



3.1.3 Definitions of Green's functions 

Now we will properly define the single particle Green's functions. Based on the 3-branched contour 
(ck + Cm) used for perturbation, we can write down 7 (real time) Green's functions El (supressing the 
lattice indices l,k,a and recalling that ck and ^ refer to the "upper" contour and the "lower" contour 
respectively) 



^(ri,T2) 



D\h,t2) 

D>ih,t2) 
D<ih,t2) 
D\tiM) 



ti,t2 G Ck 

h G tfK,t2 G Ck, 

h,t2 G t^K 



h > t2 
h < t2 



(3.55) 



h G CK,T^^ G CM 
G CM,t2 G CK 



M 



t2) 

.M 

1 5 ^2 



1 ' 



rf G CM 



The last Green's function D^^ is the Matsubara Green's function (see appendix on Matsubara 
theory). The Green's functions and D are symbolized as such to graphically denote the contour 
branch where the time argument is taken from. The explicit expressions for the first 4 (real time) 
Green's functions are. 

Time-ordered Green's function 



{Iikiaitil2k2a2t2) 

1 

--{T{uH{hkiaiti)uH{l2k20L2t2))) 

n 



(3.56) 



1 % 

-jGiti - t2){uH{hkiaiti)uH{l2k2a2t2)) - j0{t2 - ti){uH{l2k20t2t2)uH{likiaiti)) (3.57) 



'For phonons, there are three types of operators that can be used. The proof for Wick's theorem was done with the "a, 
operators. The other two operators are hnear combinations of them, i.e. u, Q cc {a' + a) and so Wick's theorem appHes 
to these two operators. A crucial ingredient is that, (in schematic form) harmonic averages (aa) and (a^a^) vanish. This 
ingredient ensures that for an expression expressed in whichever of the three variables, they will give the same number of 
pairs after applying Wick's theorem. 

'^AU permutations would seem to indicate 9 possible definitions of Green's functions. However for and there is 
only one distinct choice each because t € ck > to — ihr^' G cm- 
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Greater Green's function 



{Iikiaitil2k2a2t2) = --^{uH{hho!iti)uH{l2k2a2t2)) (3.58) 
Lesser Green's function 

{Iikiaitil2k2a2t2) = -j^{uH{l2k2a2t2)uH{likiaiti)) (3.59) 

Anti-time ordered Green's function (T is the anti-time ordering operator) 
{Iikiaitil2k2a2t2) 

% - 

= -^{T{uHihkiaiti)uHil2k2a2t2))) (3.60) 
= "■^^(^2 - ti){uH{hkiaiti)uH{l2k2a2t2)) - jO{ti - t2){uHil2k2a2t2)uH{likiaiti)) (3.61) 
Immediately we see a relation 



+ = D< + D> (3.62) 

Thus are only 3 linearly independent Green's functions in non-equilibrium (i.e. non-homogenous &: 
non-time translational invariant) systems. We define 3 more Green's function for later considerations. 
Advanced Green's function 

D^{likiaitil2k2a2t2) = -9{t2 - ti){D^ {Iikiaitil2k2a2t2) - D^{likiaitil2k2a2t2)) (3.63) 

= j0{t2- h) {[uH{hkiaiti),UH{hk2a2t2)\-) (3.64) 

Retarded Green's functional 

D^{likiaitil2k2a2t2) = 6{ti - t2){D^ {Iikiaitil2k2a2t2) - D^{likiaitil2k2a2t2)) (3.67) 

= -jO{ti-t2){[uH{likiaiti),UH{l2k2a2t2)]~) (3.68) 

Keldysh Green's function 

{Iikiaitil2k2a2t2) = {Iikiaitil2k2a2t2) + {Iikiaitil2k2a2t2) (3.69) 
where [ , ]- represents the commutator. 

3.1.4 Langreth's Theorem 

Now suppose the perturbation has been done by expanding the S-matrix in the pertubation expression 
(i.e. eqn (j3.22p ) in contour time and we get a collection of terms that could be convolved or multiplied 



Actually if there is a time singular part (denoted by superscript S), the definitions of the retarded and advanced 
functions should be 

D«(fit2) = D\t{}5{U-t2) + e(U-t2){D>(Ut2)-D<(Ut2)) (3.65) 

D^(tif2) = D\u)5{U-t2)~e{t2-t^)[D''{Ut2)-D<{Ut2)) (3.66) 
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with each other. We need a method to change these expressions from contour time expressions to real 
time and /or to Matsubara time expressions so that exphcit evaluation of observables in real time can 
be done, lj This is called Langreth's theorem. There are actually three types of "multiplication" that 
we have to deal with. The references are jRammer2007j and j Leeuwen20 05j . 

3.1.4.1 Series Multiplication 

Consider the first type which is a convolution in contour time (encountered in Dyson-type of equations) 
and we evaluate a lesser function as example. 



C<(ri,riO = / dTA{Ti,T)B{T,Tr) 

J ck+cm 

= / dTA{TuT)B{T,Ti,)+ / dTA{Ti,T)B{T,Ty) 
J CK J CM 

We take Ti^Ty to be real times and we do the 2 terms seperately 

1st term of (on Keldysh contour) = / dTA{Ti,T)B{T,Tii) 

J Ck 



(3.70) 
(3.71) 

(3.72) 



using the group property of contour evolution operators, consider the "deformed" contour and the lesser 
function, (take t\ < Ty) 



t 



ty 



Figure 3.4: The deformed contour for proving Langreth's theorem. This is for the case of ty > ti. 



1st term of C^{ti,tii) 

along ci,T < T-ii ^ along Cj/jTi < r 

[ dTA{Ti,T)B<{T,Ti,)+ I dTA<{n,T)B{T,Ti,) 

split ci into ci and Si, split cy into cy and t^i. 



(3.73) 
(3.74) 



'Recall that the contour time is just a trick for us to carry out the perturbation and now the trick is over. 
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= J_^dT A{tut)^ B<{t,tv) + j^dT A(ji^ B<{t,tv) 

along Ci/,Ti > T along cj/, n < t 

+ J_^dTA<{Ti,T) Bir^ + J^dTA<iTi,T) Bir^ (3.75) 

along ,T < along cj/, t > Ti/ 

= [ dTA>{n,T)B<{T,Tv)+ I dTA<{Tl,T)B<{T,Tv) 
Jet Jti 

+ 1 dTA<{Tl,T)B<{T,Tv)+ I dTA<{TuT)B>{T,Tv) (3.76) 

I Now we can write in real time. 

= r dt{A>{ti,t)-A<{ti,t))B<{t,tr)+ dtA<{h,t){B<{t,ti')-B>{t,ti')) (3.77) 

Jtf) Jto 
POO 

= / dte{ti - t) {A>{ti,t) - A<{ti,t)) B<{t,tv) + ditv - t)A<{ti,t) {B<{t,tv - B>{t,ti')) 

Jto 

I recall the definition of the retarded function, A^ = 6(ta — ti)){A^ {ta,ti)) — A^(ta,ti))). 
I and the definition of the advanced function A^ = 9{tb — ta){A^(ta, h) — A^{ta., *&)). 

= I dtA^{ti,t)B<{t,tr) + A<{ti,t)B^{t,tr) (3.78) 
2ndtermof C<(ri,TiO = f dTA{Ti,T)B{T,Tr) = f dr^ A~'{ti,T^)B" {t^ ,tr) (3.79) 

J Cm J Cm 

= r~'^^ dT'^A\tuT^)B\T'^M') (3.80) 
Jto 

In total, we have, 

/•GO rto—ifih 

C<{ti,tv) = / dtA^{ti,t)B<{t,ti,) + A<{ti,t)B^{t,ti,) + / dT^A\ti,T^)B"{T^,tr) 
•Jto Jto 

(3.81) 

Similarly for C^, 

C>{ti,tr) = / dtA^{ti,t)B>{t,tr) + A>{ti,t)B'^{t,ti^) + / dT^W{ti,T^)B" {r^ ,ti,) 

Jto -Jto 

(3.82) 

Using the above equations for and , we can further calculate 

C^(ii,iiO = eih-h,){C>{h,tr)-C<{ti,ti,)) (3.83) 
I note that the Matsubara time functions cancel out, 
I i.e. the initial correlations do not affect the retarded quantity 

POD 

= / dtA^{ti,t)B^{t,ti<) (3.84) 
Jto 



CHAPTER 3. NON-EQUILIBRIUM GREEN'S FUNCTIONS (NEGF) (MOSTLY PHONONS) 29 
Similarly for C^, 

C'^{h,tv)= dtA^{ti,t)B'^{t,tv) (3.85) 
Jto 

Then, 

C^{h,T^) = / dtA'^{h,t)B''{t,Tff)+ / dT^A''{h,r^)B^{T^,T^) (3.86) 

C\r^,tv) = / dtA^{T^,t)B^{tM')+ / dT^ A^ {t^ ,r^)B\T^ ,tv) (3-87) 

Jto Jto 

C^(rf,ri¥) = / dr^^^(rf,T^)5^(T^,ri¥) (3.88) 
Jto 

Now we give 2 examples on calculating 3-term convolutions and the generalization to convolutions 
of more than 3 terms will be obvious. Consider, 

= f dT2 f dT2'A{ti,T2)B{T2,T2')C{T2',ti,) (3.89) 
Jck+cm Jck+cm 

= I dT2A{tiT2)(f dT2'B{T2,T2')C{T2',tr)] (3.90) 
Jck+cm \Jck+cm J 

= f dT2A{ti,T2)E{T2,tr) (3.91) 

J Cif+Cn/r 



Ick+cm 

we simply apply the 2-term convolution formula. 



= j{A^E< +A<E'^)+ [ A"e" (3.92) 

Jt Jt'^ 
I since E is also a 2-term convolution, we simply use the 2-term convolution formula again. 

= / (^"^ (/^""^^ + ^^^^ + Im ^'^0 + Ut^^^^)) ^ /m (i^'^'' ^ /m ^"^^0 

= / [{A^B^C< + A^B<C^ + A<B^C^) 
Jt Jt 

+ [ [ A^B^C" + [ [ A"B"C^ + [ [ A^B^C" (3.93) 

Jt Jt'^ Jt'^ Jt Jt'^ Jt'^ 

The second example is 

D>{ti,tv) = [ dT2A{h,T2)([ dT2'B{T2,T2')C{T2',h>)j (3.94) 
J C+CA \J C+CA / 

= [ dT2A{h,T2)EiT2,tr) (3.95) 

J C+CA 

= [{A^E> + A>E^)+ [ A"e" (3.96) 

Jt JtM 

= [ [{A'^B'^C> + A'^B>C'^ + A>B^C'^) 
Jt Jt 

+ [ [ A'^B'^C' + [ [ A'^B^C^ + [ [ A'^B^C'' (3.97) 

Jt Jt^ Jt'^ Jt Jt^ Jt^ 
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3.1.4.1.1 Keldysh RAK Matrix for Series Multiplication In the literature, it was mentioned 
that the non-equilibrium field theory is simply done by treating the contour ordered Green's function 
as a 2 X 2 matrix in "Keldysh" space with real time Green's functions as matrix elements. We do not 
adopt this view here as we feel that this perspective is not only unnecessary and it obscures the physics 
and generality of NEGF. Here we only want to mention that if the 2 time functions are expressed in the 
R (Retarded), A (Advanced), K (Keldysh) matrix form then there is a neat way to handle Langreth's 
theorem "series multiplication" type of terms. 

We illustrate this with the so-called Dyson equation (just treat it as a 3 term convolved object) El 



G(1,1') = G(°)(1,1')+ / d2 I (i3G(°)(l,2)S(2,3)G(3,l') (3.98) 
Now we apply Langreth's theorem to get the terms to be expressed in RAK form. 

G^(l, 1') = G(°)^(1, 1') + fd2 [ (i3G(°)^(l, 2)S^(2, 3)G^(3, l') (3.99) 

Jt Jt 

Also, 

G^(l, 1') = G(°)^(1, 1') + [d2 [ d3G(°)^(l, 2)S^(2, 3)G^(3, l') (3.100) 

Jt Jt 

And the Keldysh Green's function 

G^(l,l') = G>(1,1') + G<(1,1') (3.101) 
= G(°)^(1, 1') + J^d2j^d3 (g(°)^(1, 2)S-^(2, 3)G^(3, l') 

+G(°)^(1, 2)S^(2, 3)G^(3, 1') + G(°)^(1, 2)S^(2, 3)G^(3, l')) 

+2 f /g(0)"S^GV2/ / g(°)'s"G^ (3.102) 

Jt'^I Jt Jt^' JtM 

Now we will follow [Wagner 1 99 1| and introduce the (rotated) Keldysh matrix which allows us to get 
the RAK (and ^, M) components conveniently simply by matrix mulitiplication. When we have an 
n- term convolution, we simply perform n matrix multiplications. 

G^ G^ ^/2G' \ 
G^ (1,1') 
^/2G' G^^ / 

Q{o)R Qim ^G(^r \ 

G(o)^ (1,1') 

^/2G(0)^ G(0)^^ / 

/ G(o)« G(o)^ V2G('y \ f \ / 

d2 d3\ G(o)^ G^ 

V V2G(0)" G(o)^^ / V V2S" S*^ / V V2G" G*^ 

(3.103) 

So we see that by simply carrying out the matrix mulitplication, we reproduce the Dyson equations 



■"The notation here is generic, it works for both Bosons and Fermions. 
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for the RAK components (as well as the other 3 components). 
3.1.4.2 Parallel Multiplication 

Now we proceed to calculate the second type of multiplication (it occurs when evaluating self energy 
diagrams). This is of the form, 

C(Ti,riO = A{n,Tv)B{Ti,Tv) (3.104) 

The conversion to real time and/or Matsubara time is straightforward, 

C<(ti,ti,) = A<{ti,tv)B"^{ti,tv) (3.105) 

C>{ti,tv) = A>{ti,tr)B>{ti,tr) (3.106) 

C^(ti, tiO = 9{ti - tiO {C>{h,tr) - C<{h,tr)) 

= e{h - tr) {A>{h,tr)B>{h,h,) - A<{h,tr)B<{ti,tr)) ^A'^B'^ (3.107) 

C^{h,tr) = -e{tr-h){C>{ti,tr)-C<{h,tr)) 

= -e{ty-ti) {A>{ti,ti,)B>{ti,tr) - A<{ti,ti,)B<{ti,tr)) / A^B^ (3.108) 

C\h,Tff) = A\t^,T^r)B\t^,T^r) (3.109) 

C\Tt\tv) = A\t^' ,tv)B\T^' ,tv) (3.110) 

C*'^(rf,Ti¥) = A^'^(Tf ,ri¥)5*'(Tf ,ri¥0 (3.111) 



Now we provide a table to summarize the results: 



Series Multiplication 

Contour time: C{t,t') = /c^+g^., dTiA{T,Ti)B{Ti,T') 

Real/Matsubara time: 

C<(t,t') = j^dti {A^{t,ti)B<{tut')) + A<{t,h)B'^{tut')) + J/^ dT^W{t,to - ihT^^)B'{to - ihr^^,t') 
C>{t, t') = /^^ dti {A^{t, ti)B> {ti,t) + A> {t, ti)B'^{ti,t')) + /(f dT^'^A^it, to - ihT^')B'{to - ihr^^ , t') 
C^{t,t') = f^f dhA^{t,h)B^{h,t') 
C^{t,t') = J^^ A^{t,h)B^ih,t') 

C"it, to - ihr^^) = /^^ dtiA^it, ti)B\tuto - ihT^^) + Jo dr^^A^t, to - ihT^')B^\to - ihr^' , to - ihr^^) 
C"{to - ihT^^,t') = f^dtiA"{to - ihT^,ti)B^{ti,t') 

+ dr^A^ito - ihr^^, to - ihTf')B\to - ihTf,to - ihr^^) 

C^ [to - ihT^,to - ihT^^') = drfA^ {to - ihT^, to - ihrf )B^ {to - ihr^' , tp - ihr^^') 

Parallel Multiplication 

Contour time: C(r, t') = A{t, t')B{t, t') 

Real/Matsubara time: 

C<{t,t')= A<{t,t')B<{t,t') 

C>{t,t') = A>{t,t')B>{t,t') 

C"{t, to - ihT^') = A"{t, to - ihT^)B\t, to - ihT^) 
C"{to - ihT^',t') = A" {to - ihT^^,t')B'{to - ihr^^,t') 

C^ {to - ihr^'M - ihr^^') = A^'' {to - ihr^^ M - ihT^^')B^^ {tp - ihr^^tp - ihr^^') 



The derivation requires noting that e{Tf' - t^,') x Bir^f - t^) = 0. 
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3.1.4.3 Vertex Multiplication* 

The third type of muhtiplication occurs when we evaluate self energy diagrams with vertex corrections. 
We simply illustrate with an example here. The example is for a self energy term with a one-ladder 
vertex correction (just treat it as a term with a complicated type of multiplication). 

The term in contour time is (nevermind about the notation, just look at how the contour times 
convolve) , 



T1T2) 



/ dT3dT4D{TiT3)D{T3T4)D{TiT4)D{TsT2)D{T4T2) 
J ck+cm 



(3.112) 



■ M 



Figure 3.5: Contour to be use for calculating the lesser (real time) expression of Y^^^^^\tiT2) 



[ dn+ f drAlf dT,+ [ du+ [ drA 



j:(^ph)<{t^t2) = l[ dn+ I dn+ I dr, 

\<JcK{ti) JcK(t2) J Cm 

xD(tiT3)D{T3U)D{tiu)D{T3t2)D(nt2) 

Thus we got 9 terms that we shall work out explicitly. 
1st Term 

dT3 I dnD{tiT3D{T3T4)D{tiT4)D{T3t2)D{nt2) 

thus t2 is later than T3 and T4 



dT3 / dTiD{tiT3D{T3T^)D{tiT^)D<{T3t2)D<{Tit2) 
CKitl) -J CKiti) 



(3.113) 



break up Ci^(ti) = CK{ti) + cxiti 



dT3 + 



CA'{tl 



dT3 



CK{tl) 



dTA + 



[ du] D{tiT3D{T3U)D{tiu)D<{T3t2)D<{nt2) 

JcKitl) J 



[ . dT3 i dTAD>{tiT3)D\T3U)D>{tiTA)D<{T3t2)D<{ut2) 

CK{tl) J CK{tl) 

+ [ .dT3 [ dnD>{tiT3)D<{T3n)D<itiu)D<{T3t2)D<{nt2) 



Note that the calculational method used here can also be used for Series Multiphcation. In fact the method here is a 
slight generalization of that used in Series Multiplication. 
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+ [ dT3 [_ dnD<itiT3)D>iT3n)D>itin)D<iT3t2)D<{ut2) 

+ i L dTiD<{tin)D\TriT^)D<{tlTi)D<{Tzt2)D<{Tit2) 

JcKiti) JcK{ti) 

I write integration limits explicitly and write in real time 

= dts dUD>{tit^)D\t^U)D>{tiU)D<{U2)D<{Ut2) 

+ f dh r dUD>{tih)D<{t^U)D<{tiU)D<{t^t2)D<{Ut2) 

J to J t\ 

/ dh / 

J tl J to 

[° dts r dUD<{tih)D\hU)D<{tiU)D<{U2)D<{Ut2) 
Jti Jti 



'to •'tl 

rti 

+ I dU I dUD<{tiU)D>{UU)D>{tiU)D<{U2)D<{Ut2) 
hi Jto 
fto /"to 

+ 

>tl 



It should be now clear that the evaluation of the remaining 8 terms simply follows the same proce- 
dure. Hence we shall shorten some steps in the subsequent working. 

2nd Term = f dn j dTAD{tiT^)D{T3Ti)D{tiTi)D{Tit2)D{Tit2) 

JcK{tl) JcK{t2) 

I SO r4 and t2 are definitely later than 



I dT3 I duD{hT3)D<{T3u)D<{tin)D<{T3t2)D{T42) 

JcK(tl) JcK{t2) 

break up CK{ti) = cxih] + cxiti) and CK(t2) = c^((t2) + CK(t2) 
then write integration limits explicitly and write in real time 



dUD> {hh)D< {hU)D< {hU)D< {ht2)D< {Ut2) 

tl fU) 



fti rt2 

/ dts 

Jto Jto 

+ r dt3 j " dUD>{tih)D<{hU)D<{tiU)D<{ht2)D>{Ut2) 

J to Jt2 

+ r dh dUD<{txh)D<{Ui)D<{txU)D<{U2)D<{Ut2) 
+ r dH r dUD<{tiH)D<{HU)D<{tiU)D<{Ht2)D>{Ut2) 

Jt^ Jto 



3rd Term = [ dn f drf D{t^n)D\nT^)D\hT^)D<{nt2)D^ {T^t2) 

JcK(tl) J CM 



I break up CK{ti) = CKih) + CKih) 

= I .dn I dr^ D>{t^n)D\nT^)D\t^T^)D<{nt2)D\T^t2) 

JcK{ti) J Cm 

+ i dn [ dr^ D<{t^n)D\nr^)D\t^T^')D<{nt2)D\T^t2) 

JcK{tl) Jcm 

I then write integration limits explicitly and write in real time 

'''' dri' D>iht3)D\tsTi')D\tiTi')D<it3t2)D\Tl't2) 



rn rH 
= dt3 
Jto Jto 
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/■*0 fto-ih/3 

+ dtj dT^' D<{tlh)D\hTt')D\tlT^)D<{t^t2)D\T^t2) 

J t\ J to 



4th Term = / drs [ dT^D{tin)D{TzT^)D{tiT^)D{nt2)D{Tit2) 

which is the same as 2nd Term after renaming ■<->■ T4. Note that it does not happen in general. In 
this case S^^^'^) has that symmetry in ra and T4. 



Term = j dr^ f dTiD{trT^)D{TzTi)D{trTi)D{Tzt2)D{Tit2) 

JcK{t2) JcK{t2) 

I thus ti is earlier than ra and 

= [ dT3 [ duD<{tiT3)D{T3T4)D<{hu)DiT3t2)D{T4t2) 

JcK{t2) JcK{t2) 



break up CK{t2) = CK{t2) + CK{t2) 
then write integration limits explicitly and write in real time 



= f^dt3 r dUD<{tih)D\tiU)D<{tiU)D<{tit2)D<{Ut2) 
+ f\t3 [° dUD<{tih)D<{HU)D<{tiU)D<{U2)D>{Ut2) 



/•to rt2 
/ dh 

Jt2 Jta 

+ dh j " dUD<{txh)D\UU)D<{tiU)D>{Ut2)D>{Ut2) 
Jti Jti 



+ / dh dUD<{txU)D>{tzU)D<{tiU)D>{U2)D<{Ut2) 

It2 Jta 

fto ftt) 



3th Term = / dn [ dr^' D<{tin)D\nT^')D\tiT!')D{nt2)D' {T^t2) 

JcK{t2) J Cm 

I break up CK{t2) = CK{t2) + CK{t2) 

I then write integration limits explicitly and write in real time 

rt2 ftQ-ihl3 

= dtj dTi'D<{tits)D\hTl'){D<{t3t2)-D>{tst2))D'{TiH2) 

Jto Jto 

7th Term = I dr^^ j dT4D"{tiTi^)D"{Ti^T4)D{tiT4)D"{Ti^t2)D<{T4t2) 

J Cm JcKiti) 



break up c/^(ti) = c/^(ti) + cxiti) 

then write integration limits explicitly and write in real time 

i-to—ih/3 rti 



[•To— tnp rti 

= / dri" / dt4D\tiTi')D'{ri'T4)D>{ht4)D'{ri't2)D<{t4t2) 
Jto Jto 

pto-ih/S pto 

+ / dri" / dt4D\hTi')D\Ti'T4)D<{ht4)D\Ti't2)D>{t4t2) 
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8th Term 



M 



-M 



M, 



the derivation is very similar to the 7th Term 

to—ihfS fti 



dr- 



M 



to 



3 / dUD \hTi')D- {Ti'U)D<{hU)D' (rf t2) [D^iUh) 
to 



9th Term 



CM -J CM 

write integration hmits exphcitly 

to—ihfi fto—ihp 

dri' / dTt'D\t,ri^)D'^'{ri^rf)D''{t,rf)D'{TiH2)D'{rft2) 
to J to 



[Contribution:] Here I wih briefly state what this contribution is about. Vertex corrections was never 
really mentioned in any NEGF literature but they are needed in linear response theory and from the 
experience in equilibrium many-body field theory, we know that vertex corrections are important in 
bringing out hidden physics. Thus I have given here a systematic way to calculate vertex corrections 
explicitly though they are very complicated (as expected). With vertex corrections, we can perform even 
more sophisticated renormalizations and probe regimes where the perturbation is not really considered 
as "weak". 



3.1.5 BBGKY Hierarchy Equations of Motion: The Many-Body Problem 

This section is essentially trying to explain what the many-body problem is. It can be stated simply: 
in a A^-body system, if there exists an interaction involving pairs (or more) particles, full knowledge of 
the system requires A^-particle quantities. We are mostly working with the 1-particle Green's functions, 
trying to get as much knowledge of the A^-body system out of it. 

When we derive the equation of motion of the 1-particle Green's function (of a many-body problem), 
we do not get a closed equation and we led to a higher particle quantity. Seeking the equation of motion 
of the higher particle quantity will lead to even higher particle quantities. This hierarchy of equations, 
which ends at the full A^-particle quantity is called the BBGKY (Bogoliubov-BornGreenKirkwoodYvon) 
hierarchy. 

The purpose of the Green's function hierarchy of equations is to present us with a hierarchy of 
correlations. Then assuming that many-particle correlations are weaker, the hierarchy can now be 
truncated. Thus applying the BBGKY hierarchy to Green's function allows us to make approximations 
based on correlations. 

Finally for completeness, we now list down the many-body problems and non-many-body problems 
that are dealt with in this thesis. E^l 

^^Pause for a moment to ponder, and you will realise that this has nothing to do with physics. This is simply mathematics. 
This is why the BBGKY hierarchy appears in so many different branches of (classical or quantum) physics. 

^^Here we note some subtleties regarding many-body problems and equations of motion by looking at some terminology: 

• Space Translational Invariance. In the equilibrium many-body problem, the interacting system is space translational 
invariant since it is in equilibrium. All quantities only depend on differences in position. An appropriate description 
will be to use reciprocal vectors k or q. Homogenous system is a special case where quantities are the same for any 
differences in position or in reciprocal space, it means k, q — 0. For systems without this invariance, every position 
variable is a seperate dynamical variable! 

• Time Translational Invariance. In the equilibrium or steady state problem, the system has time translational 
invariance. All quantities only depend on time differences. Fourier transforming to frequency variables provides a 
slightly more compact description. For systems neither in equilibrium nor steady state, then each time variable is 
a seperate variable. For the non-equilibrium 1-particle Green's function (which has 2 time variables), we therefore 
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1. 0-particle problem. A general name for this class of problems is the "mean field theory". An 
example given in this thesis is the CPA mean field theory which deals with mass-disordered 
systems. There is no many-body problem here. 

2. 1-particle problem. 3 examples are given in this thesis: the linear coupling between system and 
lead, electrons interacting with electric fields and magnetic fields (in appendix). The 1-particle 
description is sufficient for the 1-particle problem, there is no many-body problem here. 

3. 2-particle problem. The most famous example is the Coulomb interaction and it is treated in this 
thesis in the appendix. The equations are ()D.52p and (|D.53p . This is the starting example of a 
many-body problem. 

4. 3-particle problem. In this thesis, the case treated is the 3-phonon interaction. The equation is 

([mTD . 

5. 4-particle problem. In this thesis, the case treated is the 4-phonon interaction. The equation is 

([m7D . 



3.1.6 (Left and Right) Non-equilibrium Dyson's Equation 

Since the structure of the Green's function for the non-equilibrium theory is similar in structure to 
the Green's function in equilibrium theory, we expect a non-equilibrium Dyson equation of the same 
structure but the quantities are in contour times. Also, we need to have the "left" Dyson's equation 
and the "right" Dyson's equation in order to describe the non-equilibrium problem (which does not 
have time translational invariance). Here, we merely state the Dyson's equations because the rigorous 
derivation is one of the main theme of the thesis. The Coulomb case, the electron-phonon case and 
phonon-phonon case are derived in the form of Hedin-like equations in their respective chapters. 
In integral and contour time formic 



"Left" Dyson's Equation: 

G(l,l') = G(°^(1,1')+ / d2 f d3G(°)(l,2)S(2,3)G(3,l') (3.114) 



"Right" Dyson's Equation: 



G(1,1') = G(°Hi,1')+ / d2 I (i3G(l,2)S(2,3)GW(3,l') (3.115) 

Here we explicitly show the (differential) Dyson's equations for the contour ordered phonon's Green's 
function defined as (cross reference with equation (|5.147|) ) 

Ddrlr') = --^ {TcK+CM {uH{lr)uH{lT'))) (3.116) 

Left equation: 

Ef'^'i'T^ + ^«i)^(^i^''^') = -'^«"^(^'^') + E / dnnMiri)D{hnl'T') (3.117) 

h ^ / JcK+CM 



need 2 equations; the "left" and the "right" equations for the time variable on the left and for the time variable on 
the right. 

Again this is in generic notation, it applies to both Bosons and Fermions. 
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Right equation: 



E i^hi'^ + ^hi') D{lThT') = -5iv5{t,t') + Y, [ dnD{lThn)^ 



{hnl'T') (3.118) 



where the Hamiltonian H = Hq + Hi^t + V{t) which I only need to specify that Hq is the harmonic 
(quadratic) term. The self energy E need not be specified now. The contour delta function shall be 
defined from the contour step function. 



e{T -t')= < 



( 0{t-t') 

e{t' - 1) 



1 
1 





t,t' £CK 

t,t' e't^ 

t e ck, t' g^k 

t ^t^K^t' £ Ck 



t € CK,T^^ G CM 
G CM,t' G CK 

r G CM,T G CM 



(3.119) 



dT 



' 5{t - t') t,t' £CK 

-5{t'-t) t,t'£^ 

t £CK,t' £^ 

t £ ^,t' £ CK 



t G Ck,t'^^ G cm 

T^^ecM,t'ecK 



(3.120) 



3.1.6.1 Kadanoff-Baym Equations 

These are simply the differential form of Dyson's equations written in real time upon the application of 
Langreth's theorem (involving series multiplication). Here we will present the Kadanoff-Baym equations 
for the phonon Green's function ()3.116p . Looking at the table collecting Langreth's theorem, the 4 
Kandanoff-Baym equations from the left Dyson equation are 

h 

= Y dti^^iltliti)D<{litil't') + Y dti^<{ltliti)D^{litil't') 

+ V / dTfj:"{lth,to-ihTf)D"{h,to-ihT^^,l't') (3.121) 

h 

= dtiJ:^{ithti)D>{htii't') + Y dtii:>{ithti)D^{iitii't') 

+ V / dTfj:"{lth,to-ihTf)D"{h,to-ihT^^,l't') (3.122) 
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(c) Yl ('^'i'^ + "^"i) D\litl',to - ihT^'') 

h 

POD 

= Y dtiJ:^{ithti)D"{htii',to-inT^'^') 

+ V / dTfj:"{lth,to - ihTf)D^^{h,to - ihTf,l',to - ihr^^') (3.123) 



V / dTf^i:^^il,to-ihT^\l',to-ihTf^)D^^{l,to-ihTl',l',to-ihT^''') (3.124) 

We note that the left equation for is not needed as is related to according to equations (30) 
and (31) in |Stan2nn9j . 

Then the 4 Kandanoff-Baym equations from the right Dyson equation are 

h 

= E/ dtiD^{ltliti)T.<{litil't') + Y 1 dtiD<(ltliti)ll^{litil't') 

+ V / dTf^D"{lth,to-ihTf^)^"{h,to-ihTl^,l't') (3.125) 

ll 

= ^ / dtiD^{lthti)^>{htil't') + Y dtiD>{lthti)ll^{htil't') 

+ V / dTf^D"{lth,to-ihTf^)^"{h,to-ihTl^,l't') (3.126) 

= ^ / dhD"{i, to - ihT^\iiti)i:^{iitii't') 
h *" 
^ /■/? 

+ V / drfD^^l, to - ihr^^, h,to- ihTf)J:"{h,to - ihrf , I't') (3.127) 



/-I 

-,5((to-i/ir^')-(to-i^T^'''))<5//' 



V / drf S^^(/, to - ^/lT*^ /i, to - ihTf^)D^\h,to - ihrf^, I', to - ihr^'') (3.128) 
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Again, note that the right equation for D is not needed as D is related to D according to equations 
(30) and (31) in |Stan2009j . 



[Relations and Initial Conditions] Now we shall list the relations between the Green's functions 
and list the initial conditions for solving the 8 Kandanoff-Baym equations. 
According to |Stan2009] . there are 2 relations, first consider, 

{D<{iti't')y = (^-'-{n,+,,,,iuHii't')uHm)y (3.129) 

I note that they are Hermitian 

= '-{n^+,^^{uH{lt)uHm)) (3.130) 
= -D<{l't'lt) (3.131) 

Similarly, [D^ {Itl't'))* = —D^{l't'lt). Next we consider the equal time situation where we know the 
equal time commutation relations, 

[uH{lt),UH{l't')\_ ^ = (3.132) 

I expand the commutator and take statistical average 
D>{ltl't%,=t- D<{ltl't%,=t = (3.133) 

This means that in the time propagation, we only need to solve D^{ltl't') for t > t' and D'^{ltl't') for 
t < t'. 

The initial conditions for the time propagation of Kandanoff-Baym equations are, 

D"{ltol',to-ihT^^) = D^\l,to-im,l',to-ihT^^) (3.134) 

D'{l,to-ihT^\l'to) = D^^{l,to-ihT^'^,l',to-im) (3.135) 

D<{ltol',to) = D^{l,to-im,l',to-ihO+) (3.136) 

D>{ltol',to) = D'^'^{l,to-ihO+,l',to-im) (3.137) 



[Numerical Implementation] We follow |Stan200^ section IV and for the first numerical results see 
|Bonitzl998j pg 285. Fortran codes are in [Kohlerl999] . For an (electronic) application see |Myohanen2008| . 

Recall that we only need to propagate D^,(tt') for t > t' and D^i{tt') for t < t' and the equal time 
synchronization condition is D^i'{tt')\^/^f = ^a'{'t'^')\t'=f time step in the first time 

argument and time step D"^ in the second time argument. [to — ihr^^ ,t) and D^{t,to — ihr^) are 
time stepped in t for fixed r*^. 

The general outline for time stepping is, 

1. Time step T — )■ T + A once for the Green's functions. 

2. Use that to recalculate the RHS of the Kadanoff-Baym equations. 

3. Time step T — ?• T + A again using the average of the old and new RHS. 

In [Stan2009], a method was given to absorb the time singular part of the self energy T,^ into the 
time stepping process for the sake of numerical stability. It appears that the method requires the first 
order time derivative in KB equations to work and in this case, we have second order time derivatives 
so the method seems to fail here. So we need to be careful if we use time singular (phonon-phonon) self 
energy for calculations. 



CHAPTER 3. NON-EQUILIBRIUM GREEN'S FUNCTIONS (NEGF) (MOSTLY PHONONS) 40 




Figure 3.6: Time stepping scheme. 



3.1.6.2 Keldysh Equations 



These are simply the integral form of Dyson's equations written in real time upon the application of 
Langreth's theorem (involving series multiplication). We start with the integral form of the left Dyson's 
equation (in contour time)o 

G = + / (3.138) 

J ck+cm 

Apply Langreth's theorem to get the lesser component (in real time), 

G< = g(o)< + / ( [ SgV + / G(o)< ( [ ^gY+ [ ( I ^g] 

Jt \J CK+CM / Jt \J CK+CM J JtM \J ck+cm / 

= G(°)< + [ ( [ S«G< + / S<G^ + / S^G'l + / gW< / S^G^ 

Jt \Jt Jt Jt^I ) Jt Jt 

+ [ G(0)V/s"G^+/ ^''G^) (3.139) 

JtM \Jt JtM J 

= gW<+ /gW^s^g<+ /gW^s<g^+ [g^^^<^^g'' 

Jt Jt Jt 

Jt Jt"' JtM Jt JtM J t^ 

We further rewrite the first line 
"First hue" 

= G(°)< + / gW^S«G< + / G(o)«S<G^ + / G(°)<S^G^ (3.141) 
Jt Jt Jt 



iterate once 



^^The arguments are left out and the convolution is written in symbolic form. Again here we use the generic notation 
of Green's functions. The calculations here apply to Bosons and Fermions. 
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^(o)< ^ f G'{o)«s<G^ + / G(o)<S^G^ 
Jt Jt 

+ Ig(o)R^R (gW< + G(0)«S<G^ + G(°)<S^G^ + gW^S«G<) (3.142) 

g(o)<+ /gW^s<g^+ /g(o)<s^g^+ /g(°)«s^gW<+ /gW^s^gW^s<g^ 

Jt Jt Jt 

+ y" gW«S^gW<S^G^ + y gW^S«gW^S^G< (3.143) 

yGW< (1 + S^G^) + yG(o)^S«GW< + [{g^'^'' + gW^S^G(o)«) S<G^ 

+ /gW^s«gW<s^g^+ /g(o)«s^gW^s«g< 

Jt Jt 
y (l + G(o)«S^) G(o)< (1 + S^G^) + (g(0)« + gW^S^gW^) S<G^ 



+ / s^gW^s^g< 

JG 

iterate more 



= y (l + g(0)^S« + g(o)^S^G(°)^ + • • • ) G(°)< (1 + S^G^) 

= / (1 + G^S^) G(o)< (1 + S^G^) + / G^S<G^ 
Jt Jt 

The full (left) Keldysh equation (with initial correlations) is 



G< = / (1 + G^S^) G(o)< (1 + S^G^) + / G^S<G^ 
Jt Jt 

+ / G(o)^ / S^G' + / G(o)' / S^G^ + / G(°)^ / S^^G' 

Jt Jt" Jr'^-f Jt Jr'^-f Jr^/ 



When G^^^ describes non-interacting particles then G*-*^)^ is of the formic 

^(o)< ^ f (5(e — e{k)) for electrons 
(5(a;^ — oo'^ijq)) for phonons 



then the first term of G^ becomes (e.g for phonons), 



'I + G^S^) G(°)< (1 + S^G^) oc 1 + 



(3.144) 



(3.145) 



(3.146) 
(3.147) 



(3.148) 



(3.149) 



6iu;'-u;\m{l + i:^G^)=0 



then the Keldysh equation (when the free Green's function is the non-interacting Green's function) 



^^To see why G^°^ represents non-interacting particles, just take the lowest order term in the perturbation expansion. It 
is the term G^"-* . Remember that this choice is made so that Wick's theorem works. However the original physics is that 
we perturb from an interacting equilibrium state (due to Ho + Hint)- This piece of physics is unchanged. 
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becomes 



t Jt 



R 



S'G' + 



M .It 



M I^M 



(3.150) 



If we assume that initial conditions do not affect long time evolution (which we can check numerically 
or theoretically by solving the Kadanoff-Baym equations) which is usually stated as "dropping the 
Matsubara contour cm" and/or "taking — ^ — oo" then only the first term survives. The (left) Keldysh 
equation (when the free Green's function is the non-interacting Green's function and initial correlations 
are ignored) simplifies to 



G^ 



G^S<G^ 



(3.151) 



3.1.7 Receipe of NEGF 

It looks like as if NEGF is abstract and complicated. In reality, it is really just a bag of clever tricks 
which is quite straightforward to apply. Here we give a step by step receipe. 

1. Look at the Hamiltonian of your problem and decide which part goes into Hq, H[^t and V{t). 
Remember that Hq should be the quadratic part, Hi^t must not be time dependent and V{t) can 
be time dependent or time independent. Once the partitioning is done, the contour is chosen, i.e., 

contour - / + ^^^'^ ^ ^ and V{t)^0 

contour - | when Fi„t = and y(t) / ^"^"^^^^ 



2. For the quantity to calculate, write it into some Green's function "component". Eg. in the 
Landauer-like case, the current is purposely written as the (time derivative of the) lesser component 
of a mixed Green's function. 

3. Then define the contour ordered version of this Green's function because a perturbative treatment 
only exists for this object. Choose a suitable (contour time) self energy. 

4. The contour time trick is over and we apply Langreth's theorem to give us the (real time) com- 
ponent that we want in step (2). One can also just pick the relevant component KB or Keldysh 
equations to solve for the particular Green's function component of interest. Note that the real 
time self energies in KB or Keldysh equations are obtained from the contour time ones by using 
Langreth's theorem (involving parallel multiplication). 

5. Once we have the (real time) Green's function component, we carry on with the calculation of the 
physical quantity (eg current or noise). 



3.2 From NEGF to Landauer-like equations 
3.2.1 General expression for the Current 

This is the first of three developments of NEGF. H We follow |Haug2007| chapter 12, |DiVentra2008] 
chapter 4 and |Meirl992| . This development deals with systems with leads attached. The (rather 
artificial) time dependent problem is that, at to, the leads are attached to the system. After the leads 
are attached, the Hamiltonian is time independent actually, thus the physical quantities (in this case, 
the current) is a constant. This constant is the steady state value. 



The three developments are: Landauer-hke theory, Quantum Kinetic equations and Linear Response theory. 



CHAPTER 3. NON-EQUILIBRIUM GREEN'S FUNCTIONS (NEGF) (MOSTLY PHONONS) 43 



We work out the simplest cas^^ of two thermal leads and a central interacting system. The (sudden) 
switch on in NEGF is now used as the system- lead attachment. We assume that the left lead and the 
right lead are independent, infinite and non-interacting. 

H = H^ + + Hg, + H^^'eit - to) (3.153) 

where Hq and Hq are the harmonic non-interacting Hamiltonians of the left lead and the central system 
respectively. is the interacting Hamiltonian of the central system where the interaction may be 

mass disorder, anharmonicity, electron-phonon interaction and so on. H^'-'' is the Hamiltonian that 
describes the connection of the left lead and the central system. 
We choose to partition it as follows (let ff*^ = Hq + H^^), 

Ho = H^ + Hg + Hg^ = H^ + H^ (see footnote)El (3.154) 
^^int = (3.155) 
V{t)e{t-to) = H^^e{t-to) (3.156) 



We define the energy current from the left lead to the central device as the change in expectation 
value of the left lead Hamiltonian (again we supress the indices k and a) 

JthtrLiit) = {-HUt)) (3-157) 
I where (...) = 

I and Hqjj is the Heisenberg picture operator of Hq 

jHtuit)^ (3.158) 

d i 

use the Heisenberg equation of motion —HQ^{t) = — [Hnit), HQfj{t)]_ 
^{[HUt),HH{t)]_) (3.159) 
l([H^Hit),H^^{t)]_) (3.160) 



(3.161) 



^ interface 

I hh 

I use the fundamental commutator \v}' {lit),p^ {l2t)\ _ = ih5i^i^ 
I recah that = M^ii^ 

interface I / a \ \ 

= E yhFA[jt^Uit)U%{i't)) (3.162) 

Now we want to use NEGF methods to deal with the {u^u^) correlation. To maintain on the 



^''A one lead + one system problem is also an open system problem but it is not, strictly speaking, a transport problem. 
^^This is an unusual way of partitioning the Hamiltonian where Hq is actually nonquadratic. We will pay the price for 
it in the final result of the current. The current expression, equation p.l82|l looks nice but the expressions D^'^"'^ and 
are not known and are most likely not closed expressions. 
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left and that ^ only acts on uf^, we write ufj{lt) — )• u^{lt') with t' > t, hence defining a (hybrid) lesser 
Green's function 

D^^^^<{ltl't') = {uj:j{l't')u^{lt)) (3.163) 



interface , interface , 

~^ w ~^ w 

Now we define and work with the contour-ordered version of D in order to employ NEGF pertur- 
bation techniques, 

Z)(t^^)(/WV) = (T,, {u^H{l'r')uUlr))) (3.165) 

The contour ordering is only over ck because we choose to partition such that H\at = 0. We can copy 
over the perturbation expression from the first section, 

D(^^\lrl'r') = -4—^ — — Zc (3.166) 

We can make some slight simplifications in the expressions. 





note that Hq commutes with H'~' and it*^ 


(3.167) 




= e^^''(^-*o)n^(/to)e-^^^(^-*°) 


(3.168) 






(3.169) 


Similarly, 




(3.170) 




^0 
interface 


(3.171) 




= E ^/^^4-(^r)ngc(/V)^#^^(r) 
w 


(3.172) 



We will carry out the S'-matrix expansion and we assume that H'-' = Hq + H^^ is not quadratic, 
hence Wick's theorem cannot be applied to correlation terms at this stage. 



D^^^\ItI't') 

i Tr (e-/^-^o--^^^^r., (e-^^-x^-^^^"(-^)4,(/V0ng,(^r))) 



(3.173) 



4 (-"^^-'"^"^"^4,^(^'->So(^-))) (3-174) 
expand out the S'-matrix following |Haug2007l pgl88 

-^Em / ^n...rfrfc(r,,,(i7^^(n)...^^^(r,)n^,(/V)nge(/r))) (3.175) 



^Define a D^'^^^^ if the reader prefers. Note that the fermionic version has a different sign. 
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■ OO ^ / . ^ k 



there are k — 1 terms more due to u^l{1't') pairing with u^i(/iT2), . . . ,'W^z,(^iTfe) 



X 

hl2 

{I't') pairing with u^l {I1T2), ■■■,u^. 
■"o 

note that the u terms on the right cannot be factorised 
all k terms are the same after relabeling indices, giving a factor k 

^0 ^^0 



note that -j_ (T,^ (^^^^'rO^L (^m)) ) = i^(°)(^)(Z'r'Ziri) 

Y.D^'^''\hnl'r')V,^^f^ {uUlr)uUhn)H'''ir2)...H''\rk))) (3.177) 



X 

hh 



I since the sum is infinite, we can reconstruct the S-matrix 

= l/n^D^'^''\hnl'r')V,^f, (-0 {n, (e-*^=K'^-^'"(-).g.(/r).g.(/2n))) (3.178) 
I we now define the interacting central Green's function D^^^ 

= [ dnJ2D^"'^^''\hnl'T')Vi^[;D^^HlThn) (3.179) 
•^^^ hh 

= [ dnY,D^^\lThr,)V,^^D^'^^'^\hr,l'T') (3.180) 

Since we only want the D^'^^^^{ltl't') component, we will now apply Langreth's theorem on the above 
equation. 

D^^'^^<{ltl't') = r dti Vi^f^ (L»(^)^(/i/2ii)£'(°)(^)<(«iii^'iO + D^^^<{ltl2h)D(''^^'^^^{htil't')\ 
•^*o hh 

(3.181) 

Now the thermal current expression takes the final form, 

interface , 

~^ w 

I define the lead self energies as follows 

interface 



hi' 

interface 

hi' 

ih lim E J7 (£'(^)'^(W2ii)S(^)<(iiii2i') + D(^)<(W2ii)S(^)^(/iiiri')) 
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This is the time dependent expression that has information on transients due to the lead-system couphng 
switch on. 



(3.182) 

We now just want to make a formal remark on how the transient problem is handled. The Green's 
functions D^^^^ and D^^^^ are solved from the Kadanoff-Baym (KB) equations using the self energies 
of the lead-system coupling and the interacting central. Then the Green's functions and the lead- 
system coupling self energy is used to solve the (time dependent) current expression above. Transient 
information is contained before the steady state value is reached. 

Subsequently, we are going to assume steady state and derive steady state (or DC) currents for 3 
cases. 



3.2.1.1 Current for an Interacting Central 

First we note that the leads are in a stationary state so we can write T,^^'>^{ltil2ti) = T,^^^^(ll2,ti — t') 
and Ti^^^^{litil't') = T,^^^^{lil' ,ti — t'). Now if we assume that a steady state current has occurred 
in the central then the 2-time dependence in the central Green's function becomes a time difference 
dependence due to time translational invariance. Thus it is advantageous to take the Fourier transform 
and work in frequency space. 



"^thermal 



Ih 

I temporal Fourier transform can be done when to —oo which is taken now 

I thus we see a time-convolved expression which we can write as a Fourier transform 

= ^^^I^Xi^ [<^''(-)4r(-) (3.183) 



now wc can differentiate with respect to t' and take the limit t' t 



u 

write as trace (over Ika indices) 

/ — ^Tr 

J —oo 



2tt 



i^(^)«(c^)s(^)<(a;) + Z?(C')<(^)sW^(a;)' 



use identities D^'^^'^^co) = D^^'>^{io) and ^^^^<\io) = -S(^)<(a;) 



doj^ ^ 
—huoTr 
2tt 



f 

J —a 



2^' 



hwTt 



-Z)(^)^t(^)sW<t(^) + (-l)i)(^)<t(a;)E(^)«t(^) 

tl 



(e(^)<(cu)d(^)^(cu) + E(^)«(cu)D(^)<(a;))' 



(3.184) 

(3.185) 

(3.186) 
(3.187) 



With the previous expression, it is now easy to write down the Hermitian conjugate of the current, 
J.' 



thermal ' 



J. 



L-^C\ 



thermal 



J— ( 



dijj 
2^ 



^Tr 



E(^)<(a;)D(^)^(a;) + s(^)«(c^)d(^)<(, 



(3.188) 
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Since current is an observable, the current expression must be Hermitian, thus we symmetrise and 
make it Hermitian. 



J. 



thermal 



2 \^ "^thermal '^thermal ) 



use trace cychcity 



1 duj 

2 7-00 2^ 



(3.189) 



(3.190) 



use the identities d(^> - L>(^)< = L>(^)« - L>(^)^ and s(^)> - S^^X = - 

1 duj^ ^ 

2 



2tt 



2 7-00 2^ 



(£){C)> _ ^(C)<-)j.(L)< _ jj{C)<^j.{L)> _ j^{L)<-^ 
J){C)>^{L)< _ j^{C)<^iL)> 



(3.191) 
(3.192) 



A similar treatment for ^thermal gives 



jR^C 
■^thermal 



2 7-00 27r 



(3.193) 



At steady state, Jthermai = <^tiiermai ~ ~ "^thermal' ^® (left-right) Symmetrise the current 
expression as 



"Ahermal 



thermal 



thermal 



) 



-J. 



R-^C 



thermal "^thermal) 



i r ^nivTi b(^)>(E(^)< - S(^)<) - L.(C?)<(S(^)> - S(«)>) 
4 7— oo 27r L 



(3.194) 
(3.195) 

(3.196) 



Now we make a small digression to introduce some identities and after that we can write the current 
into the more usual form found in the literature. 

Define the level width function (level means state, width means the inverse lifetime which is essen- 
tially the imaginary part of the self energy) 



(3.197) 
(3.198) 



Since the leads are in equilibrium, we can use the equilibrium relations, for phonons (bosons) we have 
the general equilibrium relation. 



D<{u) = N^i{u) {D^{oj) - D^iu)) = N^i{oj) {D>{u) - D<{co)) 



(3.199) 
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where N'^''{u)) = ^^rL_i ; thus we get 



27 



D<{uj) 



N'^'iiuj) 
1 + N''<i{oj) 



(3.202) 



and for the width function, 

rW(a;) 

and, S(^)< 
similarly, T,^^> 



I + ]yeg(L) 



1 



1 + JSfeqiL) 



1 + Neg(L) ■ 



(3.203) 
(3.204) 

(3.205) 

(3.206) 
(3.207) 



Now the current expression can be written as 



thermal 



-oo 



27r 



jj{C)R _ jj{C)A _^ jj{C)<\ ( _^^eq{L)j.{L) _^ ^^eg(R)p(i?)\ 



where we have substituted d'^^^ = D^^)^ - D^^)^ + L»(^)< 
1 /""^ 



27r 



-/iijTr 



^i)(c)<(r(R)_r(L)) 



/■c>o J, . 

i/){C)<(r(L) _ _ i{^Di.C)R _ jj{C)A^(^^eq{L)j.(L) _ ^eq(R)j.{R)^ 



1 



— /ki;Tr 



4 ./_oo 2vr 



27r 



•^thermal ~ 4 / 27r^'^'^ 



The last expression is the final expression of the steady state current with an interacting central 
Note that there is a sign difference when we compare this expression with the electron version, 
due to the difference in expression in the equilibrium relations. 



(3.208) 

region. 
This is 



For electrons, 



g/3(fitj-n) _|_ 1 

r - 



where fj, is the chemical potential 



(3.200) 
(3.201) 
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3.2.1.1.1 Current Conservation Sum Rule Recall the equation 

jLrm.i = -^/^^/^Tr(z)(^)>S(^)<-D(^)<E(^)>) (3.209) 

where we can interprete the first term in the trace as tunnelling out from the left and the second term 
as tunnelling into the left. 

Define the total self energy (in the non-crossing approximation , 

^.(total) ^ j.{C) ^ ^{L) ^ ^{R) (3.210) 

The current conservation statement is 

■^thermal + "^t^ermal — ^ (3.211) 

which we will turn it into a sum rule involving the self energy of the central region, S*^. 
First, rewrite the earlier identity, 

j-){C)R-l _ ^(C)A-l _ jn(total)A _ jn(total)R 212) 

I use - = S> - S< 

_ j^(total)< _ j-i(total)> 213) 

We derive another identity by considering this expression. 

rj^ ^j^(total)<^(C)> _ (total) >^(C)<^ 

I use Keldysh equations, D<^^> = D(C)«s(*°t^')>D(^)^ and D^^^< = £){C)fis(t°t^i)<Z)(^)^ 
I use the above identity, s(*°*^i)> = s(*°*^')< - + 

= Tr ^Yjiiot^^X d'-'^^^ J^j^(total)< _ j^{C)R-l ^ j^iC]A-l^ ^(C)A 

_ J^5.(total)< _ jj{C)R-l ^(C)A-l^ ^(C)fl5.(total)< £)(C)A^ (3.215) 
= Tr ^J]''*^°^^^)< J^i'^)^J]^*°^^^)< Di(^')^ — 5](total)<^(C)A _|_ ^(total)<^(C)i? 

_jn(total)<£)(C)R^(total)<2)(C)A _|_ jn(total)<^(C)A _ 2)(C)A-l2^(C)flj^(total)<^(C)A^ 216) 

I 1st cancels 4th, 2nd cancels 5th, 3rd cancels (cyclic traced) 6th 

= (3.217) 
And now we are ready to use the current conservation for getting a sum rule. 

— "^tiiermal + ■thermal (3.218) 



Suppose the interacting part of the Hamiltonian is made up of 2 terms, there will be 2 S-matrices to expand in the 
Green's function. Expanded terms will be factorized according to Wick's theorem. The total self energy can then be 
identified and generally, the total self energy is not just a sum of the self energies of each interaction. The non-crossing 
approximation simply means that we assume that the total self energy is a sum of the self energies of each interaction. 
Physically, such an approximation implies that when a particle undergoes scattering due to one interaction from start to 
end. All intermediate scatterings are due to the same interaction with no scatterings due to the other interaction. A 
counter example to this is actually given in this thesis in sections 5.4.2.4, 5.4.2.5 and 5.4.2.6 where intermediate scatterings 
are due to both 3-phonon and 4-phonon interactions. 
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_i ^nioTv (z)(^)> (sw< + s(^)<) - i?(^)< (s(^)> + s(«)> 

use the definition of total self energy, + = - S^^)^ 



(3.219) 



1 r ^hioTr ( Z)(f^)>s(t°t-i)< - Z)(f^)>s(^)< - D(C)<s(t°tai)> ^ j^{C)<j^(C)>\ (3 220) 
2 ./_^ 27r V / 



use the identity, Tr (^-^i^oteix j^ic)> _ 5.(totai)>^(c)<^ ^ q 
1 /""^ dw. 



2 ./_oo 27r 



2 ./-oo 27r 



(3.221) 
(3.222) 



which is the sum rule that the self energy of the interacting central is required to satisfy in order to 
fulfill the conservation of current (in this case, it is energy current) at steady state. 



3.2.1.2 Current for an Interacting Central with Proportional Coupling 

Suppose that the leads are proportional matrices. 



(3.223) 



'"A^ermai' ^° Symmetrise the 



where A is a proportionality constant. At steady state, ^thermal 
total current with different weights. 

•thermal = SjJthermal ~ ~ ^)'^thermal (3.224) 

First we rewrite ^tiiermai ^^"^ "^t^ermai i'^^o ^ more suggestive form (following |Di"Ventra2008] ) . 

1 /""^ dw. 



"^thermal 



2 J-oo 2vr 



substitute the identities S^^X = -iN^i^T^^^ and s(^)> = -i(l + iV^''(^))r(^) 
duo 

substitute D^^> = - + d(^)< 

'■^ duj 



(3.225) 

L) 

(3.226) 



2 27r 



Similarly, 



jR^C 
"^thermal 



oo 
oo 



j 

2tt 



du) 
— / 
2-K 



(3.227) 
(3.228) 

(3.229) 



Now symmetrizing the current using the new weights. 



•^thermal 
lerr 

du 



jL^C _ (-\ _ ^\ jR-^C 
"^thermal •^J'^t 



27r 



thermal 



(3.230) 
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-(1 - x)r(«) (l>(^)< - Ar-«(-f^) (Z?(^)^ - (3.231) 
^ ^f^Tv ((a;A - (1 - a;)) r(«)i^(^)< + (xr(^)iV^^(^) - (1 - x)r(«)iV^^(^)) - D^^^^)) 

choose X such that the first term vanishes, xA — l + a; = Osoa;= ^ 

1 + A 

2 



y" ^/^TV (^(^^r(^)iV^''(^) - (^1 - ^) T^R)N-m^ ^D^C)A _ j^iOR^^ (3 232) 

f^Tv (^^-±_r(^)N-ii^) - -±-riR)N'iiR)'^ ^D^C)A _ ^(C)i?)^ (3 233) 

r ^;«^Tr ( i^(7V««W - Are'/(«))(z)(C)^ - Z^(^)«)^ (3.234) 
2 27r \ 1 + A / 



2 7_oo 2^ 



-oo 

f oo 



note the identity. 



Y(L) + r(R) (A + i)r(-R) A + 1 



2 



I" ^?^Tr ( -L^J_^(7V-«W - N'm)^D^C)A _ j^[C)R^ j (3 235) 



The final expression of steady state current for an interacting central with proportional lead-system 
coupling is 



(3.236) 



3.2.1.3 Current for a Non-interacting Central (Ballistic Current) 

We get the non-interacting case by expanding the full interacting Green's function to zeroth order in 
interaction 

I)(^)(WV) = -^(r,,(e-^^=-'^^^^'"(^^)ngo(/r)ngo(/V))) (3.237) 
I recall = Hq + H^^^ and exists before the switch on 

I go back to Hciscnbcrg operators and rewrite into another set of interaction operators 

I so wc arrive at the full perturbation expansion in chapter 1 

I the whole idea is, this set of interaction operators allow Wick's theorem 



-y^^ J.,..^ '"''--o-^"^4,(/r)u^c(rr')) ) (3.238) 



where the statistical operator is now quadratic and Wick's theorem is applicable 
expand the 2nd ^-matrix to first order 



-IT 



'ck+cm 

the first term thus represents no interactions (and no cm] 
, 2 

I 



drs (r,,+c^ (e-^^=K'^-^''(-)if^^^e(r3)n^c(/r)ug,(rr')))(3.239) 



Ck+Cm 
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I for the non-interacting (or mean field) central, we retain only the first term 
- -'j:{Tc^ (e-^^.^-^^"(-)n^o(/r)n^e(/V))) (3.240) 

The second term is thus the first correction to the ballistic current. This correction term will be 
calculated in the chapter on anharmonicity. 

The Dyson equation is now exact as we only have a 1-point interaction. 

Z)(t^)(/r/V) = D(o)(^)(Zr/V) + / dn [ drs ^2?(°)(^)(/r/iri)s(^)(/iriZ2r2)i?(^)(Z2r2ZV) (3.241) 

JCK JCK l^l^ 

We expand out the second order term just to illustrate. 



1 / ■ \ 2 
1 / I 



^ dridr2(r,^ (F^^(Ti)F^^(T2)^xgc(/T)^xgc(/'T))) (3.242) 
recall that H^^in) = ^Vi^l;u'^^{hTi)u^cihTi) 

/ dTidT2 
Jck 



2! V h. 



2\\ h 



E E ^hh Kh^H^ {hri)u%c (/2Ti)n^, {hT2)u%c {hr2)u%c {lr)vga {I'r') j (3.243) 
2 



(4) / ^^^^^^EE 



1 / i 
2! 

^KhKh {Tck (4„^(/iTi)n^,(Z3T2))) (t,,, (txgc(/2Ti)n^c(/4r2)«gc(/r)n^c(rr') 

the connected pairings for the vP terms are {tti){t2t') and {tt2){tit') 

the first pair gives (symbolically), V^'^V^'^ {Tc^{u^u^)) = V^'^V^'^ (ihD^^^^^^) = ihT,^ 

the second pair gives, 2 x {ihfD^^^'^^\lTliTi)D'^^^^^\l2T2l'T') 

ih [ dridrs J^I)(°)(^)(/T/iTi)s(^)(/iTi/2r2)L'(°)(^)(/2T2/V) (3.244) 

•Jck 1 1 



ih 



Thus the pattern is clear and summing all orders we get the Dyson's equation exactly. Now we 
include an independent right lead. With 2 independent leads, the Dyson's equation is, 

+ [ dn [ dT2^I?(°)(^)(MiTi) (s(^)(/iriZ2r2) + S(^)(/lTi/2T2))D(^)(/2T2/V) 



hh 



(3.245) 



Now the aim is to insert the expression into the full interacting formula for current and we will 
be able to obtain the often-seen expression for current. We will need some identities, (from Datta in 
|Dattal997j ) First is a rewriting of Keldysh equation (in frequency domain). Note that D^") describes 
the non-interacting system so we have, 

D(^)<(a;) = i^(f^)«s<Z)(^)^ (3.246) 
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= (s(^)< + S(«)<j Z)(^)^ (3.247) 

I use the identities, S^^X = -iN^ii^^T^L) ^(R)< ^ _^jyeq{R)^iR) 

We still require 2 more identities ( jDattal997j eqn (3.6.4)). 



Identity (a) 



Identity (b) 



j^(C)A _ jjiOR ^ iD(C)R(j^{L)^^iR)\^j^iC)A (3 249) 



j^{C)A_j^iC)R ^ .^(C)A(^p(L)^p(R)^^(C)i? (3350) 



[Proof of Identities (a) and (b)] 



From Dyson's equation D^^^^ = + d'-^^^T.^D^ (3.251) 

I then xZ)(^)-^-i and xL»(°)^-^ 

^(0)-i ^ DiOA-i^^R (3 252) 

Similarly, D^^"^ = 15(^^-1 + (3.253) 



Subtract them 



jj{C)R^l _ jjiC)A-l ^ j^A_^R^jjiO)R-l _j^(0)A-l (3 254) 

I last 2 terms on RHS cancel out because they are actually the same 
I recanS« = s(^)« + s(^)^ 

= j^{L)A_^iR)A_^iL)R^^(R)R (3^255) 

= zr(^)+ir(^) (3.256) 
I xD'^'^^^ and xD^'^'^'^, we get identity (a) 
jj{C)A _ jjiOR ^ iD(C)Rfj.{L)^j.{R)^j^{C)A (3257) 

I xD^'^'^^ and xD'^^^^, we get identity (b) 
Now we can substitute these 3 identities into the full interacting current equation ()3.208p . 

Jthe^ai = r —nu:T,( z)(^)< ( r(^) - r(«)'l - ( z)(^)^ - d^^)^! ( n^'^^^^t^^) - N'<iiR)v^R) 



^thermal . , „ ■ 

4 ./_oo 



use D^'-^^^{uj) from Keldysh equation rewritten earlier 

1 1"°° ^^/icjTr [i (^N^t^L) j^iOR^iL) jj(C)A ^ ^eq{R) jj{C)Ry(R) jjiC)A~\^ (^{R) _ Y^^)'^ 

'j:iiC)R _ j:,(C)A^ J^^eg{L)p(L) _ jyegiR)YiR)^^ (3.259) 

use identity (a) Z)(^)^ - Z)(^)^ = -iZ)(^)« (r(^) + r(«)) 
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27r V 



_^j)iC)R^{L) j^{C)Ajyeg(R)j.{R) _ ^(C)i?p(i?)^(C)A^eg(L)p(L) _^ ^(C7)flp(i?)^{C)A^eg{fl)p(i?0^ 

inside the brackets, 1st cancels 5th, 4th cancels 8th 

1 (iV^'?^^) - iV^'?(^)) Tr (^D^C)RT{L)jj{c)Aj.iR) ^ ^(c)i?p(K)^(c)Ar(L)^ (3 260) 

from identities (a) and (b), we get, D{f^)«(r(-^) + r(^))L>(^)^ = D(^)^(r(-^) + r(^))L>(^)^ 
then xF^^^ and trace over both sides to get, 

Tr(i:)(c)«r(^) z)('^)^r(^)) + Tr(z)('^)^r(^) £)(c)Ap(i^)^) 
= Tr(z)('^)^r(^)L>('^)^r(^)) + Tr(D(<^)^r(^)L>('^)^r(^)) 

2 terms to cancel to give, Tr(D(^)«r^Z)(^)^r(«)) = Tr(i?(^)^r(^)Z)(^)^r(«)) 
1 
2 



— i 
2tt 



(3.261) 



•thermal — ^ 



27r 



(3.262) 



which is the commonly seen Landauer formula for ballistic (non-interacting central) transport. 

3.2.2 Noise associated with Energy Current (for a noninteracting central)* 

We follow jHaug2007| section 13.8. We attempt to calculate by brute force the DC (cj = 0) noise of 
thermal current in a noninteracting central device connected to 2 thermal leads. By going through the 
calculation, we can see how interaction (eg anharmonicity) could enter the noise calculation and how 
we could possibly generalize the calculation to AC noise. We use the same Hamiltonian as that in the 
Landauer theory in the previous section. We will treat left (L) and central (C) first and add in the right 
(R) towards the end. This can be done due to the assumption that that leads are independent. So we 
have exactly the same expression as in the previous section, 



H 



H^ + H^ + F^^'0(t - to) 



LC, 



H 



c 



int 



(3.263) 
(3.264) 



where the step function is written to indicate the term being "switched on". We partition the Hamil- 
tonian in exactly the same way as in the previous section. 



Ho 

Hint 

v{t)e{t - to) 



Hq + H^ (not quadratic in central variables) 
(no Cm contour) 

H^^e{t-to) 



(3.265) 
(3.266) 
(3.267) 



Essentially, just as in the Landauer calculation, we give up Wick's theorem in the central variables, in 
favour of dropping the cm contour. We simply define the thermal current operator based on the current 



i.e. We do not calculate via a generating functional. 
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expression. 



interface / ^^L 

(current expression) J^h^maiW = ^"'^'W = E KfA —^^Hi,{t) 



interface 



dt 



dt 



(current operator) J^^{t) = 
Define the current fluctuation operator 

gJLC = jLC_jLC 

Define the noise spectrum correlation function (which is the quantity to evaluate), 



S{t,t') 



(^J^^(t),(5J^^(t 



+ 



(3.268) 
(3.269) 

(3.270) 
(3.271) 



the symmetrization ensures that we get a Hermitian operator to represent an observable 

^ (j^^(t)J^^(t')) + I (j^^(i')-^''^(i)) - {J""^? (3-272) 
the first expression needs t on the left of t' 
the second expression needs t' on the left of t 

duV,, (t) „ duir, (t') ^ , \ 



~ 9 2^ ^hh %k 



-{J 



LC\2 



(3.273) 



define 2-particle Green's functions (with no names for them) 

4i(i'i)^/f/2(i')^iH/3(*i)4u(*)> = Di,i,i,^ititt[t';t[ >t'>ti>t) 



HI! 
h 



h 
-h 



V F,f,^y,f',^ lim lim 

[Di,i,i,i,{htt[t'-h >t>t[> t') + Di^i,i,i,{titt[t';t[ >t'>h> t)] - (J^^)2 

(3.274) 

Thus the evaluation of noise, is reduced to the evaluation of two 2-particle Green's functions. To carry 
out perturbation expansion, we need to work with the contour ordered 2-particle Green's function. We 
define it as 



(3.275) 
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We use the S-matrix expansion to seperate the hybrid Green's function. 



h 



(7^c,(e"^^-'"''"^"^4fJn)ngc,,(r)n^,Jr()ngeJrO)) (3.276) 



recall that ^^^(r) = ^ ^/f/?4o^,,(r)n^c;,(T 
expand the exponential term to second order 



h 

x4„-Jn)^^oJr)n^.Jr()ngc^(r'))) (3.277) 
the first order has an odd number of and which averages to zero (in "interaction" picture) 

^ {Tc^ (4. Jn)«gc Jr)n^. Jr()n^c,,(r'); 



+ 



h 



^i^L;^(r2)ugc;g(T2)n^Lj^(r3)7xgc,3(r3)n^i,^(ri)ugc,,(r)n^^^^^(r()ugci,(r')^ 
+ • • • (3.278) 



use Wick's theorem only on u^l 



X (^'^K (4„^/5(^2)4.,,(r3)4. Jri)n^,,^(rO)) (Te,, (n^c;,(T2)ngcz,(r3)n^c;,(r)nge;,(T' 
+ • • • (3.279) 



use Wick's theorem on {Tcj^{u^u^u^u^)) to get 3 terms 
one of the terms pairs up with the 1st line 

^ {Tc. (4^ Jn)4.f/3(-^))) ((^- (-^c J-)-^c Jr'))) + ^ (-0' £ '^^2^r3 
X E ^h^yirFs {Tc. (4^ J^2)n^.,^(T3))) (t,, (^i^cjr2)nge,,(r3)ngc,,(r)^i^c^(r': 



+ ••• 

^2^ / .\2 



+ ^^K"0 / ^ (J^c, (4c Jr2)ngc Jr3)ngc Jr).gc Jr') 



■^"The equation of motion seems to work here as well since Wick's theorem applies to the left variables (due to the very 
important assumption that the leads are noninteracting) . 
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+ {Tc, (4.Jr2)4.,^(rO))(r,, (4-J^3K„^Jn))) ) +••• (3.280) 

the first term reconstructs to the S'-matrix, recall that odd powers of H^^ are zero 
the second term also reconstructs to the 5-matrix where above is the zeroth order term 

(the — vanishes since the 2 terms add up after renaming indices 
{-iff 



+ 

X (^'^K [<l,lMK^l-M))) {Tc. (e-*'^^"^^^(^")n^ejr2)n^ejr3)n^ejr)^^c Jr')j J3.281) 

Therefore the hybrid 2-particle Green's function is made of 2 terms exactly. 

However we cannot proceed further without approximations. For the first term, we take the same 
level of approximation as in the calculation of ballistic current, i.e. 



Tc. (e-^^.- - >uU.Sr)u%c,Sr'))) - {T,. (e-^^^^ ^ Vge, (r)n^. Jr') j ;3.282) 

Now we will approximate the 2-particle (central) Green's function in the second term by expanding and 
truncating at the level without vertex corrections and without interactions. Eventually, we will get the 
ballistic/mean field noise formula, and in the chapter on anharmonicity we will retain the first vertex 
correction terms to calculate the correction to (ballistic) noise due to phonon-phonon interaction. 

{t.. {f^ """"^^"^-^c,(r,)n^e,(r3)4e,(r).^e,(r')) ) 
I recall H'-' = Hq + and exists before the switch on 

I go back to Heisenberg operators and rewrite into another set of interaction operators 

I so we arrive at the full perturbation expansion eqn ()3.22p 

I the whole idea is, this set of interaction operators allow Wick's theorem 

expand the 2nd S'-matrix to first order 



h 



ck+cm 



X 4f,,(r2)ngcjr3)ngcjr)n^c,,(r') )^ (3.283) 
the first term thus represents no interactions (and no cm) 
{Tc. (e- """''^^"^n^c,(r,)nge,(r3)n^e,(r)n^ejr0) ) 

-{j^^^Jr'''{T^,^.,,[e-y^K'^^''''''^^^^^ 

the second term is the first correction term due to interactions 

and will be calculated in the chapter on anharmonicity, here we retain only the first term here 
{Tc. (e-* '^""""^^"^^c Jr2)4c Jr3)4c Jr)ngo Jr')) ) (3.284) 
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since the S'-matrix is a 1-point interaction Wick's theorem apphea^^l 

^ f -i f dT"H^'^(T") c 



+ r< 



(3.285) 

Define the (contour-ordered) Green's functions 

Df£'\rir[) ^ -^(Te^n^.JrO^fJrO)) (3.286) 



D\2(rr,) = --^r,,^e-^^^x- - ^' ^n-cjr)n-cjr3)j; (3.287) 
In this approximation, the hybrid 2-particle Green's function is 
\D,,,,l,lAnrrW) = <f)(nrO<i(rr') 

X (42(r2r3)<](--') + AS(-2r)<](r3r') + D^2S-,r')Df2(r,r)) 

(3.288) 

The next step is to apply Langreth's theorem to get those 2-particle (real time) Green's functions in 
the expression for noise. The first Green's function we need is 

^Di^l^l,^^{titt[t';ti >t>t[> t') 

+ ([ dr^dn E V^^.-^^.-I.fr(r.n)<^)(r3r()<](r..3)<^(rr')) 

+ f/ E^f^?4^(-'-^)^!r^(-^-i)) il r3E^^.?<^(-3)4r(-3-0)(3.289) 
I recognise the last 2 lines is the hybrid Green's function and D^^^^'^ 

= <f)>(t,t;)4^f(to 

+ f/ dr.dr3 E ^^.?^^.^<'^(nr.)4^i(r.r3)4r(r3r0) I.J2>(«') 



•^^Here, I have no space to prove that Wick's theorem apphes for this case. The proof is done in the chapter on 
anharmonicity where the corrections to Landauer's theory are calculated. 
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+<f)<(«0<f + <f)<(t'ti)<f >K) (3.290) 

The second term is a 3-term "series multiplication" for a "greater" quantity which the Langreth's 
theorem for it will be carried out later. The other Green's function to solve for is 

jDhhhhitl't^'l'^A > t' > ti > t) 

= i);»f><(t,<;)D,'2<((i') 

V 'sieWs / t',>t'>ti>t 

I recognise the last 2 lines is the hybrid Green's function and D^'^^^'' 

= <f)<(t,t;)D;2<(to 

+ ([ dr.dr, ^^,?T^^,^<^)(nr,)D}2(r,r3)<f)(r3r0) Z^S^l^O 



)<(tti)4?^<(*'*;) + (3.292) 

The second term is a 3-term "series multiplication" for a "lesser" quantity which the Langreth's theorem 
for it will be carried out later. Putting all 8 terms back into the expression S{tt') 

hhhh ' 



X — ^ [Ai«2i3u(ii«'i*Vi >t>t[> t') + Di^i^i^^{titt[;t[ >t'>ti> t)] - {J^^f 



d__d_ 
dhdt[ 

note that the third term of each Di^i^i^i^ gives a cancellation 

[2/iI)£f^<(tti)I?£3''^<(tYi) + 6 other terms] - (J^^)^ (3.293) 

hhhh ^ ^ 

in the first line, each round bracket is the expression for J^^ ([XTMD 
the first line cancels the term {J^^)'^ 
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1^ T. "^f"i*,'-..f-i^ir[<iothertermsl (3.295) 

hhhh 

^ y lim lim -^-^ 



(3.296) 



Thus we see 3 types of terms to handle in S{tt'). We assume steady state, i.e. S{tt') = S{t — t') and 
seek to calculate the DC noise i.e. S{oj = 0) = J d{t - t')e'^^=^'^^^'^'^ S{t -t') = J d{t - t')S{t - t'). 

Type 1 term for S{oj = 0) 



111.7 



X 



Iti dt[ I 

introduce the Fourier transforms 

^^^g-ia;i(ti-t;)g-ia;2(t-t') 

27r 27r ' 



lim lim A^ri^(o)W(i,i;)n(^)>(tt')+n(o)W<(i,t;)n(^)<(t^^ 



d{t-t')^ y Vif^y^'^ hm hm -^4r 



(3.297) 



X 



ti-^tt[-^t' dti dt[ 

D^,^>{u,)D^l>{..) + <^)<(.,)<i<(-2)l (3.298) 



LC 



X / d(^^ du;2 ^_o^i(ujr+0J2)(t-t') 

2tt 2-k ^ 

evaluate / d{t - i')e-^('^i+'^2)a-t') = 5{ui+uj2 



<^)>(a;,)<i>(c..) + <f )<(c.,)i^;2<(c.2)l (3.299) 



then evaluate / — and use D^'^^^{-oj) = D^'^^^{uj) 
J 27r 



2 



use the definition of lead self energies and rename uji to u 



(3.300) 



(3.301) 



recall relations s|^^'*(a;) 



-i (l + iV^^(^)(c.)) r\^l{u) and S(2<(u;) = -iiV^^(^)(c.)r!2(a;) 
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use the relation D^^> = D^^^< + - D^^^^ 



ill? v-^ f dtij r. 



X 



[(l + 2iV^«W(a;)) r\^l{u;)Di2^{u) + N^''(^) {u)r\^liu;) (i^gf (c.) - 0^2%))] (3-302) 



Type 2 term for S{oj = 0) 

i2 i^ii t^^tt'^^t' dtidt'^ 



/l'2'3'4 



assume steady state and Fourier transform to frequency domain 



(3.303) 



/duji do 
^2 



-iwi{t'-ti) -iu2{t-t[) 



Di^,f^<{u,)D(^^>{u2) + <f )>(a;i)Z)£3^)<(c^2)|3.304) 



(CL)>, 



LC 
/3Z4 



use 

^2 



27r 27r 



J d{t - t') 



{CL)>, 



UJ2] 



(3.305) 



5(a;2 — <^i) then evaluate 



/ 



dijj2 



and rename — >■ a; 



E ^f^?^3^4 / [<f ^<(c.)i^(^^)>(^) + <f >(.)<^)<(c.)] (3.306) 

l'2i3'4 



We thus need the Fourier component and D^^^^^. Recall from the earlier section on Landauer 

current, 

D^^'Hw) = r dt, Y v,^f^ «)«(«,)<^^^(tio + <)^(^ti)<r^(^io) 

I take to —00 and assume steady state and the Fourier form is 

The required Fourier component is 

= E»^S?«"'(")<r«H +<«(")<?""(-)) (3.307) 

hZ2 



Type 2 term for ^(a; = 0) 

Tl?' -1 7-LC -f rLC I d^ 

y '^hZ2 %u J 
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/ '5*6 \_ <4(B *6*1 '4*6 's'l / / > 'T'S ^ t2t7 's'S '217 '8'3 / 



.(0)(L)A\ 



recall the definitions of the leads self energies and write the expression into a trace 
use trace cyclicity and find that the 2 terms add up 



(3.308) 



27r 



(3.309) 



+D^C)<j.{L)Aj^{C)R^{L)> ^ j^{C)<^{L)Aj^{C)>^{L)A 

we simplify notation for the time being by writing D^^^ — )■ D and 
note the identities - D"^ = D> - D< and S^^ - = E> - S< 

for 1st term, write D^T.^D^Tr' = ]^D^T.<D^Y.> + ^{D"^ + D> - D<)Y.<{D'^ + D> - D<)E> 

for 2nd term, write £)^S<D>S^ = iz)^S<£)>S^ + ^{D^ + D> - £><)E<£>>(S^ - E> + S<) 

for 3rd term, write D<^^D^T.> = ^L><S^L>^E> + ^D<{T.^ - (S> - E<))(L>^ + - L'<)S> 

for 4th term, write D<S^£>>S^ = iL><S^L>>S^ + ^£'<(S^ - (S> - S<))L>>(E^ - (S> - S<)) 
expand to get 24 terms but 4 pairs of terms cancel leaving 16 terms 



/ 



27r^ ^2 



+£>-^S<L>>E^ + £)"^S<L>>E^ + D^S<D>E< + D>E<D>S^ 



(3.310) 



Type 3 term for ^(a; = 0) 

^2 



f dr.dr, Y: ^f.?^^.?AT(nr.)<i(r.r3)4r(-3-() 



tl>t[ 



+ 



tl<t[ 



the first round bracket is a 3-terni "scries multiplication" for a "greater" quantity 
the second round bracket is a 3-term "series multiplication" for a "lesser" quantity 

2 



/ 



rLC 



(j^mL)Rj^iC)Rj^mL)> j^mL)Rj^iC)>^mL)A j^mL)>j^iC)A^mL)A\ Df)>Utf. 

\y tits t6t8 t7t3 (1(5 (6(8 '7(3 (1(5 (5(8 '7(3 J I2I4 ^ ' 



(3.311) 
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where the time arguments are in the sequence (iit2)(i2i3)(i3ii) 

use the definition of the lead self energies and we also write these into a trace 

assume steady state and introduce their Fourier forms 



Z?,^ ,r(ttO ;3.312) 



lim lim — — —r / dtodts 
ti->tt[-^t' dti dt[ 



f dWl(Lj2 d^^-iuJi (ti -t2) g-ju>2 (t2 -t3)^-i0J3 (t3 -t'l ) 

y 27r - - 



27r 27r 



{L)Rj^(C)R^iL)< ^{L)Rj^{C)<^(L)A ^(L)< -^{C)A^{L)A\ . 
^2^6 ^6^8 hli hh hh hh l-zki kih hh J ^ 

write e~''^l(*l~*2)g-«^2(t2-t3)g-j'^3(i3-t'i) _ g-i'^ltlg-'t(^2-tJl)t2g-*('<J3-'<J2)i3g«'^3ti 

use y dt2e~^^'^2-'^i^*^ = (5(a;2 - a;i) and J dhe-'^"^^-"^^^^^ = 5{uj3 - ui) 

dijjz 



(3.313) 



then evaluate 



2tt 



d d 



then carry out — r and take the limits 

^ dti dt[ 

finally carry out J d{t — t') and rename wi — >■ a; 



d^ 2rp 

— u) ir 
27r 



+D^C> (^sW-Rd(^)'Ke(-^)< + E(^)-^i:>(^)<s('^)^ + E(-^)<D(^)^E(^)^y (3.314) 
I where all the arguments are (w) 

I recall D^^'^^^{u) = D^^^^{u) and E(^)<t(a;) = -E(^)<(a;) 

I so the complex conjugate pairs of terms are: 1st & 3rd, 4th & 6th and 2nd & 5th 

= - J ^{fujjfSjlT^ (^D^C)<j^{L)Rj^{C)Rj^{L)> ^ j^{C)<j^iL)Rj^{C)>-^{L}A ^ ^(C)>5^(L)i?^(C)R5.(L)< j 

(3.315) 

We work out each term seperately. First we note that in this problem, retarded and advanced "objects" 
are complex numbers, in fact, they are complex conjugates of each other. Greater and lesser "objects" 
are pure imaginary. We take Type 3 1st term as example, let 

L»(^)< = ia , E(^)-f^ = b + ic , = d + ie , E(-^)> = if (3.316) 

Then, (we omit the trace but we maintain the order of the terms) 

SR (^d(^)<e(-^)-^£»(^)^e(-^>) = 3? (ia{b + ic){d + ie)if) = ^ {ia{bd + ibe + icd - ce)if) 

= ia{bd — ce)if = {ia)bd{if) — {ia)ce{if) 

We apply the identity in calculating all 3 terms in Type 3. 
Type 3 1st term 
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2^ 



use the above identity 



note ^A^'^ = hA^ + A^), QA^ = ^{A^ - A^) and QA^ = -^{A^ - A^) 
drop the device-lead indices to simpUfy writing 

use the definition - E^^)^) = T^-^) ^ - 



^Tr (L><(S-^ + Y.^){D^ + I)^)S>) + ^Tr {p<{Y.^ - - D^)S>) 



+^Tr ( D<^{D^ - D^)T, 



da; 



1. 



27r 

use = -i (^1 + Are9(i') j r(^) in the first term 

duj 



Tr ( D<j{D^ - D^)E> ) + ^Tr ( D<-D^T.> ) + ^Tr {D<E^{D^ + D^)S>) 



27r 



^Tr {D<r{D^ - D^){1 + iV^«)r) + ^Tr (Z)<S^D^E>) + ^Tr (D<E^D^E>) 



and the last 2 terms cancel with 2 terms in Type 2. 
Type 3 2nd term 



^(M'3f?Tr(l?<E«Z^>E^) 



-/ 

use the above identity 

_ / ^{hu)^ [TV(L><(3ftE^)L»>(3fiE^)) -Tr(L><(9E«)L>>(S>E^))] 

note ^A^^^ = -{A^ + A"^), = - A^) and = - A^) 

wc also need i (S^ - E^) = T 



(3.317) 
(3.318) 



/ 
/ 



du! 
2^ 
doj 
2^ 

2^ 



Tr ( D< ( 2E^ 



Tr I D<J:^D> 



D> + 2E^^ ) + {D<rD>r) 



(3.319) 



+ 2E' 



r 



Tr D<-D> - + 2E^ + -Tr (L><rD>r) 



Tr (£)<E^D>(E^ + E^)) - -Tr i:)<-D>E^ + -Tr {D<rD>r) 



use = - L)^ + L>< in the third term 



-Tr {D<r{D^ -D^ + D<)r) + -Tr (D<E«D>E«) + -Tr (L><E^L>>E^) 



(3.320) 
(3.321) 
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and the last 2 terms cancel with 2 terms in Type 2. 

Type 3 3rd term 
= -y^(/;^)2sftTr(l)>S^I)^S<) 
I use the above identity 

[Tr (Z)>(5RS^)(KZ?^)S<) - Tt (L>>(9S^)(9D^)S^)] 



(3.322) 
(3.323) 



note SRA^™^ = -{A^ + A^), = -{A^ - A^) and = --{A^ - A^) 

_ / ^(hu;f \-Tv (Z)>(S« + S^)(i?^ + i?^)S<) + -Tr f D>-(D^ - D^)^<] 
y 27r [4 ^ 4 \ i / 

we also need i (S^ - S^) = T 

_ y ^(M' ^Tr (^D> (^^ + 2S^^ (D^ - Z)^ + 2L»^)S<^ + ^TY (^D>^{D'^ - D^)^<^ 



(3.324) 



+-TrLD>-(i?^-Z)^)S' 



(3.325) 



duj 
2^ 



-Tr (d>-{D'^ - D^)^<) + -Tr (d>-D^^<) + -Tr (L»>S^(Z)^ + D^)S<) 



use 



-iiV^^r and D> = D< + - in the first term 



--TV (l)<r(D^ - L'^)7V^«r) - -Tr {{D^ - D^)T{D'^ - D^)N^''T) 



+ ^Tr (L»>S«Z)^S<) + ^Tr (L»>S^L»^S<) 



(3.326) 



and the last 2 terms cancel with 2 terms in Type 2. Thus there are now 10 terms in Type 2 and 4 terms 
in Type 3. 

The expression for the DC noise S{uj = d) is, (restoring all device- lead indices) 



Sioj = 0) = Type 1 + Type 2 + Type 3 
I use = —i 



(3.327) 



iV^^r and S> = + iV^«)r on ]^D^T,<D^'^> + ^D^S<L>^S> 



_^eq{L) (^^ ^ jyeqiL)^ (^/)(C)Ap(L) ^(C)Ap{L) _^ ^{C)flp(L) ^(C)i?p{L) 
_£)(C)<p(L) / jjiC)R _ j^iC)A\ p(L) _ jjiCX-piL) ^(C)<p(L) 



+8 other terms from Type 2] 

these 8 other terms are shown to cancel in the footnota^n 



(3.328) 
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Now to incoporate the right lead, we will use 4 identities which some of them were used in the 
derivation of the Landauer formula earlier. 

1. Keldysh equation 

j^(C)< ^ j^(C)R (^(L)< _^ 5]{i?)<j J^{C)A ^ _iJ)iC)R f^jyeqiL)-piL) ^ ^(eq{i?)p{ij)^ j^(C)A (3 33Q) 

2. Identity from Datta's book |Dattal997) eqn (3.6.4) 

^iOR _ j^(C)A ^ _iD{C)R (^p(L) ^ j^iOA (3 331) 

3. No name for this identity and it can be checked by simply expanding the brackets and use trace 
cyclicity. 

_f)(C)Ap{L) j^iOR^iL) jj(C)Ry(L) j^{C)Ry{L) 
= (^d'^C)A _ jj{C)R\^ p(L) ^ jj{C)A _ jj)iC)R^ p(L) _^ 2D(C)«r(^) ^(C)Ap(L) (3.332) 



4. Definition of Transmission (operator) 

T = r(^) j)iC)A-YiR) j^iOR ^ p(L)^(C)i?p(i?) jjiC)A 



(3.333) 



^^These 8 terms from Type 2 are 

8 terms = i / — a;^Tr [75>E<i3«E> - D-^E<Z?<E> + Z?^E<Z3>E< + i?>E<Z3>E^ 
-L)<E^D<E> - _D<E>L»^E> + L)<E^D>E< - D^E^D^E-*] 



(3.329) 



which vanishes upon using 2 identities (i) Keldysh equation: = D^Tj^D^ and (ii) E'^ = —iN'^T and E^ = — i(l + 
7V''^'')r. We write out the 8 terms in symbolic form. 



Term 1 = Tr ( _D^E^D"E^^ 
Simply repeat the same steps 7 more times 



Tr(7?>E<i3^E>'l " =*'^ Tr 



(Z)^E>D'^E<Z)^E>) "'=^"' {-if{l + N'=''fN^''Ti(^D"rD'^rD"r 



Term 2 


= Tr 


D-^E^^D^E^ 


Term 3 


= Tr 


'd-^e^^d^e^ 


Term 4 


= Tr 


'd^e^d^e-* 


Term 5 


= Tr 


'i3<E^_D<E> 


Term 6 


= Tr 


'i3<E>D^E> 


Term 7 


= Tr 


'i3<E^_D>E< 


Term 8 


= Tr 


'd^e^d^e-* 



-if{l + N'"')N'"' Tr 
^if{l + N'"')N'"'\T 
-if{l + N'"'fN'"'TT 
^if{l + N'"')N'"'\r 
^if{l + N'"'fN'"'TT 
-if{l + N'"')N'"'\r 
'if{l + N'"'fN'"'TT 

And the pairwise cancellation is as follows: term 4 cancels term 8, term 5 cancels term 7, term 6 cancels term 1 and term 
2 cancels term 3. 



^iip_pAp^JJp^Aj.A 
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Insert these identities into S{uj = 0) to get, 
S{u> = 0) 



xTr 



2jYeg(L)^ (^j^eq[L)^{L) _^ ^eg(i?)p(il)^ j^{C)A 

^p(L) ^ j^{C)A ^ ^ 2Ar^«(-^)) r(^)D(^)-^ (^N^iWyW + ^eq(il)p(ii)~J ^(C)Ap(L) 



J^^eq(L)p{L) ^ ^eq(i?)p(i?)^ ^(C)^p(L)^(C)R J^p(L) ^ p(i?) ^ ^(C)Ap(L) 

(3.334) 

Since the final result should be symmetric in the left and right leads, the coefficients of terms which 
are not symmetrical in left and right should be zero. We pick out these coefficients and check them 
explicitly. 

coefficient of term r^^^'^F^^^" 

I expand all terms and they cancel 
= 

coefficient of term r^^^'^T^^) 
= _2Ar^«W — f 1 + 2N'^'^'''^A iV^'?(^) - f 1 + 2N^'^^^A N^'i^^^ 



_|_2jYeg(L) ^-j^ _|_ ^e<?(L)^ _|_ jyeq{L) _|_ j^eq{R) _|_ 2J\[^l(^) JSf^li^) 

I expand all terms and they cancel 
= 

coefficient of term r^^^'^r^^)" 

I expand all terms and they cancel 
= 

Now we gather the remaining terms and use the definition of the transmission operator to simplify the 
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expression S{tJ 
S{0) 



0). 



2./ 27r^ ^ 



_jjiC)R-^{R) j^{C)A^eq{L)^{L)jj(C)RY(R) j^{C)A^{L) 

_j^{C)R-^{H) jj{C)A ^ _^ 2N'"i^^A r(^) jj{C)Rpjeq(R)^{R) jj{C)Aj.{L) 



_^pjeq(L) ^ ^ ]yeq(L)^ ^(C)i?p(i?) ^(C)Ap(L) ^(C)i?p{fl) jj{C)Aj.(L) 

+£)(C)i?^eg(R)p(fl) ^(CMp(L) ^(C)Rp(fl)^(C)Ap(L) 
+/)(C)fl ^eg(i?)p(i?) ^(C)Ap(L) j^(C)R ^eg(fl)p(iJ)^(C)Ap(L)" 

use the definition of transmission operator 

j^eq{L)q- _^ ^ _|_ 2^eg{L)^ JSJ'eqiR)^ — 
j^]\ieq{L) ]'^eq{L)^ q-2 _^ j^eq(R)q-2 _^ eq{Rf j-2 

write terms involving T into a symmetric form 
i /■ ^(^)2Tr i iV^«(^) f 1 + iV^^^^)") + iV^«(^) f 1 + iV^«(^) 



1 f duj ,^ 
2./ 27r^ ' 



(3.335) 

1 + 2A^'^^^^^^ j\reg(K) j-2 

(3.336) 



S{uj = 0) 
_ 1 /■ (fa; 
~2 2^ 



J- ^]\[eq{L) jyeqiR)^ ^ ^eg(R) ^-j^ _^ ^eg(L)^^ ^ ^2 ^]yeq{L) _ j^eq{R)y 



(3.337) 

which is indeed the expression for the DC thermal noise in ballistic phonon transport. To make contact 
with Satio & Dhar's expression in |Saito2007j eqn (9), recall iV^'?(-a;) = -(1 + N'"i{ui)). 
We give an immediate physical interpretation to the noise expression: 

• The term T (A^^9(^) (l + N^i(^^) + iVe^C^) (l + Areg(i))) ig called the equilibrium thermal noise. 

—7- so this noise term vanishes at zero temperature El. Thermal 
fluctuations of occupation numbers in the leads seem to be the source of this noise term [f^. 

• The term (^iV^yC-^) — jSf'^iiR)^'^ is the nonequilibrium noise. Assuming the left and right leads 
have the same harmonic spectrum, when the leads have the same temperature, we have A^'^''^^) = 

Neq{R) ^J^ig 

noise term vanishes. Obviously it also vanishes at zero temperature. Hence this 
noise contribution is essentially due to the magnitude of the temperature difference between the 
2 leads. 

[Contribution:] Here I will briefly state what this contribution is about. Note that noise is an 
important quantity to measure as it may provide more information on the current on top of information 
obtained by conductance measurements. The result here is not new but this method of derivation shows 
a way of calculating the AC (u ^ 0) noise and/or including interactions which is done in Chapter 5. AC 

^^These are phonons and so there is no Bose Einstein Condensation (BEC)! 

^''in statistical mechanics, we calculate the dispersion of occupation numbers via A^^ — A'^ — —ksT^ with A'^ = A'^'^'' in 
this case. The result is simply A^a - JV = A"=«(l + JV^'). Thus the noise term is made up of dispersions of left and right 
leads occupation numbers. 
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noise may not be that physically relevant but as mentioned in the Introduction (Chapter 2), interactions 
cannot really be ignored at the working temperature of these devices. It is not clear how to include 
interactions in the calculation of noise using Saito and Dhar's method. 



3.3 From NEGF to Quantum Kinetic Equations (QKE) 
3.3.1 Pre-Kinetic (pre-QKE) Equations 

This is the second development from NEGF. Essentially, NEGF allows a rigorous derivation of kinetic 
equations and that means the quantum corrections to kinetic equations can be calculated rigorously. 
The main advantages of kinetic equations (to my knowledge) are that physical quantities are easy to 
construct and thus physical interpretations are not obscure. 

We start by rewriting Kadanoff-Baym (KB) equations into the Pre-Quantum Kinetic Equations (or 
pre-QKE equations)!^ 

The credits for the fundamental and deep physical insight that NEGF actually allows this rigorous 
derivation are undoubtedly due to Kadanoff, Baym and Keldysh in |Kadanoffl962j and in |Keldyshl965| 
respectively. Here we follow chapter 5 of |IIaug2007l . We use the Kadanoff-Baym equations in (particle 
statistics independent) symbolic form to save writing and we are concerned with the evolution after 
V{t) has been switched on. We will only use the Kadanoff-Baym equations for and since the 
quantities are related to the particle numbers!^ 

The left KB equations are 



^(0)-l^< 
^(0)-l^> 



t Jt 



t Jt 



/ S^G^ (1) 
[ S^G^ (2) 



(3.338) 
(3.339) 



The other KB equations determine G'^ which brings in the effects from the initially correlated state. 
The right KB equations are (here we write G^^^~^ on the right side of G^ and G^ simply to serve as a 
reminder that this is the right KB equation) 



G<G(")-i = /g^S<+ /g<S^+ / G'S' (3) 

Jt Jt Jt''' 

G>gW-i = /g^S>+ /g>S^+ / G'S' (4) 

Jt Jt Jt'" 



Take (1) - (3) to get 

g(o)-\g< 



/ S^G< - [ G<S^ + / E<G^ - / G^S< + [ S'G' - / 

Jt Jt Jt Jt JtM Jt 

label the last 2 terms as "initial" 



/ S^G< - / G<S^ + / S<G^ - / G^S< + "initial" 
Jt Jt Jt Jt 



(3.340) 
(3.341) 

G's'(3.342) 
(3.343) 



We take Kinetic equations to be equations that concern the evolution of a single time distribution function. Pre-QKE 
equations still deal with a 2-time quantity. 

■^^Recall that is of the form {a^ a) or {ip'^ip) and is of the form (aa^) and (i^ip^) which are related to particle 
number operators. 
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Take (2) - (4) to get 



G>S^ + / S>G 



label the last 2 terms as "initial" 



G^E> + "initial" 



G's'(3.344) 



(3.345) 



We define these identities to symmetrize the retarded and advanced expressions (C is arbitrary) 

(3.346) 



C« ^ i(C^ + C^) + i(C^_C^) 



(3.347) 



and symmetrize the RHS 4 terms of the equation. 
^{0)-i^^<l ."initial" 

= ^(S^G<-G<S^ + S<G^-G^S<) 

= ^ Q (S^ + E^) G< + ^ (S^ - S^) G< - G<^ (S^ + S^) - G<^ (S^ - S^) 
+S<i (G^ + G«) + S<i (G^ - '^'^) - ^ (G*"^ + ^"'l i^"^ - 



(3.348) 



use G^-G'' = G> -G 



Q [S« + S^, G<] _ + i [S^ - S^, G<] ^ + i [S< , G^ + G^]_ + \ [S< , G< - G>] ^ 



use - = S> - S< 



Q [S^ + S^, G<] _ + i [S<, G« + G^] _ + i [S> - E<, G<] ^ + i [S<, G< - G>] ^) 
/ [S^ + G<] _ + i [S<, G^ + G^]_ + \ [S>, G<] ^ - i [S<, G>] 



(3.349) 



we rewrite a bit more following |Haug2007l 

since the self energies and Green's functions are complex, 

we write S« + = 2KS^ ^ ^ and G^ + G^ = 2KG^ " ^ 



[S<,G= 



(3.350) 



Similarly for G^, we get 

G(o)-\G> 



"initial" 

1 . „ ._ 1 . _ 1 . _ \ 

(3.351) 

Note that for the case of electrons subjected to a switched on external field V, we just need to modify 



/ [S^ + G>] _ + i [S> , G^ + G^]_ + \ [S> , G<] ^ - i [S< , G>] ^) 
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the LHS as fohows, 



-1 



V,G^ 



(3.352) 



In anticipation of the gradient expansion approximation later, we define the spectral function and 
the level width function. 



Spectral function 
Level width function 



A = i{G^ - G"^) = i{G> - G<) 



(3.353) 
(3.354) 



then the pre-QKE equations become (use the second last line for easier rewriting), 
G(oy\G<] -"initial" 
= ^ Q [S« + S^, G<] _ + i [S< , + G^] _ + 1 [r, G<] _ 
(^{0)-i^^>l ."initial" 

= [{^l [S« + S^, G>] _ + i [S> , G« + G^] _ + i [r, G<] _ 



(3.355) 



(3.356) 



Note that the subtraction has caused the loss of boundary conditions, so (according to Gerald 
D. Mahan in |Mahan2000] pg 554) we should actually solve the retarded Green's function from the 
(retarded) Dyson's equation and use that G^ to solve the pre-QKE (or QKE) equations. Note that 
in general, as can be seen from the Kadanoff-Baym equations, the lesser or greater KB equations 
are coupled to the retarded or advanced Green's functions. Thus, typically, the lesser or greater KB 
equations and the retarded or advanced Dyson's equations are to be solved simultaneously. 



3.3.2 QKE based on Kadanoff-Baym (KB) Ansatz 

[Transformation to Wigner coordinates and gradient expansion] The main idea in employing 
Wigner coordinates, i.e. going to center and relative coordinates is that the center coordinates describe 
the "center of mass (CM)" of the phase space distribution and thus provide a way to handle the dynamics 
of the distribution as a whole. When we assume that the system is near equilibrium, we can say that 
the center coordinates are slowly varying. Then, we can further assume that the Green's functions are 
sharply peaked near where the relative coordinates ~ (think of the equilibrium Green's functions for 
motivation). A gradient expansion, which is a Taylor expansion in the small relative coordinates, allows 
the "sharply peaked" correlation to be retained in the theory while simplifying the equations. 
The Green's function that we choose to calculate is Ell 

^MiM2 (*i*2) = D<^^ {qihq2t2) = {Qhj, {U2)QHn iQih)) (3.357) 



^''For electrons, in the kinetic description, the (distribution of) electrons are driven by an external field and there are 
collisions/interactions within the distribution. See the appendix for the derivation. For phonons, in the kinetic description, 
the (distribution of) phonons are "driven" by temperature gradients which is not a mechanical perturbation and so there is 
not perturbation Hamiltonian for it. We follow Peierls in |Peierls2001] and take that into account by treating the phonon 
distribution as a function of position. The Elamiltonian H is the sum of the harmonic and the anharmonic terms but we 
will not state it as it might cause the misunderstanding that time-independent Hamiltonians has no kinetic description in 
the first place! 
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The contour time (left and right) Dyson's equations are, 

^^f*- + ^hqi^ Dj^j^{qiTiq2T2) = 5jij2'5gi92'^(n, T2) + ^ (3.358) 

"g^*- + '^1292^ Dj^j^{qiTiq2T2) = (Jjij2'5gi92'^(n, T2) + DIl (3.359) 

With Langreth's theorem for the lesser component, we get the pre-QKE by subtracting the left and 
right equations to get (we wrote to —00 to indicate that the "initial" terms are dropped). 



- -Ll) D<n^?^t,q2t2) = I ^^D< + ^<D^ - D^S< - D<^^ (3.360) 



dtl dtl 



We will work with the LHS of pre-QKE and RHS of pre-QKE seperately. We introduce Wigner 
coordinates and apply it to LHS first El 



Wigner Coordinates: q-^ = \{qi + 52) = ^(^i + ^2) 

=91-^2 =ti+ t2 

Inverse: qi = q{^ + ^^Qi ti = tt + \ti 

92 = Qi - \qi t2 = 4 - 



(3.361) 



So we rewrite the LHS as 



92 52 

LHS first term = 77^-77^ (3.362) 

' +1^1^ -h^TT + l^l^ (3-363) 



dtl tl dtl dt^ J V dt2 tf dt2 dt^ 
Id d V fid d 



d d 

(3.365) 

dtf dt^ ^ ' 



LHS second term = — '^%q2 (3.366) 

= uliqi) - ujl{q2) (3.367) 



1 



Taylor expand (gradient expansion) to first order 
1 + \qi ■ V,-+) 4(91+) - (1 - ■ V,-+) 4(9i+) (3.369) 



take ji = j2 now 



gf • V-.+w^ (3.370) 



•^^Note that the coordinate transformation has Jacobian = 1 where the Jacobian is the absolute value of the determinant 
of the Jacobian matrix. 
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The LHS of pre-QKE is nowlffl 

(3.371) 



31=32 



Now define tlie Fourier transform so that we can move over to QKE. We wih Fourier transform the 
variables q{' — )• fi and — )• cji 1^ 

D{nu;,q+tt) = 1^1 dt^e"^--^^^+'^^'^D{q,-qq+tt) (3.372) 
We apply it to LHS of QKE 



_9 d 

Jtf dt] 

d d f duji 



LHS first term = 2^^D<^^{q,-t^q,Ut) (3.373) 



/ ^n^e-*«r-i— i*rz^<^.^(f,a;ig-+t+) (3.374) 
/ ^^"'i|^^e-^^^"'^^"^"^*^^/.,.(na;i?i+t^) (3.375) 



d duJi 2oji 

dff 



LHS second term = gf • Vg-.+w^2^-,+ y" dfi^e-^«i -^i"*"!*! Z)<^.^( (3.376) 

= / '''^ Ov.,e"-r-n) . (V,..;^.,) D<^^{nu:,qrtt) (3.377) 

I integrate by parts for V^^ and drop surface term 

= / rfn^e-^r-n-....r (-^V,.a;;.,) • {v,,D<^^{nu,q,nt)) (3.378) 



So, 



LHS of pre-QKE 



= / rfn|^e--r-^l-^^.*r ((-2.u.,)^ + (-2..^.^,.) (v,.u.^.^,.) • V,,) D<^^inu,q,nt) 

(3.379) 

We only require the Fourier component (which is a single normal mode component here) which is 
simply, 

LHS of pre-QKE (Fourier component) 
= ((-2i^i)^ + (-2i^,,,^+) (v,^+a;^,,-.+) • V^,) I)<^.^(fi^ig +t+) (3.380) 

Now we go over to the RHS and transform to Wigner coordinates, gradient expand to first order 



^^The LHS represents the driving term for the phonon distribution, so one can interprete the imposition of ji — j2 as 
that the temperature gradient drives each phonon branch seperately. 

''"Note that we are restricting our description to one phonon branch and the normal mode transform of one branch is just 
hke a Fourier transform. The "mixing" of the branches will enter the RHS (collision term) due to anharmonic interactions. 

The physical meaning of r was already mentioned. It is to denote the fact that driving by a temperature gradient results 
in a position dependent distribution. 

■'^ Gradient expansion is simply Taylor expansion in Wigner coordinates about the center of mass variables. 



CHAPTER 3. NON-EQUILIBRIUM GREEN'S FUNCTIONS (NEGF) (MOSTLY PHONONS) 74 



and extract the Fourier component. 

RHS of prc-QKE 

-Df^j^ iqitiq3t3)^f,j, {qMt2) - D<^^ {qitiqzh)!:^^^ (93^3^2*2)) (3.381) 
I write tlie retarded and advanced functions into the lesser and greater functions 

- / ^ E D^mmts) (S< - S>) (53*3^2*2) (3.382) 

We go over to Wigner coordinates and gradient expand to first order term by term. 
RHS of pre-QKE first hne 

= / ^ E (^^ - ^^)njs i<i^i^^^t^)Dh, (^"'3^392^2) (3.383) 

X (S> - S<) {q, - qs,h - ts, H^)D<jM - q2,ts - i2, ^) (3.384) 
I change qs q^ by 53 = ?2 + q4 and ts t4 by t3 = t2 + t4 
I recall the definition of the Wigner coordinates fl, t^, q^' and q{~ 

^ /I ' "^^^ / (S]3 E (^^ - ^^)njs (^T - 'i^' *r - 14, gi+ + 4 + ii4) 

xDf,j,{q4, U, q^ - \qi + ^94, - ^t^ + ^^4) (3.385) 

= ^^*3 f E (^^ - ^^)njs - *r - *3, 91+ + 5^3, + 5*3) 

°^ ■ .73 

Xi^<3,,(g3,t3,«"'i+ - ^qf + ^«3,i^ - + ^*3) (3.386) 
I gradient expand to first order 

- /I / E (1 + • V + ^*3^) (s> - s<)^.^^.3 (,r - .-3, - h,qr,tt) 

X (1 + (-^^r + ^-Zl) + (-^tr + ^^3) ^) D<3,,(^3,t3,9r,4) (3.387) 
I seperate the zeroth order and first order terms 
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q+'=q+,t+'=t+ 



(3.388) 



where aj^j^ {q^ - 9*3, *i - t3,q^ ,^1) = ^ (E> - (gl - 9*3, - *3, ^i"^, 

RHS of pre-QKE fourth hne 



iol-oo "^^'IW)^^ D<nmiQst3) (S< - S>)^.^^.^ (g3t3?-2t2) (3.389) 



change to centre and relative coordinates 

change qs 9*4 by 5*4 = - ^3 and ts t4 by t4 = ti - f3 

going through the same steps as above, we get to first order 

i*"*" / S - ^*)»» («r - - <s,«-i+tf)i5<^,(f3,<s,«i+.'i") 



X (^3133 {Qi - 93, *! -h, qi, tf)Df. [qs, t3, q{^ , 



(3.390) 



If we define a more general term, we can formally sum the 2 terms. Define 

^3ihiQ~t-qn+) = l-^aj,j,iq-t'q^t+) = (E> - E<) {q't-qn+) (3.391) 

This definition is motivated by the fact that, in RHS first line, t~ is the upper limit and the term 
is positive, whereas in RHS fourth line, t~ is the lower limit and that term is negative. So now we can 
combine the integrals to get, 

RHS first line + RHS fourth hne 

f +00 



= /J dhJ-0^J2 (^^ - ^^),,,3 (9T - 93, - i3, q^nt)D<^M^t,, q,^,tt 

/ + OO r Id d \ 



x^jU3(9i - 9*3, - *3, 9*1^, 4)^^12(9*3 ' *3, 9*1^ , tl 



(3.392) 

q+'=q+,t+'=t+ 



We can immediately see that a very similar situation occurs for RHS second line and RHS third line 
and so we can write down the terms in Wigner coordinates, gradient expanded to first order. 

RHS second term + RHS third term 
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/+00 I- Id d \ 



(3.393) 

q+'=q+,t+'=t+ 



where 



bnhirt-qn+) ^ l-^^{D>-D<).^.^{q-t-qn+) (3.394) 
Now we proceed to extract the Fourier component. We denote the Fourier components of a and b 

as, 

^jmiq't'q^i^) — > ^jij2iru}q^t^) (3.395) 
hh iq-t-q+t+) bj,j, {fuq+t+) (3.396) 

We calculate for RHS second line + RHS third line and then write down the Fourier components 
for the other 2 lines by inspection. 

RHS second line + RHS third line (zeroth order terms) 

= "/r^^*' / (^E(^^-^^U,3(^T-«i3,ir-*3,giX)s<3,.(^^ 

J dr2^e-'^^-'''-^''^J:<j^if2u:2q,nt) (3.398) 

X {D> - D<)^^^,^ {nu,q+tt)i:<^^ {r2u:2q^tt) (3.399) 
I integrate out ^3 and ^3 to get 5{f2 — n) and 5{uj2 — <^i) respectively 
I evaluate the delta functions on variables r2 and uj2 

= ~I ^in^5^e-^r---^*r {D>-D<).^.^ {r^u;,q,ni)E<^^{f^u;^q+ti) (3.400) 
is 

Fourier component of RHS line 3 + RHS line 2 (zeroth order gradient terms) 

= - E (^^ - ^^)njs {rio^iq^tt)T.<^,{nu,q+tt) (3.401) 
33 

RHS line 3 + RHS line 2 (first order gradient terms) 
f+00 



f dtj [ dn^df2^ 
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(3.402) 



integrate by parts and drop surface term, as example, we show for the first term. 



ii J —I 

f +00 



tgs-rgy . V-.+6S'^ then drop first term 



1^ du2d4 



9l duji dt^' 



=q + ,q =q 

integrate out ^3 and ^3 to get 5{f2 — ri) and 5{u}2 — ^1) respectively 
then integrate out UJ2 and f2 using the delta functions 



i J 27r ^ 

33 



d d 



(3.403) 



(3.404) 



9i =9+,ti =tl ,r2=ri,ui2=0Ji 

We define a generalized Poisson bracket so that we have a more compact notation. 

dX{rujq+t+) dY{rLoq+t+) dX{fujq+t+) dY{ru)q+t+) 

duj dt+ dt+ dio 

- {Vf^X{fuq+t+)) ■ {V^+Y{rujq+t+)) + {V^+X{fuq+t+)) ■ {V fY {fujq+t+)) (3.405) 

So the compact expression is 

RHS line 3 + RHS line 2 (first order gradient terms) 



I J 27r ^ 

33 



-iq^ -f-i—iujit-^ 



"3133 ' ^3332 



GPB 



{riuiq^tf 



(3.406) 



Fourier component of RHS line 3 + RHS line 2 (first order gradient terms) 



"3133^ ^j332 



GPB 



{fiuiq^t^ 



(3.407) 



33 



Fourier component of RHS line 3 + RHS line 2 (zero + first order gradient terms) 
= -12(^^-^^)3.33 {riU3,q^tt)^,,,{nu3,q,nt) - 7 E [^^lia , ] (n^ig +^^.408) 



33 



33 
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By inspection, we can now write down the Fourier components of the other 2 hnes. 

Fourier component of RHS line 1 + RHS Unc 4 (zero + first order gradient terms) 

is js 
Summing then up gives the full RHS. (2 terms cancel due to ji = j2 which we have to impose eventually) 

Fourier component of RHS (zero + first order gradient terms) 

+7 E hi^3 , D<j,] (ricig +t+) - ^ E [bj,j, , S<^. J {nu;,q+tt) (3.410) 
Finally, we need to work out the explicit expressions of the Fourier components of a and h. 

b,,,,{ruqn+) = I ^dt-e^«^--+-*-^i {D> - D<) ^^^^ {rt~qn+) (3.411) 

= \ I ^^'M'^"^*' / " ^^^^^^^ irt-qn-^) (3.412) 

I recaU that J e''^--'^+^'- i {D> - D<) .^.^ {q-t-q^t+) = Aj,^,{ru:q+t+) 

I '° / Wf""^'''' " ^^^nn ('l~t-qn+) = \ j da;'e--'*-^,,,,(rVg +t+) 
= ^'"H / '^-^''^''^'''''''''^nnirJqn-^) (3.413) 

= ^Aj,j,{rJq+t+)(^j^ dt-e'^^-^'^'~ - j"" dt-e^ (3.414) 

I use identity / dxe^"^ = 7r5(a) H — 

Jo OL 

I write it as a principal value integral to make sense of the singularity when uj = uj' 
= V / (3.416) 

I if we assume an analogy with Kramers-Kronig relation, then we can write 
= 3fiG^°'"^(fa;g+t+) (3.417) 

Everything is the same for Gj^j^ifijjq^t^) with the replacement of Green's functions, — with 
self energies, — S< and so the spectral function, A is replaced with the level width function, F. 

a,,,(rW-t+) = V^ - (3.418) 

I if we assume an analogy with Kramers-Kronig relation, then we can write 
= 3fiS^°'-^(ra;g+i+) (3.419) 
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We collect the final expression of pre-QKE. 



J3 



J3 



V 



27r wi — cj' 



GPB 



GPB 



(3.420) 



We can't proceed further with the pre-QKE and we need to impose an ansatz to turn pre-QKE into 
QKE which describes a distribution. 

3.3.2.1 KadanofT-Baym Ansatz 

The Kadanoff-Baym ansatz is defined as 



-i^jij2^ji irojq+t+)Nj^ {rujq+t+) 
-i5j,j^A^^{ruq+t+) (1 + Nj^{rujq+t+)) 



(3.421) 
(3.422) 



so that A is like some kind of non-equilibrium spectral function satisfying the relation A = i{D^ — D^). 
Nj is defined to be a (real) distribution function for phonons. 

|42| 



We pick the free ( "QQ" ) spectral function to use in KB ansatz. 

Aj.incoiq+tf) = Af^{u;iq+) 

jiQi 



(3.425) 
(3.426) 



This expression is odd in wi and even in gj^^. Notice that A^^^ is real and so the lesser and greater 
functions are now pure imaginary. KB ansatz with free spectral function is, 

-i2TT 



D<^^{ruq+t+) = J^.^^.^--r^(^5(.,i-^_+)-5(a;i+a;.^.+ (3.427) 
D>^,^{rujqn+) = 6,,,,— (6{u;i-u^^.+)-6{ui+u.^.+ )]{l + N,,{r^^^^ (3.428) 



''^For the case of retaining RHS to zeroth order only, we can also write down the equation that A satisfies by subtracting 
the and equations. These 2 equations have the same zeroth order RHS, thus we get, 



(3.423) 
(3.424) 



The importance is that, any choice of spectral function that satisfies the above equation "commutes" with the driving 
term. The simplest solution is the free spectral function. 
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Based on the sum rule for the spectral function, it is an odd function of u, together with KB ansatz, 
we can prove an identity for the nonequilibrium distribution function. We start with the KB ansatz. 



I write oj — > —oj 
-^/u2(^'-^'?^'*^) = 5j^j^Aj^{r,-uj,q+,t+)Nj^{r,-u,q+,t+) 
D>j^ {ru;q+t+) = Sj,j, {-Aj, {ruq+t+)) Nj, (r , -a;, q+ , t+) 



Compare with D<'^j^{rujq~^t~^) = 6j-^j2Aj-^{rujq~^t~^) (1 + Nj-^{rajq~^t~^)) and that ji = j2, we get 



(r, -co, q+,t+) = l + Nj^ {rojq+t^) 



(3.429) 

(3.430) 
(3.431) 
(3.432) 



(3.433) 



We substitute this form of KB ansatz into the D"^ pre-QKE (we take ji = j2 on the RHS and abbreviate 
the first order terms and delay writing out the explicit form.) 



(-2zc.i)-^ + (-2^^,,.-+) ( • ^- 



-i2TrNj^{fuiq+t^ 



2iu 



J 111 



33 



Jl9l 

-z27r 



E ^hh^^^^^^i^t¥jsh^;^ {K^i - + ) - + + (1 + Nj,{ruq+t+)) 



33 

+ "First Order Gradient Terms" 



(3.434) 



By construction, we carry out Jq°° dtoi and thus only pick up the first delta function. 

= ^h^i^^^M,+ <li^tt)N3rir^^^^^^ - ^f.n^r,u.^.-,q+tt) (l + iV,,(rla;.^-+g +^+)) 



3iQi 



■'First Order Gradient Terms" 



(3.435) 



j2=Ji,Pree spectral KB ansatz 



2uj 
4 



1 i 



27r 2c.^.^ 



oo 2a;. ^+ 

dcji—^i^ "First Order Gradient Terms" 
—I 



(3.436) 



j2=ii,Free spectral KB ansatz 



Now the LHS has indeed the same form as the LHS of phonon Boltzmann equation and we can call the 
RHS the "collision integral". We will reassign the notation Nj^(fiOJ- ff+qi't\) — )■ N- -.+ {rit\) since now 
Nj^ takes on the meaning of the non-equilibrium phonon distribution function and that the frequency 
^jigi' wavevector q'^ are no longer independent. They are related by the dispersion relations. The 
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final equation is, 



+ 



27r 2a;^.^ -+ 7o 



oo 2a;. -.+ 

dwi—^ "First Order Gradient Terms" 



(3.437) 

j2=Ji,Pree spectral KB ansatz 



[Energy Conservation Sum Rule] The energy conservation sum rule (for each order) is simply 
derived by writing ^jiq+ ^ "collision integral" = 0. For the zeroth order, 

= E - Kni'^^-^M-^^i^'t) (l + ^M^An^t))) (3-438) 

Now we write out the first order collision integral explicitly, 



Collision Integral in first order gradient expansion 



1 



27r 2w, 



roo 



oo 2uj. -.+ 

dwi^i^ "First Order" 
—I 



(3.439) 



j2=ii,Frcc spectral KB ansatz 



duo' Aj^jo^ (riw'gi ^1 



27r oji — oj' 



J GPS 



GPB/ Free spectral KB ansatz 



(3.440) 



The first order energy conservation sum rule is thus, 

» = E«-rf/°°'^.E([p/''"'^"'*''"*'' 

- P 



uj-i — w 



27r wi-w' ' 



27r 



J GPB 



(3.441) 



GPB/ Free spectral KB ansatz 



3.3.2.2 Relaxation Time Approximation 



The usual relaxation time approximation is to assume that the nonequilibrium distribution relaxes to 
the equilibrium one with characteristic time Tj^^^. 



so the relaxation time collision integral is. 



at 



dt V ) 



coll 



TV- N^'^^ 



(3.442) 



(3.443) 
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The usual way to linearize the (bosonic) distribution is 



Jigi jiqi jiqi 



1 + iVr^-. 



(3.444) 



where t/jj^q^ is the (small) nonequilibrium part of the distribution. We substitute it into the relaxation 
time collision integral. 



dN. 



J191 



dt 



nil nn^ jiqi'>'^jiii jiqi _ jiqi^ jigi/^ji?! 



coll 



(3.445) 



From QKE (in KB ansatz), we can now work out the relationship between the self energy and the 
relaxation time. Ill We follow [DiVentra20"08] pg 255. 



Zeroth order collision integral 



S>, (fiw. -,+q+t7)N. ^+(fitn -S<, (fiw. . + 



substitute the linearized distribution 



1 + iV. .+ (fit+ 



2uj ■ 



S>, (fiw. ^+^+f+) iV"1+ +iV"lH.(l + iV'l+)y. 



2uj ■ 



(E>-S<),,,,(nu;^^^^t^)iV-^ ^l + iT 

we claim that the first 2 terms cancel within linearization 
explicit examples are shown in the chapter on anharmonicity 
then use i(S> - S<) = T = -23=S^ 



and we compare with the (linearized) relaxation time collision integral, we get 



1 



u> ■ ^- 



(3.446) 



(3.447) 



(3.448) 



(3.449) 



(3.450) 



which is the quite well known relation that the relaxation time of the interaction is related to the 
imaginary part of the (retarded or advanced) self energy. 



This illustrates how easy the kinetic formulation allows abstract quantities to be physically interpreted. 
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3.3.2.3 H-Theorem* 

[H-Theorem for (zeroth order) Phonon Boltzmann Equation] Here we follow |Grueviclil986] 
section 1.14. From the nonequilibrium distribution, we define the quantity, EEI 

aj^iN) = {Nj^+l)ln{N^^+l)-Nj^lnN^^ (3.451) 

then define the entropy density 



dq 



sir) = Iv^-.m (3.452) 



Entropy of the phonon system is thus given as 

S = I drs{r) (3.453) 



Consider the rate of change of entropy density, 
ds{r) f dq dajg- 



dt J (27r)3 dt 

dq dajg- dNjg- 
{2-KfdNj^ dt 



(3.454) 
(3.455) 



coll 



use the phonon Boltzmann equation + q ^jq) " ^f^jq = ( ~~q^ 

^ ^-(V,.,,) . (V.-.,,) + [?^)J (3.457) 

write Vq- ojjg' = Vj^ 

* < V.^K^.j + ISif^) ) (3.458) 



I we can define the entropy flux density as js{r) = J j^^^^jq^jq 
I we have the form of a continuity equation 

dt - J (2^)3 OAT, A dt ^'-'''^ 

Integrate over the whole space 

I we assume that the flux is zero through the boundary 
dS f f dq dajij / d^jq 



''''Note that he used an even more general dispersion, which is space dependent ujjq{r). 

''^For the derivation of aj^{N), see section 55 of Statistical Physics Part 1 3rd Edition by L. D. Landau and E. M. 



Lifsliitz (1980). The expression for electrons are in that section as well. 
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insert 



df 



da 



dN. 



jq 



In 



In 



N 



N^ 



+ 1 



N. 



iq 



The //-theorem for kinetic theory can now be stated as 
dS 



dt 



> 



df 



(2vr) 



dN^ 
dt 



dN. 



jq 



dt 



coll 



> 



(3.462) 



(3.463) 



coll 



which should be checked for exphcit cohision integrals. |Gruevichl986] section 1.14 checks the 3-phonon 
collision integral, mass defect collision integral and the equilibrium Bose-Einstein distribution (which 
gives 0). The meaning is simply that collisions increase entropy in the system until equilibrium is 
reached. This also means that entropy is maximum at equilibrium. 



[H-Theorem for QKE (Kita's paper)] The question here is, with the additional first order gradient 
terms in the kinetic equation, how will the definitions of the entropy related quantities change? 

We follow Kita in |Kita2010] . The QKE in KB ansatz (which is Boltzmann equation + first order 
gradient terms) is, 

dN,,,.{ntt) 
dtt 



dt+ 



coll is 



GPB 



GPB 



ii=i2,free spectral KB ansatz 



(3.464) 



Here we need some physical intuition in order to proceed. The zeroth order terms (on RHS) represent 
entropy increase due to collisions until equilibrium is reached. The first order gradient terms represent 
correlations between the particles so they should not have anything to do with the entropy change due 
to collisions. These first order terms should be either in the entropy density term or in the entropy flux 
density term. This applies to higher order gradient terms as well. We make the judgement by looking 
at the explicit form of GPB, 



dX dY dX dY 



dLo dt^ 



dt+ doj 



(V,-X) • [V^+Y] + (Vg-+X) • (V,.y) (3.465) 



And so we collect together the terms with time and frequency derivatives with on the LHS and 
collect the terms with space and momentum derivatives with (Vg^w) • V^^iV on the LHS. Then we 

will need to multiply ^ and integrate / (^yp- to turn the kinetic equation into an entropy continuity 
equation just like in the previous section. The calculation of the entropy continuity equation looks like. 



LHS 



dqi 



+ da 



(27r)3 dN.^ 



3iq{ 



dtf 



JS 



d^ /53g^3 dD 
2tt \ dui 



< 



dt+ 



dRT.^ ■ dD^ 



dioi dtf dtf dioi 



il=i2,free spectral KB 
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+ 



(2vr)3 9iV^.^^.^+ 



< 

i3i2 



RHS 



jri=j2,free spectral KB 



'dN, 



nil 



(27r)3 dN^^ 



dq 



(3.466) 
(3.467) 



coll 



So the RHS is the same as before. We carry out the calculation term by term. 
Terms with time and frequency derivatives (LHS) 



7+ da- ^+ 



dN 



(2^)3 dN.^ 



+ 



iig+(rit+) 



33 



27r dui dtf dtt duji 



< 

3332 



ji=j2,lree spectral KB 



use the product rule of differentiation 

to save writing, I will use | to denote |ji=j2, free spectral KB 



(3.468) 



dN, 



(2^)3 dN.^ 

E 

33 

d 



d 



duJi 



^h32 



2iT \ doJi 



3133 



dt+ 

'j,< 9^^3.33 
3332 



d 



3133 



dt+ 



3332 d^^Qt+ ' 



+ 



d 



^< '-'^^3133 



'< ^33 



f)2yR 

_l_ 3133 



3332 



dijji 



V< " ~3133 



(3.469) 



assume cross derivatives "commute" and so 2 pairs of terms cancel 



/ 



da- ^+ 

3 111 



ON 



) 



(2^)3 dN.^ 



ii 



dt+ 



-y 

2-K ^ 



33 



3133 



3332 



dtX 



33 



y^< 3133 

3332 





00 

J 



I 

2^ 



33 



E 



33 



d 



+ — y dui^ D 



< ^-^^3133 



°° , d 
doJi — - 



(3.470) 



assume that there is at least one inside i.e. we write = Df-T,f- 
where ^f^j^ is the remaining partis 

apply the KB ansatz, i.e. D"^ = free spectral function x N 

thus the 2 terms are zero for the limits oji = 0, 00 as both delta functions are missed 



dq^ 



da 



31Q1 



dN 



(27r)3 dN.^ 



31Q1 



3i<}i^(ritt) _J_ 

dtf 2tt 



E 



33 



00 Q 

dioi 



'j,< 9^^3133^ 



dtf \ ^3^2 doji 
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33 \ ' 



-I 



apply the KB ansatz to the other 2 terms 

/>oo 

27r cancels and / <kij\ only picks up the first delta function 



(27r)3 aiV, 



iV.. 



5t+ 



-I 



JUl*^ Jiqi 



5a; 



+ 



2UJ. -4 



5(7. -+ ON. -+ 



nil 



-^-^N. ,H 



OAT. 5t+ I 5a;, -+ ^1^1 5a;, -4 



94 [ 



^iJi 5a;, -4 



5(7 



use the definition of a to get ^^-^ = cr — ln(A^ + 1] 



note that cr 0{N) and ln(Ar + 1) - C(ln AT) so approximate ~ 

5(7 5A^ _ 5(7 
~ 5i+ 
1 



also we write 



J (27r)3 I 5t^ 



dN dt- 



5t+ ^ 2oj, 



Jill 



53?!)^ • 



dt+ \ duj.: 



nil 



5 ld^^ln_^< d'^Dnj 



'1^1 5t+ 5a; .^.4 ^^^^ duj^ 



'da 



JiQi 



5 



nil 



(7 • 



'''' 9^Mi^ 



5 



1 + 



duj- 



dtt J (27r) - , , 
And so we can define the entropy density as 



53ft_D^ 



5a; 



jlQl 




(3.471) 



(3.472) 



(3.473) 



(3.474) 
(3.475) 
(3.476) 



(3.477) 



It is obvious that without the first order gradient terms, the expression for entropy density is exactly 
the same as in Boltzmann equation. 

Now we gather the remaining bunch of terms on LHS which are terms with spatial and momentum 
derivatives. Of course the derivation is very similar, so we shall shorten the working. 

Terms with spatial and momentum derivatives (LHS) 



''^For the simplest type of 3-phonon interaction, the lesser self energy is of the form = D^D^ and for the simplest 
type of 4-phonon interaction, the lesser self energy is of the form = D'^D'^D^ . See the chapter on anharmonicity for 
the explicit expressions. Thus the assumption made seems perfectly reasonable. 
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dqi 



(27r)3 aiV, 



i?i nil J V JiiJi ^ 1 



< 



ji=j2,free spectral KB 



(3.478) 



write S< = L'<S< 

implement KB ansatz and only pick up one delta function from the spectral function & 2tt cancels 



(27r)3 dN, 



1 



91 

da 



write ^V,-iV = V^^iV and ^V^-iV = V^-A^ 
just as m the previous term, approximate ^^-'^ ~ ^ 



(2^)3 
1 



use the product rule of differentiation, note that V^^ • V^+a;^.^^+ = 
dqi 



(2^) 
1 



3 + 



2a; 



V 



assume that cross derivatives "commute" and so 2 pairs of terms cancel 
assume surface integrals of q^ vanislJ^ 

1 



V 



ri 



(27r)3 ng^ 



(3.479) 



(3.480) 



(3.481) 



(3.482) 
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And so we can define the entropy flux density as 

(3.483) 



dq+ ( 1 / „ N S< 



^ ' \ nil jiQi 



It is obvious that without the first order gradient terms, the expression for entropy flux density is 
exactly the same as in Boltzmann equation. 

The (entropy) continuity equation has exactly the same form (as it should be) 



dtt J (2^)3 9iV^,,-.+ V 

The iJ-theorem is the same as before 



piq r r rin"^ da- ^+ ( dN. 



^ ^ > ^ / dfi / ^J"'' — ^ > (3.485) 

dtt- J J {2n)^dN^^., [ dtt )^^^^- 

Finally we shall explain the meaning of the extra terms in s(fi) and js- The first order gradient 
terms (and the higher order gradient terms) imply correlation between the particles. The function 
is about the rearrangement of large numbers of uncorrelated (bosonic) particles. Thus we can view the 
extra terms as corrections to the rearrangement of large numbers of correlated (bosonic) particles. 



3.3.3 QKE based on Generalized Kadanoff-Baym (GKB) Ansatz 

See the discussion on pg 95 in |Haug2007] . In the electron case, we have the exact (but first order) 
Kubo formula to compare with QKE (KB ansatz) and it turns out that they give different results. Kubo 
formula results are more trustworthy because it is derived exactly without any ansatz, so the suspicion is 
on KB ansatz. An ansatz that is to be applied to pre-QKE is supposed to give us an evolution equation 
of a one-time distribution function, KB ansatz employs the "center of mass" time as that one-time. We 
now seek a different route and derive an expansion around the time-diagonal. This gives the Generalized 
Kadanoff-Baym (GKB) Ansatz. We hope to reduce pre-QKE to QKE using GKB ansatz. 



[Disclaimer:] In the phonon case, the Kubo formulation is hardly trustable as its derivation was 
founded mostly on analogy. We do not really have an exact theory (even if it is low order) to compare 
the results against. Probably the most reliable theory for phonons is the phonon Boltzmann equation, 
thus it is not clear if we derive a GKB ansatz for phonons and use it to reduce pre-QKE to QKE is of 
any use at all. Nonetheless we proceed with it. 



3.3.3.1 Generalized Kadanoff-Baym Ansatz (Phonons)* 

If we follow the derivation as in the electronic case (see the appendix on electrons), we realize that 
the first order time derivative in the equation of motion of the electronic Green's function is vital 
for the derivation. Phonon Green's function {QQ) or {uu) (which takes into account phonon number 
nonconservation) obeys a second order time derivative equation of motion. Thus the derivation of GKB 
ansatz does not go through. We propose to treat {QQ) as a sum of 4 bosonic Green's functions. Since 
each bosonic Green's function obeys a first order time derivative equation, we can work out the GKB 



I am not sure how this can be proved or justified. 
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ansatz for each of them. Then we sum them up and get the GKB ansatz for (QQ) . 



h y 2ujji^i y 2a; 



3<1 



{(4,-^'(^')4-^W) + (4,-^'(*')M^) 



(3.486) 
(3.487) 



h 



(3.488) 
(3.489) 



Now we have 4 "lesser" Green's functions to handle. We write down 2 useful equations of motion. 



^int,a]^_-(t) 



(3.490) 
(3.491) 



To explore the causal structure, we need the respective reatrded Green's function and advanced Green's 
function. Note that because we are dealing with a nonequilibrium situation, both the left and the right 
equations of motion are needed. 

We start with D^^^^{tt') and define its retarded version. 



D^dtt') ^ -^TOit - t') ( [al_^tU],^_.,{t' 



(3.492) 



We seek its left equation of motion. 



^ftat(«') = -^'^(*-0(K_,--(i),alw.(Ol_)-J^(*-0 



use the equal time commutation in the first term and we get zero 



(3.493) 



We need to pause here and realize that this Green's function is missing the time diagonal term! 
Thus in the time diagonal expansion, it does not contribute a time diagonal term which is what we are 
seeking. Considering the equal time commutation relations, we can ignore D^„(ti') in the subsequent 
discussion as well. 

Thus there are only 2 "lesser" Green's functions to work with. We now work with ^ {tt') = 



Ji (flt -ff'{'t')C'jq{t))- Define the retarded version. 



(3.494) 
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Derive the left equation of motion. 
d 



dt ""^ ^ ' 



e{t- 1') 



d 



dt'" 



I use equal time commutation relations in the first term 
I use the equation of motion of aj^t) in the second term 

1 1 / r + 



h 



-'-e{t [ifint, a^M - ' 4',-?' 



dt 



(3.495) 



(3.496) 



We shall denote it with the form of a left Dyson equation 

(^^1 - Hf) <t itt') = 5{t - t')6jrk-q, + J dlSf^t (ilXt (1*0 (3.497) 

where we assume that there is an associated self energy ^ and index "1" represents all variables 
including time. We write into the inverse form. 



left: D;-,\tt') = (^h^^5{t - t') - H-,-<5,y,5,-,_?') - {tt') 



(3.498) 



The inverse form is 



It is obvious that the same working will be repeated for the subsequent derivation, so we will only 
give the results here. 

The right equation of motion in the form of a right Dyson equation is 

^^^7 - H'f ') ^fat = - t')5n'h-r + / rfl^t (il)Sl (1*0 (3-499) 



(3.500) 
(3.501) 

(3.502) 
(3.503) 



Define the advanced version, 



D:a,{tt')^f{t'-t)(^[a,^t),a],^_^, 



The inverse forms are 

left: D^;,\tt') = (^ih^^6{t' -t)-hoJ,^,,,6^^_^^|-^t.St') 

right: D^;,\tt') = (^-ih^^8{t' -t)-nu:j^,,.5^^_^^l-^iAtt') 



Now wc can carry out the expansion about the time diagonal, i.e. the GKB ansatz derivation. We 
define the auxiliary functions. 



D^<{tt') ^ e{t-t')D<{tt') 



(3.504) 
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where obviously, 

DUtt') = D^<itt') + Di<{U') 
Convolve D^~^ on the left of D^^ in time using the left equation, 



(3.505) 



(3.506) 



I' 



we retain only the first 2 terms for illustration 

see the appendix on electrons on how to handle the self energy term 



= ih-e{t-t')D<^,{tt') + ... 

= ih6{t - t')D^,{tt') + m{t - t')jD^,{tt') + ■■■ 

I convolve in time from the left 

D^<{tt') = ihD^^,{tt')D<M) + ... 



(3.507) 

(3.508) 
(3.509) 
(3.510) 

(3.511) 



We repeat the same derivation for D^^(tt'). Convolve ^ on the right of D^^ in time using the 
right equation, 



/ dtlDi<{tt^)D^;,Ht^t') 



dti 



-I 

= -ih J dh ^Sih - t')9{h - t)D<^^ (th) + ■■■ 



D±1ith)-Di<{tt,)j:Ut,t' 



convolve in time from the right 
-iHD<^^(tt)Di,{tt') + ... 



So, 



3.512) 
(3.513) 
(3.514) 

(3.515) 

(3.516) 



The equal time lesser Green's functions are the one-time distribution functions that we are seeking 

Wc now proceed to deal with the last Green's function D"^^^ - 
is exactly the same as above so we list down only the important expressions. 

Define the retarded version. 



< ~ ~ji(aj'q'{t')ci]j _^{t)^. The derivation 



D^itt') ^ -'fit - ( [4-f(*)'«/^-'(*')^ 



(3.517) 
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The left and the right inverse form of Dyson equations are 



left: D^f^\tt') = (3.518) 
right: D^'itt') = (^ih-^6{t-t')-fu^,,g^,6jy6^g^^,^,^-^^,^{tt') 



(3.519) 



Define the advanced version, 



Dtuitt') = 'j:0{t' -t)(^ [4-,-{t), a,',-'(t')] _) (3.520) 



The left and the right inverse form of Dyson equations are 



left: DX\tt') = {-ihj^5{t-t')-h^^^,y5.^^^^l-T.^,^{tt') (3.521) 

right: D^~^\tt') = {ih^,5{t-t')-tu^j.^,5,j,5^^^^^-^^,^{tt') (3.522) 

Now we can carry out the expansion about the time diagonal, i.e. the GKB ansatz derivation. We 
define the auxiliary functions 

D^<{tt') ^ e{t-t')D<^{tt') (3.523) 
D^itt') ^ e{t'-t)D<^{tt') (3.524) 

where obviously, D<^{tt') = D^<^{tt') + D^<^{tt'). Again we convolve D^'^ to the left of D^< in time 
and retain only the time diagonal term after which is convolved to the left. Then convolve D^~^ 
to the right of D^^ and retain only the time diagonal term after which is convolved to the right. 
Sum them to get 

^ata(^0 = D^<itt') + D^<itt') (3.525) 
= -^f^Dj^uitt')D<^{t't') + ihD<^{tt)D^,^{tt') + • • • (3.526) 

The final result for the {QQ) lesser Green's function is 



-thD^,^{tt')D<St't') + ^hD<^{tt)D^,^{tt')} (3.527) 

We want to quickly digress and discuss what happens if we directly guess the expression of GKB 
ansatz from the electronic GKB ansatz without going through the causal expansion. 
The guess is, 



The factors are due to dimensional reasons. This can be seen schematically as 
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-'^{^{^{-l) ^QrAmnit)) (0 e{t'-t){[Q,^{t),Q,,^,{t')\_) 

(3.528) 

If we write Qjq{t) = ^J^^—. {o^j ^^{i) + "^jgl^)^ a,nd expand out the above expression, we get 32 terms! 

We do see that 4 out of 32 terms correspond to our derived result ()3.527p but there are 28 spurious 
terms at the same order! So now we need to collect our thoughts: 

• Derivation by casual expansion ()3.527p : The expression was obtained by proper casual expansion 
so it should be correct. However, during the derivation, particle non-conserving (retarded) Green's 
functions ([a, a]_) and {a\ a^]_) had no contribution. So it seems to have lost the particle number 
non-conserving part of the theory. I also have no idea on how to implement this expression into 
pre-QKE. 

• Guessed from the electronic case ()3.528p : The expression is inspired by the electronic version and 
implementing it into pre-QKE is well known from the electronic case. However the spurious terms 
makes the physical correctness of this expression dubious. 

Thus at this point, I have to admit that I can't proceed further because it seems that both expressions 
are not really making sense. 

[Contribution:] Here I will briefly state what this contribution is about. Note that if Kadanoff- 
Baym (KB) equations can be solved then we do not have any need for the kinetic theory! Thus we hope 
that the kinetic theory has as many features of the original exact KB equations as possible. Kinetic 
theory starts off having only the collisional treatment of interactions then gradient expansion restores 
some of the correlational aspect of interactions. This GKBA allows some restoration of the casual 
structure of the equations and thus we can have as much physics in the kinetic theory as that in the 
exact KB equations (hopefully). For the electronic case, it was even found that the kinetic theory only 
agreed with linear response theory when GKBA is used and the kinetic theory with GKBA allows going 
beyond linear response theory. 



3.4 From NEGF to Linear Response Theory 

We follow [DiVentra2008j section 2.3. The classics, without a doubt, are Kubo's original papers 
|Kubol957) . 

This is the third development from NEGF. Strictly speaking, this does not use any tricks from 
NEGF, this is simply a theory developed by truncating at the first order from an expansion in the 
unitary evolution operator. Thus it is at the same level as Fermi's Golden Rule. The beauty is that, it 
can be written into a response form which so many phenomenological laws resemble. It is completely 
quantum though only to first order. 

We recall the time-dependent Hamiltonian used in NEGF 

H{t) = Ho + Fint + V{t)e{t - to) (3.529) 

*^Note that terms {[a{t),a{t')]^) and {[a' (t), a\t')]-.) are not necessarily zero. Recall that these operators are in 
Heisenberg picture and the Hamiltonian involves particle number non- conserving terms. 

^"This form is schematically, "Efltect = response coefficient x driver". Examples of laws that have this form are; Ohm's 
law: J = aE, Fourier's law: J = —kVT and Magnetization: M — xH. 
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We start with the NEGF time-dependent expectation value and proceed in the Heisenberg picture 
(most derivations in the hterature use Schrodinger picture but obviously it does not matter). There is 
no need to introduce contour-time quantities since we are only working up to first order. 



{Ait)) 



Tr (e-/3(-f^o+J^int)) 
where A is an arbitrary operator 

rjlj.g-/3(//0 + ^^int) 
define Ptn = -, , ..- rr- 

Tr (e-'^(^o+^^int)) 
where the subscript Iq is really redundant 

Tr fTe^^'^*^^^*^)! A,, fre"^ -^^^^^^^^ 



(3.530) 



(3.531) 



use Dyson's identity and expand to first order 



Te ■'*o 



e h 



to 



where we defined interaction operators, 

AH,+H,Ah) = ei{^0+i/int)(tl-t0)^^^g-i(if0+J/int)(tl-t0) 



Tr pto 1 + 



to 



dtiVHo+mAtl) VH,+H,^,{t) 1 



h 



to 



keeping only to first order in V 



= T^iPto (*)) - / dtiTr{pto[AHo+Hi^^(t)^VHo+Hi^t{tl)]_) 



to 



Assume that the time-dependent Hamiltonian takes the following form 

Vit) = Vtofit) 



(3.532) 
(3.533) 

(3.534) 



where Vjg is the operator part and f{t) is the function part with parametric time dependence. We define 
the change in expectation value (i.e. response) as 6{A{t)) = {A(t)) — Ti (pt^AH^^^H^nti^)) ^^'^ S^^, 



to 



(3.535) 

Now it has the form of a linear response formula and we can define the retarded response function 



--e{t - ti)Tr ( pt, AH,+H,^St)^ VH,+H,^Sti) 



(3.536) 



use trace cyclicity and that Hq + H\^^ commutes with pt^ in the second term 
to show that it is only a function of the time difference. 



= -je{t-h)Tr[pt, AH,+H,^,{t-h),Vt^ 



(3.537) 

X%{t-t^) (3.538) 
We can now write the linear response formula into a compact form and we can write t ^ co due to the 
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step function 

/•OD 

6{A{t))= / dhx'^^{t-h)f{h 

J to 

Define the Fourier transform to frequency domain as 

/•oo 

d{A{uj)) = / dte'^'^SiAit)) 



(3.539) 



(3.540) 



we can now write the linear response formula (which is convolved in time domain) in the frequency 
domain as 



S{A{u)) = xlMfiu 



(3.541) 



The retarded response function is thus written as (with the adiabatic damping term for reasons of 
convergence) 



/oo 
d(t - ii)e(^'^-^)(*-*i)x^,>(i - h) 
-oo ^ 



= -jij d{t-ti)eit-ti)( 

I use the step function 

■ poo 
fi e->-0+ Jo 



{iuj-e){t-ti) 



^Ho+Hintit -h),Vt 



to 



AHo+H,^,{t),Vt 



to 



X 



R 

AV^ 



(a;) = - ^ lim / dte(--)* ( \Aho+h,^, {t) , Vto 



(3.542) 
(3.543) 

(3.544) 
(3.545) 



We call it the commutator form of the response function. Rewriting into a slightly different form, 



^AV 



h 



9{t-ti){ AH,+H,Jt),VH,+H,Jtl] 



(3.546) 



I assuming that V and A are Hermitian (of course pt^ is Hermitian) , we can write 

= ~e{t-h) (^(^AH,+H,Jt),VHo+H,Jh)) - (^AH,+H,Jt),VHo+H,Jh)y) (3.547) 

I let the complex number {AV) = x + iy 



= --9{t-ti)2iy 
a 



= -e{t - h)Q (^AH,+H,Jt),VHo+H,^M 

I again using trace cyclicity and that Hq + iJint commutes with pt^ 

= ^eit-ti)Q(^AH,+H,Jt-ti),Vto) 

Writing this second commutator form in the frequency domain, we get 

/oo 
d(i_t,)e(--)(*-*i)x«^(i-ii) 
-oo 



(3.548) 
(3.549) 
(3.550) 

(3.551) 
(3.552) 
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— lim 



, --- , d(t-ti)e(t-ti)e(--)(*-*^)9(AHo+H,Jt-ti),V^to) 

use the step function 

2 1'°^ I 

- lim / dte^'^-^^'^(AH,+H,,Jt),Vt, 

n e^0+ Jq \ 



2 /"°° / 

) =- ^lim [Aho+h,^. (t), 



(3.553) 
(3.554) 
(3.555) 



This is the final form of the second commutator form. Now we will write it into the Kubo correlator 
form. First we need the Kubo correlator identity (from Mahan of jMahan2000] eqn(3.427)) 



Kubo Correlator Identity: 



Jo "'^ 



(3.556) 



Pto 



(3.557) 



Proof starting from first line on RHS 

-ihj^^ dT^' jVHo+H,At - i^r^') (3-558) 
use the relation between real time and Matsubara time 



d dr^ d 1 d 

t = to- ihr'^-^ — 



dt dt dr"^^ ihdr^ 

= pt, dr^'^VHo+mAt - ihr^) (3.559) 

= pt,[VH,+H,^,{t-ihr''% (3.560) 

= pt,{VH,+H,,At-ih^)-VH,+H,^St)) (3.561) 

= T/(e-.(Ho+H..)) ^^ (ei(^»+^-)(-^''^)yHo+H.Jt)e-^(^«+^-)(-^^^«FHo^-H..(t)) (3-562) 

= Tr (e-^(^o.H..)) (e''^""^"-V-o.H..(t)e-^(-<---) - Vn^.H^At)) (3-563) 

= VHQ+H,^^{t)pt^- pt,,VHo+H,A't) (3.564) 

= [VHMAt),Pto]- (3-565) 

= LHS (shown) (3.566) 

Now use Heisenberg equation of motion to show the second term on RHS. 

Proof starting from first line on RHS 

= -zn j[|'dr^^^e-"(^o+^-) (|^Ho+H„Jt)) e-^^(^o+^-) (3.567) 

I use Heisenberg equation of motion — [K^^]- 
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= a, dr*^e-*^(^o+^-) [Ho + i/int, VH,^H,Jt)]_ e-"(^o+i/..) (3.568) 
Jo 

= second line on RHS (shown) (3.569) 

We can write the response function %^ into the Kubo correlator form. This is said to be a simplification 
as the final expression is not in a commutator form. 

x%it,h) = x%{t-h) (3.570) 

= ~0{t - ii)Tr (^pt, [AH,+H,Jt), VHo+H,Jh)] _^ (3.571) 

W) (3-572) 

I use trace cyclicity 

= ~\e{t - ti)TT (^AH,+H,Jt)VH,+H,Jh)pt, - AH,+H,Jt)pt,VH,+H,Jh)') (3.573) 

= ~e{t-h)Tr(AHo+H,At) [vHo+mAti),Pto]_^ (3.574) 
I use the Kubo correlator identity 

= -^0{t - h){-zh) J^^ dr^'Tr (^AH,+H,^,{t)pt,^VH,+H,^,iti - i/ir^)) (3.575) 
I use trace cyclicity 

= -Ht - h) [ir- ( """'^""j;; - '"""' ^^..^...W) (3.576) 



or, 



^ X^(t-ii) (3.578) 

This newly introduced notation X^^(^ ~ *i) is to remind ourselves that we need to take the (dynam- 
ical) time derivative of the perturbation Hamiltonian. It should be noted that it can only be written as 
an operator with argument {t — ti) explicitly after the time derivative has been taken. 

In frequency domain, the expression is, 

/oo 
d{t - ii)e(--^)(*-*i)x^ (i - ii) (3.579) 



use the step function 

= -hm r d{t - h)e('--^^('-'^^ r dr"" AHo+H,Jt)\ (3.580) 

e^O+Jo Jo \ / 



We collect the final formula in Kubo correlator form. 



(3.581) 



For applications, one starts by picking his favorite law and insert the relevant expressions for A and 
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V and X represents the coefHcient in that law. In this thesis, we cover x = k which is the thermal 
conductivity in the next section and x = o" which is the electrical conductivity in the appendix. 

3.4.1 Application to Thermal Conductivity 

[Disclaimer] Linear response theory is rigorous for mechanical pertubrations but for the case of 
heat current which is driven by temperature gradients is not a mechanical perturbation. It is because 
temperature is a statistical quantity. Thus the application to thermal conductivity is not rigorous and 
one should be skeptical about the following "derivation" . 

First, we "derive" the effective Hamiltonian that represents the perturbation and then we derive the 
Kubo correlator form of thermal conductivity. Since linear response theory assumes a weak perturbation, 
we follow suit and assume that there is almost thermal equilibrium in the solid and so the thermal 
gradients are small. 

We take the local equilibrium density matrix to be 

^ z z z ^ ^ 

where e(r) is the local energy operator and we take the second term which is a deviation from equilibrium 
to be the effective perturbation Hamiltonian that causes a current, i.e. 

V{t) = -^j df6T{r)e{r) (3.583) 

with ST taken to the function part and e(r) taken to be the operator part. Now we can derive the Kubo 
correlator form of the linear response formula. Choose A to be J. Following the procedure, first we 
need the time derivative. 

dV{t) 1 /■ .de{f,t) 



dt 



= I drSTif,t)^^ (3.584) 



. de ^ 
use contmuity equation — + V,^ • J = 

ot 



it should be valid in this near equilibrium situation 

^JdfST{f,t)(Vr-j) (3.585) 
integrate by parts and drop surface term 

df (^-^VfST{r, t)^ ■ J (3.586) 

which we can now identify / to be (^—^VfST{f,t)) and V to be J. With that, the linear response 
formula becomes 

{J{f,t)) = J^^dhJdn'^^^.^^.{f-n,t-h)(^-^Vr^^^^^ (3.587) 

Taking spatial and temporal Fourier transforms 

(J(g,a;)) = -^V^^ .(g,a;)V,-(5r(g,a;) (3.588) 
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Comparing with Fourier's law J = — '^V^T, we get 

f^aM^) = J^Xjj-^p{q,u^) (3.589) 
I using tlie trick of inserting — / df = 1 and renaming {f,r — ri) — )• (r, fi) 

VI e-5>0+ Jo JO 



V 1 e-S>0+ JQ Jq 



(3.591) 



This is the final form of thermal conductivity in Kubo correlator form. 



3.4.1.1 Hardy's Energy Flux Operators: General Expression 

Here we follow Hardy's derivation in |Hardyl963| where he provided a method of deriving explicit 
operator expressions for energy current to be used in the thermal conductivity Kubo formula "derived" 
earlier. 

We start by defining the quantities 

local energy flux (vector) operator: j(r) (3.592) 
local energy density (scalar) operator: e(r) (3.593) 

Assume that they obey the (operator) continuity equation. 

de 

— + V,-.-i = (3.594) 
We also have the Heisenberg equation of motion 

- = - [e{r),H]_ ^^r-j = j: [e{rl,H]_ (3.595) 
where H is the Hamiltonian of the system and assume that it can be written into a one particle form, 

« = E(^ + (3^596) 

To proceed further in getting an expression for j, we need to have a physically reasonable definition 
of e(f). This is done by defining the local energy density to be a smeared Hamiltonian over a small 
region. 



(3.597) 



where h.c. means hermitian conjugate and e = A + ensures that e is hermitian as it is an observable. 
We need to specify certain features of the smearing function A(f — fi). These features are needed to 
make the definition of e physically reasonable. 
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We require the total energy (summed over all space) to be equal to the total energy H. 

dfe{r) = H 

= H 



note that 



Pi 



2Mi 



+ V{ri)] is hermitian 



assume that A(r — ri) is hermitian 



5^ y drA{r- 



Pi 



2Mi 



+ V{fi 



H 



so we need 



/ 



dfA(f— fi 



A possible hermitian form for A(r — fi) is 

A(r - fi) 



13^3/2 



e I'' 



(3.598) 
(3.599) 



(3.600) 



(3.601) 



(3.602) 



where I characterize the length scale where the energy density is localized. Now we can use this setup 
to calculate the commutator. 



V,-- J(f) 



_Pi_ 
2M, 



+ V{f, 



12) 



il \ \ " / / 12 

we denote the commutator with the "h.c." term as "h.c." 

^2 



12 



i 1 

h2 



A(r — f. 



Pr2 



pI_ 

2M, 



21 



^ 1 \ ^ A 



r — r,- 



n«2 



pI 



^2 



+nrn),T^+nf.,: 



+ h.c. 



2Mi, ^ '^^'2M,, 

use the fundamental relations \ri^a\iVi20L-^- — '^^i\i2^cx\a.2 
i 1 



h2 



E 



i 1 . ,^ ^ X 



W 2 " 




'2M,,_ 


_ \2Mi, 




+ 



2M 



12 



+ h.c. 



for first term use "product rule" , for second term rename ii <-)• 12 
i 1 



h2 



^ [Air- f^,),p^,]_ + [A(f - r-;j,#,,i ^ 



ft? 



2M 



«1«2 



^2 



_Ph_ 
2Mi, 



,Vifi 



2Mi, / \ 2Mi, 



+ h.c. 



(3.603) 
(3.604) 



(3.605) 



(3.606) 



(3.607) 
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to get j , we need to write each term as a divergence • . . . 

for first line pi^ [A(f - riJjKa]- = Pi2«^^ni2Vnj A(f - rij = -pi^ih5i^i.,V p/\{r - n^] 

and since only acts on A(r — ri^) we can write — V^- [•pi^ih5i^i2^{f — Vi^)) 

for second term, we use Taylor expansion 

^{r- fh) - A(f - fij = A(f - fjj - A(f - + fj, - fij 

= A(f - f.J - (^1 + {fi, -n,)- Vr--r\ + ^((rii - r^) ■ ^r-r\ + A(r- n,) 
'fi, - n,) ■ V,.+ ^((f., - fij • Vff + • • • j A(r - fij 



-V,.- (fi, - n,) ( 1 + -{n, - n,) • v,.+ • • • ) A(f - r;j 



2M, 



2M,;, 



+ X]^^"'^! - ^^2) (1 + - n,) • V,-.+ • • • ^ A(f - fi,; 



2M;, 



+ h.c. 
(3.608) 



So now we can simply identify the expression for j(r), 



j{r) 



A(f-r-;j + A(f-r-;j;^'^ 



2M 



2M, 



2M,, 



1112 



A(r-f,)- 



2M,;, 



,^(^12) 



+ h.c. 
(3.609) 



In Kubo formula for thermal conductivity, we need the average energy flux defined by 

1 



J=yj drj{r) (3.610) 

so we integrate / df on both sides and use / df/S.{f—fi^) = 1 and / drV"A(r — r^J 0. This is because 
the function falls off quickly so the function and its derivatives gives roughly zero when evaluated at 
the limits. 



J 



1 

W 



E 



Mi, 2Mi- 



^ 1 

ih 



2M, 



■,y(r 



+ h.c. 



(3.611) 



which is the final equation for the energy current operator. This is Hardy's eqn (2.14) in |Hardyl963| . 

We do not proceed further with the linear response method as it is not the main approach in the 
thesis. A receipe for the subsequent calculations are stated for completeness. 

1. Use the above equation to obtain explicit operator expressions of J for the system of interest. 
Make sure to use J in the unitary transformed form JHo+Himi^)- 

2. Substitute Jno+Hinti'^) back into the Kubo formula for thermal conductivity. Note that we have a 
2-particle "Green's function". 



CHAPTER 3. NON-EQUILIBRIUM GREEN'S FUNCTIONS (NEGF)(MOSTLY PHONONS) 102 



3. Write as Interaction operators Jho (t) and we get a S-matrix. 

4. Expand the S'-matrix and work out some vertex diagrams. 

5. Decide on the form of the Bethe-Salpeter equation to solve based on the diagrams. The solution 
of the Bethe-Salpeter equation gives the thermal conductivity. 



3.4.1.1.1 [Hardy's Energy Current Operators: Harmonic Case] The harmonic Hamiltonian 



IS 



lex lOillCXl 



(3.612) 



and so we substitute 



(3.613) 



aliQi 



and r is treated as the equilibrium position f — R^^ and r;^ is the actual position of the ions, so the 

displacement vector which is ui-^ = r/j — R^^ and so ri^ — ri^ = ui^ — ui^ + R^^ — R^^. 
Substitute into Hardy's formula, 



J 



har 



I following Hardy, we expand and seperate terms as follows 



Ph T/har 



2M 



V, 



1 1 
2V2M 



hh 



1 



Ahar 



1 

ih 



T/har 



+ 



+ 



1 

2V 
1 



Pi / Pi 



^2 



M \2M 



V, 



har 



2M 



rhar 



+ 



ih 



^ T/har 
Ph > 



■Ph 



Ph + h-c. 



+ h.c. 



h.c. 



(3.614) 



I the first line and second line are denoted respectively as 



(3.615) 



This definition follows Hardy (as much as possible so as to allow comparison) and we analyse each term 
seperately. Following Hardy, J '^^''(S'2) is called the quadratic part and J ^^""(iSg) is called the cubic part. 
Do not confuse that with cubic anharmonicity. 



1 1 

2y 2M 



Y^iRli - RID [a . 1 



hh 



T/har 
Ph^ % 



1 

ih 



^ T/har 
Ph^ 



Ph + li-c- 



(3.616) 



the hermitian conjugate term is the exactly the same, so we have a factor of 2 
use fundamental commutator [ui-^ai,Pi2a2]- = ih5i-j.^daia2 



so 



^3 
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but the first term = due to Si^i^ causing R^^ — R^^ = 

~V^\ - 4?) H iPhc'2Ul2ai'^l2aiha2 + Ui^ai^i2aiha2Pha2) (3.617) 
use again [ui-,ai,Pl2a2]- = i^^hh^aioci get Ui^aiPhai = i^^hl2^aia2 +PhaiUl2a2 

and Si^i^ causes R^^ — R^^ = and one term vanishes 

JZ^^h ~ ^h") J2 ^l2a2haiPhaiUi^a2 (3.618) 

now write into variables P and Q defined as 

Ul2a2 = ^ ^a2 UQ)Qjqe'^'^'^ 



j? 31 



V2MN 5 PhqiQj2q2 Yl (-^i^i) ^(^h - ^h^^ha2haie'^'^'^ e^'^^ e„2 (j2g2) 

31113212 "l"2 \I1I2 I 

due to translational invariance of the current, it only depends on — n^^ so q2 = —qi 

^ ^ E P3iiiQ32,-iiT.'-i{mi)iY.(^iyR!:^^^^^ 

11132 "1"2 \lll2 ) 



V2M 

3 



write €02^2, -qi) = e* 2^2 ft) 

define a "multibranch" group velocity expression 



the "branch diagonal" ji = j2 expression is 



Jill aia2 Xhh 



V 2M i ^^^^^^ V2M ^ ^hii^h-ii ^ 

3111 hiihijii^h) 

introduce the creation and annihilation operators into the first term only 



P - — - 

^3111 ^ 



1 Ihjj^ 



3111 



- ^""^ Qh,-ii = {^211 + 



jili V -^^^^ 

/ y ^ ^3111^ 32,-11^313211 yo.uLuj 

311132(311^32) 

_ }_ \^ ^jlll f \ _ t 4_ tt\^ 

~ V -2 V^^'i^'^iiii ~ ^31,-11"'^^-^^ + -qi ~ "ii j 

3111 
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+ y ^ ■^jiqiQj2,-qi^jij2qi (3.620) 

for second term rename qi O -qi, so c^jigiaji -^i^Ji -^i^Ji^i = (-^JUi9i) 
we will show Vj^j^^_^^ = —Vj^j^^^ later 



1 \ ^ \ ^ hujj _^ 

jiqi jiqi 



J-— \^ ■\/^jiqi^j2qi p ^ ^ r'^ROi^ 
"Ty ^ ^jiqi^j2,-qi^jij2qi l^O.DZlj 

J19lj2 0l^j2) 

use a,-,o-, ,at -. = 1, so a,-,o-, at -. = 1 + at -. a,-,^-, 

\ ^ fc t -» ^ \ ^ ^^jiqi ( -. \ \ \ 

~y 2^ ^jiqi^jiqi'^jiqi'^jljiqi + y _2 '^jiqi^jl-qi ~ ^ji-qi^jiqi ) '"hhqi 

jiqi jiqi 



-L— \^ ■\/^jiqi^j2qi p ^ ^ ("} fi99^ 

"Ty ^ ^jiqi^j2,-qi'^jlj2qi [6.0ZZ) 

hqihUi^h) 

I the negative sign is due to the definition of P and Q 

I the second term has a constant 1 that we can offset 

I recall these operators are to be used as Jho+h-.^^, = Jhq in Kubo formula 

I Hq is the harmonic Hamiltonian 

I thus terms aa — a^a^ are zero in the Kubo formula that can drop now 

— —}-\^ in t ^ I J_ \ " V^jiqi^j2qi p ^ -> Ci RO-i^ 

~ y / .'^hqi^^hff,^.hqi'".ii.hqi y / > ^ ^jiqi^j2,-qi'"jij2qi 

hqi hqi32{.h¥'32) 

The first term is the usually assumed current expression. This derivation shows that even in the 
harmonic case, the energy current operator (to be used in the Kubo formula) has 2 more correction 
terms as compared to the usual assumed expression! We shall not proceed further as this is not the 
main approach of the thesis. 

Finally we want to clean up 2 loose ends in the earlier derivation. First, we need to show Vj^j^-^^ = 



''^jijiqi- 



'"jiji,-qi 



•'I' 91 0:10:2 hh 
use -q-i = Wjiq-i and €^^3^ -Qi) = el^UiQi 
i 



2Mu- - ^ ^lOi^-OE ((4? - <'')^^2a2hme^'"■^•(^^^^'l^) 6„,(jigi) (3.624) 
rename ai -f-^ a2, /i ■<->■ h 

^^^£t- E <2 (M^) E - 4')^^iai^2a2e''"""^''"~^"^) imi) (3.625) 

use - R'l^ = -{Rll - 47) and ^I,a,l2a2 = ^i.a./iai 

(3.626) 
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Second, we want to check that Vjj^= V^ojj^. We start with the dynamical matrix equation. 

(^j^(-a{jq) = ^Daai{q)eai{jq) (3.627) 
ai 

I substitute Daa, iQ) = ^Yl ^Miaie^'-'^'i-') 

Ih 

= (3-628) 

lliai 

I multiply e'^ijiq) on both sides and sum over a 

= e;(ii^)$,„,,„,e''^-(^'i-^^')6„,0-g-) (3.629) 

lahai 

I take Vq- on both sides, there will be 3 terms on RHS 

Icxliai 

+eUjimaHaARt^ - i?r)e'^"^'^"^'^"^e„,(jg-) 

+<(iig1^Wime'''^^""^"^ (V,-«ai (jq))] (3.630) 
I use the dynamical matrix equation for RHS 1st and 3rd terms 

laliai 

+ E i^^<(hq)) + E '^i.^i (-^'^D (3-631) 

I now set j = ji on both sides 
2a;,,- (V,^ a;,,-) = ^ E ^(j^l^^ahm (^f^' " (j«1 + E '^1.^^^^ 



but Vg^E ^*a{j^^a{jQ) = Vq-l = and use the expression for v. 



331 



= 2ojj^ Vjj^ (3.632) 
Vg-Wjq- = Vjj^ (3.633) 



indeed as required. 



Chapter 4 



Reduced 
Methods 



Density 



Matrix Related 



[Chapter Introduction and Roadmap:] We enumerate this introduction for easy reading. 

1. This chapter is included to provide another dimension to NEGF. Reduced density matrix method 
is the most common method to tackle open quantum systems. The 2 methods can serve as 
cross-checks for each other. 

2. The aim is to present a promising numerical method in this area: stochastic unravelling. 

3. The standard partial tracing over the environmental degrees of freedom is done (by path integrals) 
to derive the influence functional. This functional contains all the effects of the environment on 



4. The influence functional is conceptually clean but mathematically intractable. Stochastic unrav- 
elling is a method that allows a rewriting of the influence functional into a stochastic problem 
which is numerically tractable. 

4.1 Derivation: Projection Operator Derivation 

We follow |Altland2010| pg 696. We shall use a one lead/bath problem. Since leads/baths are always 
assumed to be independent, additional lead/baths are added by simple addition. 
The Hamiltonian is 



where L is the left lead/bath, C is the central system/device, LC refers to the coupling between the left 
lead/bath and the central system/device and a is the coupling constant shown explicitly for convenience. 
The initial condition is chosen as 



the system. 



LC 



(4.1) 



eq,L 



(4.2) 



The dynamics of the total density matrix is governed by the Liouville equation 




(4.3) 



106 
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where the Liouville operator is defined as 



where C^'^'^^ 



L,C,LC 



(4.4) 
(4.5) 



We simply define the projector to project out the quantity of interest. In this case, we are interested 
in the reduced density matrix of the central system, thus the projector is correspondingly defined as 

P = p^'^qTrL( ) (4.6) 

where Tii means a partial trace over the lead/bath degrees of freedom. 

We assume that TrL {p^^'^'^H^^) = and we establish these identities for further calculations 

[a] PC^ = C^P = 



(6) [£^,P]_ 
(c) PC^^P 







(4.7) 
(4.8) 

(4.9) 



Proof of (a): 



L „tot 



-i/'^^TrL ([H'^,p 
use trace cyclicity 




totl 



(4.10) 
(4.11) 

(4.12) 



Proof of (b)Q [£^,P] 



= C^Pp-PC^p 

= £^p^'^'iTrip-/''=^Tri(£^p) 

Trip = and Tr^r'^ = ^C^TrL 



use 



= p^'^^'iC^p'^ - /'^^£^Trip 



P 

= 



(4.13) 
(4.14) 

(4.15) 
(4.16) 



Proof of (c): PC^^Pp 



PC^^ {Tylp)p^'^'^ (4.17) 
= /'<=iTrL (/'^^£^^/9^) (4.18) 

= -ip^^^Tri (p^'''^ (4.19) 

= -ip^'^^^L (p^'^^F^^p^ - p^'>^F^^) (4.20) 

I use trace cyclicity to rewrite the last term to if^'^p^'^'^p'^ 

= -ip^''''iTTL{p^'^'^H^^ -H^^p^'^'i) p^ (4.21) 

I each term is zero due to the assumption Tr^ (p^'^^'^iJ^'^) = 

= (4.22) 

Define the complementary projector, Q = 1— P and introduce the standard shorthand of "relevant 
variables" and "irrelevant variables". 



relevant variables: 
irrelevant variables: 



Pp^p^ 
Qp = p''' 



(4.23) 
(4.24) 
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We are only interested in the evolution of the relevant variables thus we will derive the equation of 
motion of only the relevant part. Start by writing the relevant part, 

= {C^ + + aC^^) p (4.25) 

I operate P on both sides 

^p'^ = PC^p + PC^p + aPC^^p (4.26) 

I use (b) for RHS first term, use (a) for RHS second term 
I for RHS third term, write C^'^ p = C^^{P + Q)p then use (c) 

= C^p'' + aPC^^p' + aPC^^p^"- (4.27) 
I RHS second term = due to (c) 

= C^p' + aPC^^p''' (4.28) 

Now we write the irrelevant part, 
d 



dt 

d_ 
dt 



p = [C^ + + aC^^) p (4.29) 
I operate Q on both sides 

p'"-"- = QCp (4.30) 
I write Cp = C{P + Q'^)p where = Q 

= QCQp''"- + QCp' (4.31) 

= Q/:Qp'"' + Q£ V + Q^^/ + "Q^^V (4.32) 
I for RHS second term, use (b) to get QPC^p = 
I for RHS third term, p^ is a number in L space, thus term = 

= QCQp''^'' + aQC^^ p"" (4.33) 

We treat the irrelevant equation as a linear inhomogenous (operator) equation and solve p^^^ by 
using the method of integrating factor. H 
The solution is 

pi^^it) = (const)e^^^* + e^^^* /*diie-^^^*iaQ£^^/(ti) (4.36) 

Jo 

I drop the first term by the "molecular chaos" assumption 

« a [' dtie^^^^'-'^'>QC^^p''{h) (4.37) 
Jo 

I rename the time ti — — ti to write 



■^The general form of the linear inhomogenous first order differential equation is 



g + R{x)y = S{x) (4.34) 



the integrating factor is then ij.{x) — e-'^'*^^^^^ and the solution is 

y = + / dxS{x)fi{x) (4.35) 

In this case, we identify "_R(a;)" = —QCQ and "^(x)" = aQC'"'-^ and the integrating factor "//(a;)" — e"'^-'-'^* 
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a j dtie 

'0 



QCQh 



We substitute this result into the relevant equation to get 

Jo 

recall that p'' = Pp = p^^'^^TiLP = /'^"^p^ 



d 



^0 



(4.38) 

(4.39) 
(4.40) 



This is the generalized (Non-Markovian) Quantum Master equation. 

We now go over to the weak coupling approximation. Drop aC^^ in the exponent since we are only 
going to expand up to a^. Writing only the integration kernel, 

PC^C^QCQt,Q^LCpr(^^_^_^-j (4.41) 

= P£^^e(^-^)(^^+^'')(^-^)*iQ£^V(t-ti) (4.43) 
recall (a) : PC^ = C^P = and (6) : P = PC^ also use P"^ = P 

pJ^LC^{C^+CO-PCO-COp+PCOp)Q^LCpr^^ _ (4 44) 

use (6) : [C^\P]- = 

pCLC^i,C^+CC-COp)Q^LCpr^^ _ (4 45) 

expansion of third exponent gives terms of the form PQC^'-' p^ = since PQ = 

pCLC^{C^+CO)t,^LCpr^^ _ (4 4g) 

define the evolution "picture" as e*-^ = ^(_^-^) and neglect the evolution on p^ 

P£^^£^^(-ti)/(t-ti) (4.47) 
write trivally £^'^ = £^"^(0) 

= P£^^(0)£^^(-ti)/(t-ti) (4.48) 

Finally we will include the Markovian approximation by assuming that p'^it) is essentially constant 
over the relaxation times ti so that we can take it out of the integral and take t — )• oo. The final 
(weak-coupling, Markovian) quantum master equation is 



d_ 
dt 



C^ + a^ dtip^'^^Tri (£^^(0)£^^(-ti)) 

^0 



(4.49) 



4.2 Numerical Implementation: Conversion to Stochastics 



The object to calculate here is the reduced density matrix of the central system. Here, first, we will 
derive the formal exact expression of the reduced density matrix via path integration. It is exact but 
the non-Markovian memory integral is not tractable. Then stochastic unravelling is used to provide a 
numerical method to calculate the reduced density matrix by going around the memory integrals. 



4.2.1 Influence Functional 



We follow |Weiss2008] section 5.1 to derive the Feynaman- Vernon Influence Functional in real time. 
The influence functional is a functional expression of the effects of the environment on the system after 
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tracing over the environment degrees of freedom. 

The notation here fohows the notation standard in the hterature which differs somewhat from the 
rest of the thesis. 

We write down the system + bath Hamiltonian. H 



H = Hs + Hb + HsB 

N 



(4.50) 
(4.51) 



with, Hb 



N 

E 

a=l 



1 



Pa , ^ 2 2 



N 



N 



HsB = -1^^ Co,Xa + 



2maOjl 



OL = l « = ! 

The notation (standard in hterature) used in this chapter are 

• P: momentum of the system particle 

• M: mass of the system particle 

• V: potential experienced by the system particle 

• q: configuration variable of the system particle 

• Pa'- momentum of the ath particle (or degree of freedom) in the bath 

• m^: mass of the ath particle in the bath 

• oja'- frequency of the ath particle in the bath 

• Xa'- position of the ath particle in the bath 

• Ca- coupling constant between Xa and q 

We write down the definition of the reduced density matrix. 



^reduced 



dxo (qfXQ 



„total / 



(4.52) 
(4.53) 



p—{t) q'fxo) (4.54) 

the vector notation xq represents the complete set of bath variables 

use Schrodinger picture and note that the Hamiltonian is time independent 



dxoi^qfXQ e-t'''p'"^^'{0)eh^ 
insert 2 complete sets 
J xq J dqidq'j^dxidafi {qjXQ 



e ft 



Ht 



^x,)(^q^x,\p'°'^\0)\qix',){qix, 



m 



(4.55) 
(4.56) 



^As usual, the baths are taken to be independent and so it is straightforward to include more baths. 
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We write the evolution matrix elements as path integrals. 

rq{t)=qf j-x{t)=XQ 



QfXQ 



liXl 



QiXij = FlqfQiXoXi] -- 
qj-xo) = F*[qiq'j-x[xo] 



Dq 



g(0)=l}i Jx{0)=Xi 
q'{t)=q'j [■x'{t)=XQ 

Dq' 



q'{0)=qi Jx'iO)=x[ 



JJ^^iS[q,x\ 

".-iSlq^x'] 



Dxe ft" 



(4.57) 
(4.58) 



where S[q, x] is the total action derived from the total Hamiltonian. 
We take the initial density matrix (at t = 0) to be factorizable. 

pt°t'^i(t = 0) =p^(0)®p^(0) 

and this allows the rewriting, 

{qai\p'"'^\0)\q',x[) = {q,x,\p^iO)p^{0)\qlx[) 

= (g,|/(0)|g^>(xi|p^(0)|f'i) 



(4.59) 

(4.60) 
(4.61) 



And now we are ready to write the expression of the reduced density matrix in terms of the influence 
functional. 



reduced /„ / j.\ 

P [Qf,Qf,t) 

dxQ J dqidq[dxidxi j DqDxeh^^'^'^ 
write S[q,x\ = Ss[q\ + Sb[x\ + SsB[q,x 



Dq'Dx'e-T.^^'^''^'^ {q, |p^(0)| q'i) (fi {0)\ x[li.62) 



dqidqi{qi\p^{0)\qi) / DqDq 



.'eU^Ss[q]~Ss[q']) 



FiF[q,q'] 



(4.63) 



where the influence functional Fjp[q,q'] is 
FjF[q,q'] = j dxQdxidx'^ j DxDx' {xi\p^{{))\x'^)eT^^^^^^''''^^-^^^^ (4.64) 
= j dxodxidx[ (fi |p^(0)|x;> L>fei(^ss[^'^l+^s[^'l)^ (^j i^f'e-i(^ssfe',^']+5s[x'])^ 

(4.65) 

The remainder of this section is to evaluate FiF[q,q'] explicitly. It is easiest to evaluate (xi |/9^(0)| x'^^) 
first. 



(fi|p^(0)|fi> 

where Z = Tre~^^^ and we use Hb in terms of number operators Ua 



(4.66) 



TV oo 



N 



SO 



2=nE 



a=l na=0 



a=l 



p — phoJa/'i 



^ 1 

n t 

£^^^2sinh(i/3;iL^„) 



The expression FF* is known as the forward-backward path integrals. 
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"1/3 



X 



1/3 



(4.67) 



it 



the second factor is the single harmonic oscillator propagator in imaginary time -r = fi 

n 



2sinh ( -/3hwa 



a=l 



1/2 



^27r^sinh(^^Q, 
Next we evaluate the expression 

recall the definition of action S = I dt' C{t') 

Jo 

1 ^ 

the Lagrangians are Csit) = - nia {x'^i't) — '-^a^ait)) 



and CsB{t) = ^ {caXa{t)q{t) - ir^^q\t)) 

rXa{t)=XO. 
1 J X 



DXaS 



h Jo ™ 



|m„i:2(t')_ir„„a;|4(t')+c„xa(t')9{t')-5;;^9'(i') 



]^ J Xa(0)=Xlo 



(4.69) 



The last exponential term does not contain x and it goes out of the path integral. We treat q{t') as 
an "external force" term and we continue evaluating the path integral by expanding about the classical 
path x^. 



^rUaxlit') - ^rUaUjlxlit') + CaXa(t')q{t') 



S[Xa] = [ dt' 

Jo 

= S[x'J;+r,a] 

I where rja are fluctuations about the classical path x^' 
I expand about the classical path 

55 



= + J dtiriaiti 



SXa{tl 



+ — / dtidt2Va{tl)Va[t2) T TTTT 

2! J dXa{tl)dXa 



{t2 



3^0L — 



(4.70) 
(4.71) 

(4.72) 



the expansion truncates at second order since the action is quadratic in x 



due to the classical equations of motion, we have 

OXa 







= S[x^] 

+ ^ J dtidt2r]aitl)llait2 



6^ 



SXaitl)SXait2) \Jo \2 2 

* ^ _ / . _5x. 

^ I TflaXoc 



dt' {\xi - ^ruau^lxl + CaXaq 



(4.73) 



dXait2) 



S[x^] + l J dtidt2j^ dt'7Ja{tl)Va{t2) 

J dtidt2 dt'mau;l5{t' - t2)5{t' - ii)r?a(ii)?7a(*2) (4.74) 
for second term, integrate by parts once and use ?7q(0) = = 77a(^) to eliminate surface terms 
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S[x'^] - \ma [ dh [ dt'rjaiti)Va{t') {-Xa6{t' - t2)) -If dt'maujlvlit') 

^ J Jo <JXa{ti) Xc=x^ ^ -JO 

SK] - ^rn^ I dh f dt'vaih)Va{t') |^ f dt'm^uWa{t') (4.75) 

^ J Jo OXa[ti) ,j.^=^cl ^ Jo 



I for second term, integrate by parts twice and use ??a(0) = = T]a{t) 

= S[x^] - ^rua J dh dt'va{h)Va{t')S{t' - h) - ^ dt' maulrg{t') (4.76) 
I for second term, integrate by parts once and use r]a (0) = = r/a (t) 

= S[xi] + ^* dt' {^-m^fg{t') - \mo.ul{t')^ (4.77) 
So now the path integral is over all fluctuations rj. 

= J^e^~''"'^*'(~^^^'^*'^)es^[<'l / D7;^e^i'o^*'(^'"«''«(*')-^'"«"'(*')) (4.78) 

a=l •' 

I the path integral of fluctuations is shown in the appendix to this chapter to be, 

1/2 



j " \27r7'/isin(c(;Q;t)/ 



= Tt( ^'^%i/^''(-^''"''),t«l (4.79) 

We show in the appendix that the classical action expressed in terms of the end points, 

f='(0) = xx=> <'(0) = xia (4.80) 

^\t) = xo^xi{t) = xoa (4.81) 

S[xi] = Six'^r^l- (4.82) 



[{xl^ + xlj COs{Uat) - 2xiaX0a] 



2 sm{u at) 

_^^^iaCa I ^^'^^'^ sin{u)a{t - t')) + / dt'q{t') sm{u>at') 

sm{uat) Jo sm{uat) Jo 



rUaUJa sin(a;Q,t) Jq 
We can now explicitly work out the influence functional 



/ dt' [ dt"q{t')sm{uja{t-t'))sm{ujj')q{t") (4.83) 
Jo Jo 



FiF[q,q'] = J dxodxidx[{xi\p''{0)\x',) (^j DfieH(^«s[^'-1+^«[-1)^ (^j Df;e-l(^««[^''"^']+^«["^'] 

N 

= / dxoadxiadx[^ 



\ V2 // \2Trhsmh{^huJa) J 
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Xen^^^'^-^la I ■ ^— ^ e ^ 2mau>^ 



2Trihsm{uJat) 



1/2 if^dt'f ^.r^r*' 



Xe "la 

N 



2Tr{—i)hsm{uJat) 



1/2 -y^dt'f '^q'^it')) 



(4.84) 



rriaUJa 



1/2 



xe 



27r^sinh(;S^a) / \27r^sin(a;at) 



X / dXOada^larfa^lae 2nsmh(0fia.„) la-r l„; Kl- a; ia laJg^V ^la/ (4.85) 

It remains to work out the 3 Gaussian integrals xoa, xia and x'l^. The Gaussian integral identity to 
use is 



/. 



(4.86) 



All exponential terms 

rt „2 



= 4/ dt'^(q'{t')-q\t')) 
2hJo niaOJi V J 



niaUJo 



2hsmh.{l3hu!a) 



4a + 41) COsHPnWa) - 2xiax[^] + ^ (^[x^']^- - 5[x:^=']^?«) (4.87) 



the first term above does not contain xq, xi and x'l 

the last term of S[x'^]'^"2 ^^'^ ^[xa]x°°' contain xq, xi and x'^ and they cancel 

drop a to simplify writing 



mco 



2hsmh.{/3huj) 



{xi + Xi ) cosh.{(3fuAj) — 2xix'i 



I muj 



I c 

h sinwi ,iQ 



h 2 sin cot 

c 



(xf — Xi ) cos{ut) — 2xo{xi — x'l) 



[ dt' {xiq{t')-x[q'{t'))sm{uj{t-t')) + l^^Xo [ dt' {q{t') - q' {t')) sm{ujt) 
Jo n, sm ut Jq 

+1 term without xq, xi and x'l (4.88) 



define notation to simplify writing 

■ coth[pnuj) 



ai = 



2h 



02 = -^lCOt{ljjt) 



bi 
b4 



mui 



hsmh.{j5?vjj) h 
mwi mui 



csch(/3^) 
icosecwt 



^sin(a;f) h 

i c 

-— — — / dt'q(t')sm(u(t-t')) 
hsm{ujt) Jo 

T— ^ f' dt'q'{t')sm{uj{t-t')) 
h sm(wt) Jq ' ^ ^ " 

ft 



I c 



h sin(a;t) 



/ dt' {q{t')-q'{t'))sm{oot') 
Jo 
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, . - 4(ai -02) - 

4(ai — 02) \ a\—ai 



+ 



4(ai + 02) 



ai — 02 



6163 



2(ai - 02) 



6; 6 



2(ai - 02) 



™2 



2(01 — 02) J 2(ai — 02) 



+ 64 



+ 4(ai + 02) 



01 — 027 \^2(ai — 02) ' 4(ai — 02^ 

The Gaussian integral for xq yields 



+ 1 term without xq, xi and x'l 



Prefactor 



TT 



= TT ' 



4(ai - 02) 



- 4(ai - 02) - 



ai — 02 



-1 



62- 



6162 



2(ai - 02) 



-1/2 



(4.98) 



(4.99) 



All exponential terms 

bl ^ b\ 

^ r - 4 ai - 02 ^— 

4(ai — 02) \ ai — 02 



6162 



2(ai - 02) 



4(ai + 02) - 



b\ 



+ 4(oi + 02) - 



a\ — 02 



-1 



6163 



2(ai - 02) 



- 6'. 62 - 



6162 



2(ai — 02) / 2(ai — 02) 



+ 64 



01 — 02/ V2(ai — 02 



4(ai — 02" 



+ 1 term without xq, x\ and a;'^ 



We need to simplify the expressions. We will simplify all the prefactors of the influence functional first. 
We note a useful identity, 



(ai — 02) ( ai + 02 



b\ 



4(ai - 02) 



2 2 "1 
ai - ^2 - -r 



(4.100) 



{zot\?{^fvjj) - (zcot(a;t))2 - csch2(/3?i^)] (4.101) 
note that coth^ x — csch^a; = 1 

(^)'[l + cot^M)] (4.102) 
note that 1 + cot^ x = cosec^a; 

(J^f cosec\ut) (4.103) 

(4.104) 



All Prefactors of the influence functional 



2sinh(-/3^,,(2^^^.^^^^^^y y:^-^^ 



IT 



ai — 02 ' 



TT 
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4(ai - 02) 



- 4(ai - 02) - 



ai — 02 



62- 



6162 



cancel tt and use the above identity , (ai — 02) ( ai + 02 



2(ai - 02)^ 



-1/2 



4(ai - 02) 



2 sinh ( -Phoj 



1/2 



27r^sinh(/3^)y V 27r sin(a;t) / V 6| 



-(4(ai-a2)- 



4(ai - 02) 



6? 



ai — 02 



-1 



62- 



6162 



2(ai - 02) 



-1/2 



note 



4 2^sin(a;i) 



61 



and cancels third factor 



2sinhfl/3;^')V--^^^i— 
4(ai - 02) 



1/2 



61 



4(ai - 02) 



expand ( 62 — 



ai — a2 



6162 



6162 



2(ai - 02) 
then multiply I 4(ai — 02 



= bl + 



bl 



2u2 



2(ai - 02) 
-'2 



-1/2 



bibl 



01 — 02, 

and use the identity (ai — 02) I 4(ai — 02) 



4(ai — 02)^ oi — 02 
1 



bl 



ai — 02 



-6^ 



2 sinh ( -Phuj 



ai + 02 



\ 1/2 
27r;isinh(/3/iiu) J 



bl 



bl 



+ 



use the identity to write 



61 



-1/2 



bl 



a\ — 02 



2 sinh ( -^hu^ 



= ( 2 sinh ( -j3huj 



(4(ai - "2) - ^) 

\ 1/2 

'T^c^ \ ' ^ , 1-1/2 

27r^sinh(/3^) ) [«i«2 + oi - ^2 - 61] 

J [2ai-6i]-^/' 



27r^sinh(;9^) 

write ai and 61 in original form and write sinh 

\ 1/2 



(cosh X — 1) 



i(cosh(^M-l)(^-^^^^) 



— — cothfpno;) — cschfprto;) 

n n 



— ( coth(;3^) - 



1 



1/2 



coth(pAia;) ^csch(pna;) 



-1/2 



= 1 
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Indeed as mentioned in |Weiss2008] on pg 110 in the text between equations (5.20) and (5.21) we get a 
factor of unity. 

Now we go over to the exponential factor of the influence functional. 



All exponential terms 



ai — 02 



4 4(ai + 02) 



ai — 02 



61 b 



1V2 



2{ai - 02) 



4(ai + 02) 
+ ( 4(01 + 02) - 



-1 



oi — 02 

U2 N -1 



bibs 



b{ 



a\ — 02 



2(oi — 02 
6163 



6'. 



61 h 



1^2 



b2bi 



2(ai - 02) J 2(ai - 02) 



+ 64 



2(ai - 02) 



+ 



bl 



also note that 



bl 



oi — 02 



4 4(ai + 02) 



bl 



oi — 02 



4(oi - 02 
b2 



+ 1 term without xq, xi and x'l 
6162 ^ ^ 



h 



(coth(/3/kj) — csch.((3 hbj)) 



tanh 



2(01 - 02^ 



identities (|4.267|) and (j4.268|) in the appendix seems to be needed as well 
I am supposed to get 



(4.114) 



Somehow I am unable to manipulate to the answer. I apologize for that. The influence functional is 
equation (5.22) in jWeiss2008] . It will also be shown explicitly shown in the next section. 



4.2.2 Stochastic Unravelling 

Here we follow |Koch2008] including notation. Related references are |Stockburger2002] and |Stockburger2004| . 
The following stochastic unravelling technique works around the problem by replacing the memory in- 
tegrals with some form of noise average of the stochastic variables. The stochastic variables evolve 
according to "nice" differential equations. This makes the whole formalism possibly tractable at least 
numerically. 

The influence functional is, 



FiF[q,q'] 



dt' 

-t 



dt" {q{t') - <^{t')) {L{t' - t")q{t") - L*{t' - t")q'{t")) 



dt'[q\t')-q 



with 



m 

L'{t) 



71" io 



dojJ{ijj) ( coth ( -/3huj ) cos(wt) — isin(a;t) 



L'{t) + iL"{t) 

h 



IT 



1 



do; J (o;) coth I —(3huj I cos((^t) 



(4.115) 
(4.116) 

(4.117) 
(4.118) 
(4.119) 
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L"{t) = - / dioJ{uj){-sin{ujt)) 



1 



dtL"{t) 



J(a;) = vry^— S — ^(w-Wq) 

^ — ^ /rr) _ M ^ 



Q = l 



(4.120) 
(4.121) 

(4.122) 



We introduce the so-called symmetric and antisymmetric coordinates. These are called Wigner coor- 
dinates elsewhere in the thesis. We follow the notation in the paper instead of the notation for the 
Wigner coordinates. Define 



r = ■^{q + q') inverse: q = r + 
y = q-q' q' = r - \y 



(4.123) 



$[r, y] 

I t dt' t dt" 
n-Jo Jo 

ly(t')+r{t')-r{t') + ly{t') 
1^ dt>2r{t')y{t') 
I t dt' t dt" 



(4.124) 



Lift - t") ( \y{t") + r(t")) - L*{t' - t") (r(t") - iy(t") 



(4.125) 



xy{t') I [L'it' - t") + ^L"{t' - t")) Qy(t") + r{t") 
- {L'if - t") - iL"{t' - t")) [r{t") - \y{t")^ } + ^ dt' y{t')r{t') 



expand and cancel 4 terms 
1 rt rf 



- dt' dt"y{t') [L'{t' - t")y{t") + 2iL" {t' - t")r{t")\ + ifi / dt' y{t')r{t') 
" Jo Jo Jo 



(4.126) 



(4.127) 



which is equation (3) in |Koch2008] . Now we will perform stochastic unravelling to the path integral 
expression of the reduced density matrix. 

p-^-'^<^(g/,(z},t) = j dqM (ft |/(0)| j Z)(7^g'e*(^sM-^«I«'])F,f (4.128) 



to unravel 



Define the stochastic noise actions, 

S.Al] ^ Ss[q] + ^ f dt'q\t')+ f dt'q{t')zr{t') 
^ JO Jo 

S.,W] ^ Ss[q'] + ^ f dt'q\t')+ f dt'q'{t')z2{t') 

^ Jo Jo 



(4.129) 
(4.130) 
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Define the stochastic propagators using the stochastic noise actions. 

rq{t)=qf 

K,,{qj,t;q,,0) = / ' Dqei''s[q]^i^ f^dtV{t')^fJ^dt'git')Mt') (4.131) 

Jq{0)=q^ 



Q'it)=q'f 



KM,t;q',,0) ^ / ' Dq'e^'^^\^^Io^'^'(^')eUo'^W(^')^^(^') (4.132) 

Jq'(0)=qi 



Consider the expression, 



K,,iqf,t;qi,0)K:M,t;q-,0) 



_D^/)g'ei(5s[g]-55M)g;lt/o««*'(9'(*OV2(tO)gi/o'di'(g(t0^i(tO-g'(t04(t')) (4.133) 

Define Wigner coordinates for the stochastic variables. 

m = H^iit) + 4it)) inverse: = ^(i) + fKO u^'^A^ 

u{t) = 1 - z*{t)) 4{t) = m - Ht) ^ ' 

Take noise average of the expression. The definition of the noise average is such that {Kz-^K*^)^oise 
equals the expression we want to unravellfl 

{K,,{qf,t;q„0)K:^{q'f,t;qlO))^^.^^ 
= [ Z)gZ)g'e^(^sM-^s['?'l)e^^^«''*'('''^*'^"'''^*'0 /eUo^*'(9(*')(5{t')+|Kt'))-'?'(t')(C(i')-|-(t')))\(4.i35) 

J \ / noise 

I use symmetric and antisymmetric coordinates y = q — q and r = —{q + q') 
= [ Z)gZ)g'e^(^s[g]-SsM)etf /o'^*'(9'(*0-g''{tO) / (4.I3Q) 

J \ / noise 

I introduce vector notation, 

I m = (yi(t') = y{t'),y2it') = r(t')) and C^O = = = Mt')) 

= [ L)gDg'ei(^s[5l-^sM)etf/o'^*'(9'(tO-g'^{tO) / ^/^^dt'27(tO-?(tO^ (4.I37) 

J \ / noise 

I without loss of generality, assume that (,{t') and huit') are complex- valued Gaussian noises 
I use the standard result of cumulant expansion of Gaussian noises 

I / i /J dt'y{t'm')\ ^ /o* dt' dt"y{t'mt'm")Ui..y{t") 

\ I noise 

= j DgD(?'e^(^s[''l-^s['?'l)e^^ Jo dt' {q^(t')-q'\t')) dt' dt" E^,,,=i s/^ {t'm, {t')?.^ {t"))^o,..y^^{n 

Ildt' dt''[y{t'){miit'')U^s.y{t'')+y{t'){^^^^^ 
^^-^ So<^t' dt''[r{t'){hu{t'm''))^,,,Mt'')+r^^^^^ (4.138) 
®The notation for noise average in the paper [Koch2008] is M{. . .}. 
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Now we impose that 

{K,A.qf,t■,q^,0)K:^{q'f,t■,qlO))^^.^^ = J DqDq' d'^'^^^^-'^^'^'^^ F^q, q'] (4.139) 
where we quickly recall that 

FiF[q, q'] = eh /o /o' dt''y{t'){V{t'~t'')y{t'')^2tV\t'-t'')r(t'')\Mp,g dt'y(t')r(t') {4..U{)) 

Comparing the exponents in (i^^i-f^^j) noise 

and in / DqDq' ei'^^sU-Ssiq']) p^^]^^^ ^/j 

, we make the following 

identifications, d 

(^(*')e(t")>„oise = L'{t'-t") (4.141) 

(e(*')Ki")>„oise = '^-^e{t'-t")L"{t'-t") (4.142) 

(KOe(t")>_e = WW))^^^^=^-l-e[t''-t')L''{t''-t') (4.143) 

(-(t')-(t")>„oi.e = (4-144) 

Now the meaning of stochastic unravelling is clear. By including 2 noise terms ^ and v (or zi and Z2) 
we can avoid performing the memory integral in Fjf- We will actually deal with the simpler problem 
of stochastic variables and then impose the above noise relations to go back to the original problem of 
evaluating the reduced density matrix. We shall call the (reduced) density matrix which is written in 
terms of the stochastic variables, the stochastic density matrix pstochastic^ short, to go back to the 
reduced density matrix problem, we perform, 

' ^stochastic \ ^reduced 145) 

\ / noise 

We further simplify p«t°chastic numerical implementation. 

/*°'^''*"('7/,9/,t) = j dq,dq',p^{q„q'„0)K,,{qf,t;q,,0)K:^{q'f,t;qlO) (4.146) 
I where we denote {qi\p^ {0)\q'^) = p^{qi,qi,0) 

I assume that the initial system density matrix p'^{0) is of the form, 

I p^{o) = \Mo)){Mo)\ 

dq^dq',{q^\^Plm{MOM 
X J Z)geH^«[«l+t/o'^*''?'(*')+/o*"!t''/(*')^i(t')) 

^ I jjq'^-l{SsWMJ^dt'g'Ht')+S^dt'q'(t')z*it'^ (4.147) 

treat pq^ + qz terms as potential terms in the Lagrangian 
write the path integrals back to matrix elements of "evolution operators" 

didq',{qi\MO)){MOM 



^The result can be seen by expanding the exponential, all odd averages are zero and even averages factorise by "Wick's 
theorem" and resum the series of even noise averages. 

*The step function 6{t' — t") ensures that only t' > t" contributes to the integral. 
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1 Hs-^g^-g'z^ t 



remove 2 complete set of states 



If 



The left hand side can be written as 

p'''"'''^''%qf,q'f,t) = {qf\Mt)){Mt)Wf) 
We compare both sides to get 2 (stochastic) Schrodinger equations. For \tjji(t)), 



\Mt)) 
ih\ipi{t)) 



For iVaW), 



{Mt)\ 
ih\Mt)) 



Hs-^q'-qz,) \Mt)) 
write -Zi = 4 + 2^ 
(^Hs - (^q' - ^q - ^i^q^ \Mt)) 



Hs-^q'^-q'z^) \Mt)) 



write Z2 



f u 

^ 2 



^ 2 



i^5-f9''-ev + |^v)i^2(t)> 

The full procedure is now to|!| 

1. Propagate (numerically) the 2 stochastic Schrodinger equations. 

2. Form p^tochastic^^) ^ |V'i(t))(V'2(i)| 

3. Take noise average to get the reduced density matrix, i.e. {p^^°'^^'^^^^'^{t)) noise = p^'^'^™'^'^ 
rules for the noise averages of the stochastic variables are given earlier. 

Finally for completeness, we will derive the Liouville form of p^tochastic^ 



(4.148) 
(4.149) 

(4.150) 



(4.151) 
(4.152) 



(4.153) 



(4.154) 
(4.155) 



(4.156) 



(t). The 



{qf\Mt)){Mt)\qf) 

^stochastic 
^^stochastic 
Jt 



MO)) (MO) 



stochastic 



note that \q) is a complete set and p' 



q'f) (4.157) 



(t) = \Mt)){Mt)\ we write 



t[Hs -^q^ - iq- -T^q ) P' 



^stochastic 



(t) 



stochastic / 



P 2 



h 



{t){Hs-^q'-iq+-uq 



(4.158) 



(4.159) 



^The notation q and q' is not important here since we have already seperated the 2 processes. 
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ih 



dp' 



stochastic 



it) 



dt 



^stochastic 



+ 



„stochastic 



stochastic 



h 

u 

2 



^stochastic / 



We proceed to find Xrp'^*°'^'^'^*"^ (t) . Note that the trace of a commutator is zero. 

d 



-1 + 



rj^pStochastic^^) = iz.Tr 



Define the normalized 



stochastic 



it) as 



-stochastic 



{t) ^ 



P 



stochastic 



it) 



(4.160) 

(4.161) 
(4.162) 

(4.163) 



'JYpStochastic 

Obviously Trp^*"*^^*^^ (t) = 1. We solve Trp^*"*^^*^^ (t) explicitly. Divide by T^ff^ochasticf^^-^ T^^^^i sides. 

1 d 



Trpstochastic(^) 



Tup 



stochastic 



it) 



define f * = Ti: (t)) 



^ln(^Trp^*°^^'^'^"^(t)) 
r-|-ij,pStochastic 



rt 



(4.164) 

(4.165) 
(4.166) 



And finally we can also write the Liouville form for pstochastic^^^ This is known as the "trace-conserving 
form" stochastic equation of motion. We divide by Trp®*°^^^*'^(f) in the above Liouville equation. 



ih 



d 



,stochastic 



'Pj.pStochastic 



■stochastic 



(t) 



-stochastic (-^^^ ^2 



^tochastic 



note that 



it),q 
1 



h 



Trstochastic 



it) 



(4.167) 



d 



^stochastic 



'Pj.pStochastic fj^' 



d 



^stochastic 



dt \Tvp 
dp 



stochastic 



P' 



stochastic 



d 



dt Trp®*"^'*'''^*^^ 



■stochastic 



dt 



+ 



P 



■stochastic 



Trp' 



stochastic 



iu{t)rt Trp 



„stochasticj 



ih 



dt' 



-stochastic _j_ -stochastic 



Hiy{t)rt = 



Hs,P 



■stochastic 



+ 



P 



-stochastic 2 

p ) y 



-stochastic 


h 


-stochastic 


P ) y 


u 

- 2 


(/) P 



+ 



(4.168) 



stochastic 



-rstochastic 



-rStochastic 2 
P ) y 



-stochastic 




-stochastic 




--H 





2pStochastic 



write rt into anticommutator though its a function 
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Tj -stochastic 
stochastic 



+ 



-stochastic 2 
P 1 H 



rt,P' 



stochastic 



Recall that we have to take noise average of p' 



stochastic 



to get the reduced density matrix, 



^reduced 



{P- 



stochastic \ 



-stochastic ( rp^ ^stochastic j 



(4.169) 



(4.170) 



Thus we need to absorb Xr/)'^*°'^'^^'^*"^ into the Gaussian integration measure in the noise averaging. The 
change in the volume element is calculated from the Jacobian determinant. 

Denote the new Gaussian measure as W[.^ti Q-i'^t-, i^t] ^'^^ the old Gaussian measure as W 
so the noise averaging notation can be written as 



/noise 

-stochastic / rp .stochastic 



„stochastic\ 



■stochastic 



Tip 



stochastic 



^stochastic 

[Tip 

Thus W and W are simply related by 
The variables are related by a shift 



w 



stochastic \ 



>W' 



i{t')-i / dti{i{t')u{ti))wft^ 



Jo 

v*{t')-i [ dti{v*{t')v{ti))wft. 



(4.171) 
(4.172) 



(4.173) 



(4.174) 

(4.175) 
(4.176) 
(4.177) 



Finally we shall check that VF'[Ct, ) ^^t; ] is indeed a Gaussian measure under the above variable 
relations by checking that the Jacobian of the above transformation is 1 . 

As mentioned in |Stockburger2002] (just below eqn 14) and in |Stockburger2004] (just above eqn 
13), ^ can be chosen real and we only have 3 independent variables. The Jacobian is 



&£,t &£,t S^t 
Sut Sut Snut 
Su* Su* Su* 







1 

Si4_ Si4_ . 

S^ Su ^ 



carry out minor expansion 



6C 



^ ^m-t fdt"{mHt"))wrt" 



in a matrix of time, the first term gives 1 on the diagonal 

recall the identifications, second term is casual i.e. with 9{t' — t") 



(4.178) 

(4.179) 
(4.180) 



"This is essentially "completing the square" 



CHAPTER 4. REDUCED DENSITY MATRIX RELATED METHODS 



125 



I we get a triangular matrix with 1 on diagonal 
I determinant of triangular matrix is the product of its diagonal 
= 1 (4.181) 

The whole scheme looks exact and feasible, however there are many subtle problems which are mostly 
numerical. The paper [Koch2008] was in fact written to provide a method to overcome the numerical 
problems. I shall provide some of the highlights from [Koch2008] : 

• A direct Monte Carlo sampling of the 2 stochastic equations is impractical as the samples do not 
stay normalized which slows down convergence. 

• Modification to enforce trace-conservation (or norm-conservation) results in numerical instability 
unless the system is linear or classical. 

• Thus |Koch2008] proposed to propagate individual samples with the (Herman and Kluk) HK 
semiclassical propagator which is known to be stable even when trace-conservation is imposed. Of 
course, the HK propagator is derived to be consistent with stochastic unravelling. 

This concludes the stochastic unravelling method in handling non-Markovian problems, in this 
particular case, the non-Markovian problem of the reduced density matrix. 

4.2.3 Appendix: Explanation of the Potential Renormalization term 

Here we follow |Ingold2002| . The physical argument is as follows, first consider the minimum of the 
Hamiltonian with respect to the environment. 

^ dH ^ / N 

= = niaUJ^Xa - Caq (4.182) 

^Xa = -^^q (4.183) 
Now consider the minimum of the Hamiltonian with respect to the system, 

OH dV ^ A d 

oq oq ^ ^ rnaui 

a=l a=l 

I use the above result Xa = — —^q 

dV_ 
'dq 



(4.185) 



Thus the potential renormalization term ^T^=\ 2m°'u}^ ensures that the minimum with respect to the 
system is only determined by the bare potential V{q). 

4.2.4 Appendix: Prom Evolution Operator to Configuration Path Integral 

In this appendix, we will show how to write the matrix element of the temporal unitary evolution 
operator into a configuration path integral, i.e. 



qfXo 



q{t)=qf rx{t)=xo . 

Dq / Dxeh^^'i'''^ (4.186) 

Q(0)=gi ix{0)=xi 
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where the exphcit form of the Hamiltonian is 

32 ^ ^2 



H 



2M 



Af 2 1 ^ / 

a=l a=l ^ 



(4.187) 



We slice the time interval (0, t) into N equal intervals. 

t-0 



N 



= e where e is an infinitesimal interval 



tn = ne n = 1,2, . . . ,N — 1 
We label the quantum numbers with n. 



If = i<l)N ' 
^0 = (^)iV ' 



(4.188) 
(4.189) 



(4.190) 
(4.191) 



We start from the LHS, 



(qfxo 



e h 



QiXi 
Ht 



iq)oix)o 



= {iq)N{x)^t\{qUx)oO) 

I at each interval, insert a complete set of states (total of iV — 1 sets) 
= <(9)jv(^)jV*l J «^(9)iV-W(^)iV-l l(9)iv-i(^)iv-i*jv-i>((9)jv-i(^)jv-i%-il 
X...X J d{q)id{x)i \{q)i{x)iti) {{q)i{x)iti\{q)o{x)oO) 

= j d{q)f;,_^d{x)f:,_^--- j d{q)id{x)i 

((9)jv(^)7V*l(9)jv-i(^)iV-i*iV-i) X ••• X {{q)i{x)iti\{q)o{x)o{}) 



(4.192) 
(4.193) 



(4.194) 



(4.195) 



The advantage is that each matrix clement is more easily evaluated. When e is sufficiently small, the 
time evolution operator can be approximated by its linear term. It is exact when e — )• 0. 
Now we evaluate a general infinitesimal matrix elements (out of N elements) . 



{{q)n+i{x) 

n+l^n+l| {q)n{x)ntn) 

= ((g)„+i(x)„+i|e-^^*"+ie^^*"|(g)„(x)„) 
= (((?)„+i(x)„+i|e-^^(*"+i-*")|(g)„(f)„) 
= {{q)n+\{x)n+\\e~T^"%q)n{x)n) 

= {iq)n+iix)n+i\ (l - ^ei?) \iqUS)n) + 0(e2) 
I insert a complete set of momentum states 

= ((g)„+i(f)„+i| / diP)ndip}nmnip}n)mnip)n\ U " ^ei^) | ((Z)n(x)n> + O(e') 



(4.196) 
(4.197) 
(4.198) 

(4.199) 

(4.200) 



use ((g)„+i|(P)„) 



{2Trh)^/^ 
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J {2nhy/^J 



(27r/i)^/2 



en 



i(P)„(q)„+i 



e h 



Te{{PUp)n\H\iqUx)n) +0{e^ 



(4.201) 



\^ (27r;i)i/2 (27r/i)^/2 h 
from the explicit form oi H, H simply "passes through" the ket and the bra to become a number 



f d{P)n f 

J 27rh J 



((5)n+l-(5)n)g|(p)n-((x)n+l-(*)n) 



1 - ^€H[{P)n, {q)n, {P)n, 



We put the expression back, 

-Ht 



(4.202) 



(qfXQ 



e h 



lim Jim / d{q) ff_^ ■ ■ ■ d{q)i / d{x) ■ ■ ■ d{x)i / 
e-^U jV-)-oo 7 7 7 



d(P)jv-i d{P)o fd{p)j^_i d{p)o 



2'Kh 



[dm 
J (27r 



h) 



N 



i v^iV-l/pN {<l)n + l-(<l)n i (rg)„+l-(g)ra 



N-1 



n=0 



nil- TeH[{P)n, {q)n, ip)n, ix)n] 



(27r^)^ 
(4.203) 



N-l 



use a general mathematical identity Jim | 1 + j = Jim e n ^n=o 



n=0 



with Un = ——tH and recall t = Ne 
n 

lim^lim j d{q)^_^- ■ ■ d{q)i j d{x)j^_^ - ■ ■ d{x)i j 



d{P)fj_^ d{P)o fd{p)f,_^ d{p)o 



2-Kh 2nh J {2nh)^ 

this Hamiltonian is quadratic in momentum variables so the Gaussian integrals can be done 

d{P)f^_^ d{P)o rd{p)fj_^ d{p)o 



i2TTh)^ 

(4.204) 



= lini lim / d{q)fj_-^---d{q)i / d(x)^_;^ • • • d(f)i / 
e^0 7v-s.oo7 7 7 



2'Kh 



2Trh J (27r/i)^ {2Trh) 



(4.205) 

d{P)fj_^ d{P)o fd{p)fj_^ d{p)o 



xe 

-0 ^Zo I ^^'^^-^ ■ ■ ■ '^^'^^ / ^^"^^-^ ■ ■ ■ ^^''^^ 7 2vr;. 2vr;. 7 (2vr?.)^ (2vrn)^ 

^v^JV-lF 1 i((r,\2 2M(P)n((g)„-)-l-(g)7i) \ ^^AT ]_ i \2 2mn(pa)n((3;a)„_)_i-(3:a)rt) \ i^r\(„\ ll 

"complete the squares" for (P)„ and (pa)n 

AT 



= lini Jim / d{q) f,_^- ■ ■ d{q)i / (i(x)jY_-^ • • • (i(x)i 



2'Kh 27Th J {2TTh)^ {2'Kh) 



xe 



1 i 
2M ft 



M((q)r. 



xe 



"Ea=l 2^i{ {iPa)ri 



■|l^[{?)n,(^)n] 



(4.206) 



I the Gaussian integral is j dpe = 

= lim lim / d(q)cr .■■■d(q)i f d{x)<j ■ ■ ■ d{x)i ^ 

e^ON^^J ^^^V ^ ^ ^ {2Kh)^ {2Kh)^x^ 



N NxN 

1 f2KMh\ 2 f2Kmcyh\ 2 
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v-JV-l 



i M I (l)n + l-(l)n\'^ I i mg ( (^a )n + l - (^^Q )t7 ^ ^ 



xe 



take the continuum limit, 



"rZ^a = l ft 2 \ 



A'" ^ s ±^ 

-0 iToo / ''^'^^^-^ ■ ■ ■ ^^'^^^ n / ^^"^"^^-^ ■ ■ ■ '^^^"^^ (^) ' (^fe) 



(4.207) 



N-l r-t 

and > e — >• / 

^^1 ^0 



xe' 



the exponent is the temporal integral of the Lagrangian C{t) and so is the action S\q,x\ 



define the shorthand symbols: 



a=l 



iS[qA 



(4.208) 
(4.209) 



lim lim , 

e->-o 7v-s>oo V 27rme 



] / d((z)^_i---%)i^ / 



lim 

«-5>0 7V-S.OO 



, ^ -.K r r r-x{t)=xo ^ r- 



g(<)=9/ rx{t)=xo 

Dq / L)xeft^['^'^] 
g(0)=(7i ix(0)=xi 



(4.210) 



As required. 



4.2.5 Appendix: Evaluating the Path Integral of Fluctuations 



We follow |Das2006] section 3.3. The path integral is to be evaluated with the boundary conditions 
r/„(0) = = r/„(t). 



Driae 



discretize the time interval to t into intervals and denote rja{tn) = r]an 

the boundary conditions in this discretized notation are rjao = = rjaN 

this A-interval time slicing has nothing to do with the A-degrees of freedom of the bath 



rescale Van= [^) Van 

N-l 

/ m« \N/2 f2he\ — 
lim lim — 



2ft 2^n = l 



— matJ„ I 2 



|4.211) 



nm iim — 



_ 2 f ''a'i+''L(n-l) 



(4.212) 



denote a vector notation, fja = (^rjai ■ ■ ■ Va{N-i)) then we can write a matrix form 

note that this vector form has nothing to do with the vector notation for degrees of freedom 
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,. / ma \^/2 (2he\ — 

= lim iim I — I I 

e->0iv->oo KzTrihe/ yrria 

The (iV - 1) X (iV - 1) matrix B is 



(4.213) 



B = 



/ 2 -1 
-12-10 
0-12-1 

\ ■ ■ ■ ■ 

fx y ••• 

y X y ■■■ 

y X y ■ ■ • 



\ 



/ 2 1 
12 10 
12 1 



... \ 



V 



(4.214) 



V 



where x = 2(1 



y 



1 + 



e2u;2 



We use the standard Gaussian integral (for — 1 dimensional integrals) result. 



/ 



(m)^ (detS)-^/^ 



The path integral is now 



fDr,ae^nf^dn"^'^vl(t')-rn^^lvUt')) ^ ^Jn^^N/2 /2h^\ . ^.^^ ^ (deti? 

J ' e-^0N-^oo\2TriheJ \maj 

/ \ 1/2 



= lim lim 



( 



e-^OAT-^oo \27ri^e(detS) 



(4.215) 

(4.216) 
(4.217) 

(4.218) 

-1/2 

(4.219) 



So, we need to work out det B and then take the limits for e and N. 

Denote the determinant of the nx n submatrix of B as 7„. We see that a recursion relation holds 



In+l = Xin - y^In-1 with 7_i = 0, Iq = 1 



We write it as 



In+l 
In 

In-1 

In-2 



X -y' 

1 

X —y^ 

1 



In 

In-1 



X -y" 
1 



I-i 



where there are N — 1 factors of the square matrix 

2 \ N-2 / J. 2 r 

X -y^ \ I xlo-y I-i 



1 

X -y' 
1 



^0 



o X iV-2 



(4.220) 

(4.221) 
(4.222) 

(4.223) 
(4.224) 
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We diagonalise each of them 



det 



a; — A — 
1 -A 



A± = ^{x± - 4y2 j 



The diagonahsing transformation matrices are 

S = 

= 

where c and d are arbitrary constants. 



In-1 

In-2 



s 



A 



7V-2 



A 





N-2 



s- 



note that a; = A+ + A_ 

1 / cA+ dX- 
A-i- — A- \ c d 



multiply all the matrices together 



cA+ 


dX- 


c 


d 


1 




+ -A- 


■(-■ 






l) 




A^-2 








A^- 



d 



A+-A_ 



A: 



A^-A^ 

N-l _ ^^^N-l 



+ 



A+- A 

Therefore the required solution det B = In-i is 
1 



In- 



A+-A- 
1 



(A^ - A^) 

2 (l - ^) + Va;2_4y2 



N 



2 1 



2iea;n 



2 1 



+ 2ieUa 



N 



2 1 



2 

TV 



to first order in e 
1 



2^60;^ 



(1 + ieua + 0{€^)f - (1 - ieua + 0{e^)) 



Finally, 



lim lim edet-B = lim lim c/at-i 

e->-0 N-^oo e->-0 N-^oo 



= lim lim 



1 



(1 + ieua)^ - (1 - i^^a) 
t-0 



c-s>0 7V^>oo 2iuJa 

recall the size of one slice e 



N 



N 
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lim lim 



1 



1 + 



iuJnt 



>OAf-s>oo 2iuJa V N 

the limit for e is trivial 
take the limit for N 



N 



iuJat 

IT 



N 



(4.237) 



1 



2iuja 



So, the fluctuating path integral amounts to, 



1/2 



(4.238) 
(4.239) 

(4.240) 



Lastly we remark that, the calculation of the undriven harmonic oscillator involves the same fluctuating 
path integral expression and the action term eft'^'^ ' can be simply obtained by setting q{t) to zero. 

4.2.6 Appendix: Evaluating the Classical Action 

Here we evaluate "Sfx^ Ji^'j'^ and we drop the index a to simplfy writing. 
The classical equation of motion is 



6S 



■•rl 2 rJ 

mx + mcj X — cq 








(4.241) 
(4.242) 



We treat cq{t) as a "time dependent force" and this is simply the driven harmonic oscillator problem, 
igenoi 



)r_pr 

The (homogenous + inhomogenous) solution is ( the initial time is and the final time is t)r^ 



A cos{ujt") + B sin(cL!t 
c 



+- 



mu 



* dt' sin(w(t" - t'))q{t') - r dt' sin(w(t - t'))q{t') 

sm(wt) Jq 



(4.243) 



We need to express the constants A and B in terms of the initial and final positions. At the initial time 
0, the initial position x'^'(O) = xi and at the final time t, the final position x'^\t) = xq. Set t" = 0, 



x"'(0) 



xi = A 



Set t" = t. 



x^\t) 



Xq 

B 



Xq = A cosiojt) + B sin(a;t) + 
since A = xi 
xi cos{ujt) + B sin(cjt) 
Xq — x\ cos(a;t) 
sin(a;t) 



(4.244) 

(4.245) 

(4.246) 
(4.247) 



'One can substitute the solution back into the classical equation of motion to verify it. 
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Thus the solution in terms of end points is 



x^^f) = xiCOs{cvf) + 



//■. {xq — xi cos(wt)) sin(a;t") 



sin(a;t) 



+- 



dt' sm{uj{t" - t'))q{t') 



sm{ijot") 
sin(a;t) Jq 



dt' sin(w(i - t'))q{t'] 



(4.248) 



sm{ujt") sm{u){t - t")) 

Xq ; ~^ ~t~ •^'1" 



sin(a;t) 



sin(a;t) 



+ 



mu 



r dt' sin(w(t" - t'))q{t') - f dt' sin(w(i - t'))q{t') 

Jo sm(wt) Jq 



sm{ut) 

We list some expressions for use in the evaluation of the action later. 



(4.249) 



x"'(0) 
x'^\t) 

x'^^iO) 



Xl 
Xq 

d 



—x'^Ht"' 

t"=0 

oj{xq — Xl cos(a;t)) c 

sin(a;t) m sin(a;t) 



dt" 



x'^\t) 



[ dt' sm(u{t - t'))q{t') 
Jo 



Uj{xoCOs{ujt) — Xl) ^ c 

sin(wt) m 

Uj{xo COs(ujt) — Xl) 



+ 



/ dt' cos{oj{t - t'))q{t') 
Jo 



dt' sm{u;t')q{t') 



cos{ujt) 
sm{ujt) 



sin(a;t) msin(wt) Jq 

Now we can evaluate the expression of the classical action of the driven oscillator. 



(4.250) 
(4.251) 

(4.252) 
(4.253) 
(4.254) 

dt' sm{uj{t - t'))q{t') 

(4.255) 



dt" 



^rnx'^^'it") - ^mu;''x''^\t")+cx''\t")q{t") 



integrate by parts once for the first term 



dt" 



1 d . ^1 ,^1. 1 r-l ..r-l 1 9 

-m— (x^^x^*) - -mx^^x^^ - -mu x^^ + cx^^q 



-mx^ X^ 
2 



dt!' 



1 -r] 1 9 r]'^ rl 

-mx X + -mijj X - cx q 



Jo -'0 

use the classical equation of motion mx'^' + mu^x'^'' — cq = 



cx'^{t")q{t") - cx''\t")q{t") 



]-mx''\t)x''\t)-]-mx''\Q)x''\Q)- I dt" 
2 2 Jo 

]^mx^\t)x'=^{t) - ^mx^\Q)x'^{<d) + j\t"^cx^{t")q{t") 

substitute in the 5 expressions x'^''{0), ±'^''{0), x'^\t) , x'^\t) and x'^\t") 

m Xouj{xq cos(x7) — xi) 



(4.256) 

(4.257) 
(4.258) 

(4.259) 
(4.260) 



sin(a;t) 



+ 



2sin(a;t) Jq 



dt' s\n{ojt')q{t' 
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m xiUj{xo — xicos{ujt)) cx 



2 sin(a;t) 
ft 



+ 



CXo 



2 sin(a;t) 



/ dt" sin{ujt")q{t") + 
Jo 



2sm{ujt) jQ 

CX\ 



2sin(tjt) Jo 



di! sin(a;(t - i!))q(i!) 



dt"sm{Lo{t-t"))q{t") 



, dt" / dt'q{t")sm{uj{t" -t'))q{t') 
2muj ./o Jo 



, , , dt" sin(u!t")q(t") / dt' sm(uj(t — t'))q(t') 
2mujsm{ujt) Jq Jo 

2 pairs add up and the last pair requires some rewriting 
mco 



(4.261) 



2 sin(a;t) 



[xq cos{u}t) — xqXi — xixo + xf cos(cjt)] 



CXl 



sin(a;t) Jq 



dt' sm{uj{t - t'))q{t') + 



CXq 



sin(tjt) 



dt' sm{ojt')q{t') + last pair (4.262) 



The last pair of terms requires some work. We establish an identity first and use it to simplify the last 
pair of terms. Consider the expression, 





(a) 



(b) 



Figure 4.1: Diagram showing integration regions for the derivation of an identity. 



dt" sm{ut")q{t") / dt' cos{ujt')q{t') 
Jo 

dt' [ dt"sm{ujt")q{t")cos{ujt')q{t') (4.263) 



dt' dt"sm{ujt")q{t")cos{ujt')q{t')+ dt' dt" sm{ujt")q{t") cos {ujt')q{t') (4.264) 
Jo Jo Jt' 

the first term operates in region I and the second term operates in region II (see Fig 14.1( a)) 
for second term, (see Fig l4.1f b)) interchange order of integration, 
i.e. integrate with respect to t' first then t" 



dt' J dt"sm{ujt")q{t")cos{ujt')q{t')+ I dt" I dt' sm{ujt")q{t") cos {cot') q{t') (4.265) 
for second term, relabel t' -H- t" 
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/ dt' / dt" sm{ujt")q{t") cos{ujt')qit') + dt' dt" sm{iot')qit') cos{ut")qit") (4.266) 
Jo Jo Jo Jo 



We call Identity (a) as: 



t rt 

dt" sm{ojt")q{t") / dt' cos{ujt')q{t') 
Jo 

t ft' ft ft' 



f dt' [ dt"sm{ut")q{t")cos{ut')q{t') + [ dt'f dt" sin{iot')q{t') cos{ujt")q{t") (4.267) 
Jo Jo Jo 

For the special case where the functions are the same, we have a simplified version which we call Identity 
(b): 



/ dt" sm{ujt")q{t") / dt' sm{ujt')q{t') = 2 dt' dt" sm{ujt")q{t") sm{ut')q{t') (4.268) 
Jo Jo Jo Jo 

Now we arc ready to rewrite the last pair of terms, 



last pair of terms 

^2 



2mu> 



f dt" f dt'q{t") sm{uj{t" - t'))q{t') 
Jo Jo 



f dt"sm{ujt")q{t") [ dt'sm{co{t-t'))q{t') (4.269) 
JO Jo 



2mu sin(a;t) 
expand the trignometric addition expressions 

^2 



2muj 

„2 ft 



f dt" I dt' q{t")s\n{ojt")cos{ojt')q{t') — / dt" I dt'q{t")cos{ujt")sm{ujt')q{t') 

Jo 2mct; Jq Jq 

dt" sm{u;t")q{t") [ dt' cos{u;t')q{t') 
Jo 

Inu. smM) [ *" f -("0,(0 (4.270) 



2muj 

^ (? cos{(jjt) '■^ 



use identity (a) on the 3rd term 
use identity (b) on the 4th term 
relabel t' -f-^ t" in the first 2 terms 



dt' f dt"q{t')sm{cot')cos{ujt")q{t") - [' dt' f dt" q{t') cos{ut') sm(ut")q{t") 

Jo 2mLJ Jq Jq 

ft' 2 ft ft' 

dt' dt"q{t")sm{ujt")cos{ojt')q{t')~^ dt' dt"q{t") cos{ujt") sm{ujt')q{t') 

Jo 2miO Jq Jq 

[ dt' I dt"q{t")sm{ujt")sm{ujt')q{t') (4.271) 
Jo Jo 



c 



2muj 



^ c2 cos(wt) /•* /•*' 



■moj sin(a;t) 

1st and 4th terms cancel, 2nd and 3rd terms add 



[ dt' f dt"q{t")sm{oot")cos{cot')q{t') 
Jo Jo 

c2 r* /•*' 

+ -— / dt' / dt"q(t")cos(ujt)sm(ujt")sm(cot')q(t') (4.272) 

mojsm[cjt) Jq Jq 



, . , sm(a;t) 
multiply -— — r = 1 to the first term 
sm{Lot) 
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c2 rt rt' 



mujsiii{u}t) Jq Jo 

^2 ft ft' 



dt' / dt''q{t') (^sm{i^t) cos{(jt') — cos{ut) sm{ujt')) sm{ujt'')q{t'') (4.273) 
Jo 

[ dt' [ dt"q{t')sm{uj{t-t'))sm{ujt")q{t") (4.274) 
Jo Jo 



'mujsin{ujt) Jq Jq 

and finally we have the expression of the action (in terms of the end points) for the driven oscillator. 



^ CTi r f dt' sm{ujt')q{t') 

sin(wt) Jq sm{u}t) Jq 



c2 



dt' / dt"q{t')sm{uj{t-t'))sm{ujt")q{t") (4.275) 



ma;sin(a;t) Jq Jq 

4.2.7 Appendix: Relationship between Dissipation Term 7 and Spectral Density J 

We follow |Ingold2002| . We derive Heisenberg equations of motion and thereby identify the dissipation 
term 7. Then we relate 7 and J through their definitions. At the end, we mention some models for J 
inspired from the relationship between J and 7 For the environment variables, we calculate, 

I using [xa,Pa]_ = ifi 

= -maUJa^a + CaQ (4.277) 

^ = Uh,x^]_ = 2^ (4.278) 
dt n nia 

For the system variables, we calculate. 



recall that a commutator with P is just like an operator differentiation of q 

dv ^ ^ c 



dt h' M 
From the environment equations, we write, 

d'^Xa 1 dpa 



-JH,<l]- = ^. (4.281) 



(4.282) 



dt"^ nia dt 

mxa = —maUjI^Xa + Caq (4.283) 

The (homogenous + inhomogenous) solution is, 

Xa{t) = Xa{Q) cos{ujat) + ^^^^ sin(a;at) + [ dt' sm{uja{t - t'))q{t') (4.284) 

rUaUJa rUaUJa Jo 
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From the system equations, we get, 



Mq 



1 dp 
Mdt 

air ^ 
oV \ - 



N 9 

r 



CryXr 



(4.285) 
(4.286) 



substitute in the above solution for Xait) 



dV ^ 

a=l 
^ „2 



Xa(0) cos(cjat) H — sin(a;„t) 



' rriaUJa Jo ' 
0=1 a=l 



(4.287) 



1 d 



integrate by parts for the third term by treating sin(a;a(t — t')) = — — cos(a;Q(t — t')) 



a=l 

^ r.2 



Xa(0) cos(a;Q,t) + sin(a;„t) 



N 9 



define an operator fluctuating forci 

TV 



12 



Xa(0) cos{u}at) ^—^ cos{u!at)q(0) + ^ sin(cjQ,t) 



a=l 



Af 9 

r 



dt' cos{ijJa{t — t'))q{t') 



(4.288) 



Comparing with the classical equation of the damped oscillator, we define the dissipation term 7 to be 

^ .2 



a=l 



^It is very interesting to note that (See |Ingold2002| page 30) if we define, 



iV 2 



at) = m + E ^^9(0) cosKt) = at) + M'y{t)q{0) 

q: — 1 

where q(0) represents the initial position of the system particle (transient). Then consider the thermal average, 



Tr(e-^^«CWC(0)) 



Tre-P^s 



a;Qi(0)cos(tJait) + ■ 



■"^ — \\ ma,UJa, S\mUJa,t) 

= — ( coth I -jSTiWa j cos(a;at) — isin(a;at) 



ti=i 
L(t) 



(4.293) 

(4.289) 

(4.290) 

(4.29f) 
(4.292) 



which is the exponent term in the influence functional! 
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So that the quantum damped equation and the classical damped equation have the same form. 

dV /■* 

Mq = -— + ({t) - M / dt'"f{t - t')q{t') (4.294) 
dq Jo 

Recall the definition of the spectral density J, 

N 2 

J(a;) = 7r^-^^^5(a;-a;„) (4.295) 

n=l 

The relationship between the 2 quantities is (it can be checked by substituiting the expression of J ) 

^W = T7/ ^cos(a;t) (4.296) 

According to |Ingold2002| , it is unnecessary to specify the parameters m-Q,, and Cq, in practical 
calculations. It is instead sufficient to introduce models for J{oj). 

We mention the most common model for J{uj), the Ohmic bath. 

Ohmic Bath/Damping: 

J{uj) = M-fuj X "cutoff function" (4.297) 

where the cutoff function could be: identity or a step function ^(wc — w) or a Drude/Lorentzian cutoff 
function ^i^^i with ujc the cutoff frequency. 

For the spectral density with identity cutoff function, 

J{uj) = M-fUJ (4.298) 

^7(t) = 2-f5{t) (4.299) 

For the spectral density with Drude/Lorentzian cutoff, 



Jluj) = M-fLo ^ " „ (4.300) 



o;^ + uj, 

-UJc\t\ 



c 



^7(t) = 7a;ce"'^'=l*l (4.301) 

There are other models for J{uj) but we stop here as it will bring us too far from the main theme of 
the thesis. 
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Chapter 5 

Anharmonicity 



[Chapter Introduction and Roadmap:] We enumerate this introduction for easy reading. 

1. This chapter continues the development from the chapter on NEGF (mostly phonons) specializing 
to phonon-phonon interaction or anharmonicity. Recall the 3 developments of transport from 
NEGF. 

2. Linear Response theory of anharmonicity is briefly mentioned. 

3. Applying Landauer-like equations to anharmonicity easily give corrections to the energy current 
to a central system with 3 or 4-phonon interactions. Noise in the 3-phonon interacting central 
system is also derived. 

4. Then using NEGF as "a trick", phonon-phonon equations of motion is rewritten into a set of 
functional derivative Hedin-like equations. A library of these self energies are collected. An 
appendix is devoted to check if these self energies are conserving or not. Such equations generate 
conserving self energy approximations, thus it is useful to write any many-body interaction into 
such a set of Hedin-like equations. 

5. The other development is kinetic theory. The standard phonon Boltzmann equation with 3 or 
4-phonon collision integrals is presented. Then these phonon Boltzmann equations are used to 
discuss second sound. Second sound excitation is of particular interest because the onset of U- 
proccsscs is right at the heart of phonon transport. 

6. Kinetic theory is revisited by QKE. QKE gives us correlation corrections which are quantum 
corrections to Boltzmann equation. Finally second sound is revisited by QKE to see how these 
corrections enter the usual Boltzmann description, i.e. to see how quantum corrections really 
affect the semi-classical description. 
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5.1 The Hamiltonian 



The perturbation Hamiltonian involves the expansion of the interatomic potential up to the cubic and 
quartic orderQ The cubic order gives 



(5.1) 



/ifcioi I2k2a2 hk-iOs 

The force constants (where n is an integer and n > 1) are defined as 

(n) _ 



The Normal mode transformation is given as 



(5.2) 



n V 



■j-q ^ 



2Nm 



Ika \ ^j-q^ 



n 



31 



(5.3) 
(5.4) 



31 



31 



where R and R are shorthand symbols defined to simplify writing. 
We substitute the transformation into the Hamiltonian. 

Tjisph) ^ IVWV V V ^^^^ R^^'^' R^'"^^ R^^^^ 

Ql ^Iikiail2k2a2lsk3a3''\kiai^%k2a2''%k3 



3! ^ ^ ^ 

jiqi 3212 jsqi hkiai I2k20i2 hk^OLz 



'^292 ; V '^i3,-q3 ^hQ-i 



(5.5) 



I E E E ^.iSL-2.3.-3 («L-.-i + "^I'Ti) («L-.-2 + ^3212) (aL-,-3 + «.3.-3) (5-6) 



Jiai J2<?2 3Z13 



where 



yi'iph) 
311132123313 



Bhil h3212 h3313 
^hkiai^l2k2a2-^l3k3' 



03 



^ efciai (jigi)efc2a2 {hQ2)ek3a3 ihQs) 



V V V 

Z-,' Z^ Z-,' hkiail2k2a2l3k3a3 
hkiai l2k20L2 '3^303 

/ fe / fe 

E E E 

Zifciai I2k2a2 I3k3a3 

y^^iii-h^m-h^m-h^i^l 

hkiail2k2a2l3k3a3 

use lattice translation symmetry to write, ^ e*^i-'ie*92-'2g«g3-'3^(3)^^^ 



(5.7) 



2iVmA.^ Y 2^"^fc2 V 2^"^fc3 ('^iigi'^i2'?2'^i3g3)^''^ 



(5.8) 

/2A:2«2Z3fc3"3 



E- 

h 



i{li+l2+q3)-h \^ pm-ih-h) f,il3-{l3-h) ^(^) 



'■"E» 



0fciai,/2—'i,fc2«2, '3— '1,^303 



^Note that the "seperation" of the quantum problem of electrons and ions in the solid is an incomplete seperation. The 
effects of the electrons are in the interatomic potential See the section on Born-Oppenheimer adiabatic decoupling. Em 
there is "1? here. 

I am not giving references in this section because this is standard material in any respectable solid state physics or 
condensed matter physics textbook. 
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rename h-h^ h and Z3 - ^ ^3 and so ^ e^®+«2+93)«i = NA^^^^^^ 

h 

h3/2 ^ 



23/2^1/2 / ^1/2 



gfciai(jigi)efc2«2 (i2g2)efc3a3 0393) iq2.f2^iq3.f3^(3) 

/ xl/2 ^ ^0kiail2k2a2l3k3a3 y'^'^' 

kiaik2a2k3a3 hh V"^A;i"^fe2"*A;3 j 



Obviously, the 4-phonon interaction Hamiltonian takes on a very similar form. 

jji'iph) ^ ^ ^ ^ ^ ^hkiail2k2a2l3k3a3l4k4a4''^^ikiai'IJ'l2k2a2Ul3k3a3^l4k4a4. (5-10) 



4! 

/i/ciai l2k2Cc2 ^sfcsas ^4/^404 



J_ ^(4pfe) 

4! Z^ Z^ Z^ iigij2<f2i3«3i4g4 

J292 j393 j4q4 

^ + ("L-gi + («L-?-3 + "^393) («L-g4 + "^454) (5-11) 



3iq\32q233q33iQi 



K^^"^ \1q2q3q4 ^ eA;iai(il9i)efe2a2(i2^2)efc3a3(j393)efc4a4 0'4g4) 



2^/2 AT/ \V2 rrr, ^ ^ ^ ^V2 

\'^3iqi^32q2^33q3'^34q4) kiail2k2a2l3k3a3l4k4a4 V^fci "'■fe '''■fc3 '''■fc4 j 



^ piq2-l2piq3-l3piq4-l4^i^} 

^ ^ ^0kiail2k2a2l3k3a3l4k4a4 K^-^'^) 



with and A^^^^^^^^^ meaning qi + q2 + qs = ng and qi + q2 + qs + q4 = ng respectively with 

n = 0, 1, • • • and ^ is a reciprocal lattice vector. 



[Approximations and Directions:] The main approach in this chapter is kinetic theory (semiclas- 
sical Boltzmann version and NEGF-derived Quantum Kinetic version) and we would like to collect the 
various approximations that the kinetic theory can take 

1. In terms of distributions, the usual approximation is to assume that the non-equilibrium distri- 
bution is near to equilibrium and its difference from equilibrium is a linear term. This is called 
the linearized non-equilibrium distribution. From the linearized distribution, it is possible to 
iterate via a Chapman-Enskog-like expansion to solve for higher orders of the non-equilibrium 
distribution. 

2. In terms of interaction collision integrals, the derivation within Boltzmann theory is done via 
the Golden Rule. There is no easy way of calculating collision integrals in higher powers of the 
coupling constant. Here, in the Green's function functional derivative development, we show that 
the Hedin-like equations which can generate self consistent self energies allow a direct calculation 
of collision integrals of any order in interaction. The usual collision integrals in Boltzmann theory 
will be derived from the leading terms of the (iterated) Hedin-like equations. 

3. In terms of particle correlations (memory), the usual Boltzmann theory has none of it. The 
gradient expansion in QKE (using Wigner coordinates) is an expansion in terms of correlations. 
Thus particle correlations can either be accounted for. A caveat is that, KB ansatz based QKE 
messes up the causality of the theory while GKB ansatz based QKE respects causality. 
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5.2 Linear Response Treatment 

5.2.1 Hardy's Anharmonic Current Operators 

For the sake of completeness, we shall present the linear response theory of anharmonicity very briefly 
in this section. Here we follow Hardy in |Hardyl963| pg 173 and we will only consider the 3-phonon 
interaction. The reader may refer to the section on linear response theory for the derivation of Hardy's 
energy current formula. The Hamiltonian with 3-phonon anharmonic interaction is 



2M ' 2 

la laliai 



(5.13) 



laliail2Ci2 

The following is thus the potential term to substitute into Hardy's formula. 



and as in the harmonic Hamiltonian treatment, r — )• R*^^ and r}^ is the actual position of the ion and 
with the displacement vector being u;^ = r;^ — R'j^'^ so r/^ — fi^ = ui^ — ui^ + R'j^^ — R^^- Hardy's energy 
current formula now looks like, 



J 



I I I1I2 



-'2 

Ph T/har , T/(3p/i) 



+h.c. 



(5.15) 



The anharmonic contribution to the total current is 



M 



ih 



2M' '2 



+ h.c. (5.16) 



which is eqn (4.16) in |Hardyl963| . The other contribution to the total current is J^^"^. 

Following Hardy, we seperate J^^p'') into terms that are cubic in phonon operators and quartic in 
phonon operators. In the spirit of Hardy's notation, we denote 



j{3ph) ^ jlSpfc)^^^) ^ jt3p'^)(5^) 



Explicitly, they are 

J^3P'^)(5^) 



1 1 

21^ 2M 



.2 ^A3ph) 



+ h.c. 



1 

2V 



Piyi3ph) J_ ^p,^ _ ,7, ^1 [^72 y{3ph) 



+ h.c. 



(5.17) 

(5.18) 
(5.19) 



We do not proceed further here as this is not the main approach of the thesis. For a receipe on 
how to calculate thermal conductivity using these energy current operators, we refer the reader to the 
section on linear response theory. 



CHAPTER 5. ANHARMONICITY 



143 



5.3 Anharmonic Corrections to Landauer Ballistic Theory 
5.3.1 Corrections to Landauer Ballistic Current 

In the section on Landauer-hke equations a full interacting current formula is derived but it not of much 
use as it is essentially unsolvable. Here, in the context of anharmonic interaction, we shall systematically 
expand the S'-matrix and calculate lowest order corrections to the Landauer (ballistic) current. 
Recall the expression for the (left to central) time dependent current. H 

Ji7rLiit) = zMim^l^ rdti(z){f)^(«i)4^)<(titO + <^<^ (5.20) 
^ IZi -^^o 

and the zeroth order expansion (in -ffint) of \^'^') 

D^\rr') ^ 4 (t., (e-^^.-^^^^(-)n^e(/r)n^e(/V))) (5.21) 

where the retarded and the lesser components will be taken. Together with imposing the condition 
of steady state and symmetrizing with the -^t^^maiC^) expression, we obtain the steady state (ballistic) 
Landauer current expression. 

The plan to include interactions in the central is now straightforward (but tedious). We will retain 
the first non-zero terms due to i^int in D^, {tt') and get the retarded and the lesser components. 

thermal \ 



Substituting them into J^j-^siit), we get 



«^th^Sai(*) = Jth^Sai (*) (Landauer) + Jt^;;j2^i(t)( Anharmonic correction) (5.22) 

Symmetrizing J^^^^g^j(i) (Anharmonic correction) with J^^^^^[(t) (Anharmonic correction) will give the 
full correction to the Landauer current. Here, I will only provide explicit expressions but will not 
calculate to the end. 

For the sake of clarity, we introduce the notation 

^[.%(-') - 4^.(^"^^-"^""^^^^-^o(/r)n-.(/V))) (5.23) 

(C) 

We expand Dj^j^, {tt') up to the first 2 non-zero terms in -ffint? 
- f !2,.,„.(-') 4 (4) / <ir3(r«,,.,(e-*^.«*'*'°'">ff£^^y(r3)ugy((r)ugy(iV))) 

(5.24) 



Before we proceed with explicit examples of interactions, we need to emphasize that this approach of 

including interactions is not the best approach one can use. The better way is to pick self consistent self 

(c) 

energy diagrams and calculate D^^, {tt'). These diagrams are derived in the next section and collected 
as a library and are shown to obey conservation laws (in the appendix) and they consist of infinite sums 



wrote down the time dependent current expression instead of the steady state expression because we want to probe 
the transient behavior as weU. The time dependent expression can capture the transients when the leads are attached to 
the interacting device at to. 
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of particular sets of diagrams. However it demands a large scale numerical computational effort. 

For the treatment of lowest orders of plionon-phonon interaction, we follow the important and 
pioneering work of [Maradudinl962j . 

5.3.1.1 Lowest Corrections from 3-Phonon Interaction (y(3p'*)^)* 

^yiSph)^ Correction:] For the 3-phonon interaction, the interaction Hamiltonian is 

Hg. = F(3.'^) = i ^\%u^uZu^ (5.25) 



3! 



where again be reminded that index I is the abbreviation for indices Ika. In the expansion of d'^^\tt')^ 
the term linear in = H^^^^^ is zero due to an odd number of u'~"s in the statistical average. So the 
first non-zero term in D^^\tt') due to H^^P'^^ is the term associated with i^(3p^)^. 

The plan is to expand it out and Wick factorise it completely then take the retarded and the lesser 
component. 

I be reminded that and r4 runs over ck + cm and T2 only over ck 

2 



V ^^^^ / 



X (r,,,+CM (e^^ ^^^^ '"^''^''^"^^ngc {hn^'ijc il2r3)u%c {hrsh'^^c (hu) 

u%c ihT4)u%c iku)u%c {It)u%c (/'r')) ) (5.26) 

We now need to make a very important digression to answer a question: can we directly Wick 
factorize the above expression /Tc^+cm (e ^ '^"^ '^^^^ ''^^^ u^c ihTs) • • • \? El i-e. 



Tc^+CM (e ^ '"'"'"''^"'^ngc (/ir3)n^c il2r3)u%c (/3T3)4c (hu) 



Tc.+c. (e-^^-'^^^^''^^^^n^c(/ir3)ngo(/2r3))) (t.,,+.,, (e-^^^x '^-^'"(-)ngc(^3r3)4c(/4r4) 

{Tc.-,c.. (e-^^-'^^^^"^^^^n^c(/5r4)ngc(/r))) (r.,+.,, (e"^ '^-^''(-)4c(/6r4)n^o(/'rO) ) 
+APP (5.27) 

where "APP" means all possible pairs. We will take a diagrammatic approach to prove it. First expand 



I have already used the factorization when I calculated the (DC) ballisitic noise, so I apologize for locating the proof 

%c{lr) and u%c 



here. The restriction to connected diagrams simply means that cannot pair u?-c(Zt) and u'^di'i'') together 
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the S-matrix e nJcj^'^'^'^^ ("^2) ^j^^ ^xst non-zero order (i.e. the second order). 



r,^+e,, ( e ^^^^K '^"^^^"'("^^n^e (/iT3)4c (/2r3)4c (Z3r3)^x^c {Ur^) 



Slg jrig 



1 / ■ \ 2 
1 / I 



2! V h 



j dT2T2'Vl;f^ Vi^g {Tck+cm (4f ihT2)u%c (/sTa)^^ (/9T^)n^C (/iqT^) 

(5.28) 



X n^Vc ihr3)u'^c {hT3)u%c {kT3)u%c ikT4.)u^c {hrA)u^c {l6T4:)u%c ilr)u%c {I't' 

riQ tIq tIq sig riQ 

I factorize u^s and use the definition of (left) lead self energy 

X u^c ihT3)u^c ihrsh^c ihT3)u%c ikT4)u^c ihT4)u^c {ku)u^c ilr)u^c (/V)) ) (5.29) 

The expression (Tck+cm ^^^0(^8^2) ' ' ' ) ) where Wick's theorem is known to apply. 

We define diagram rules to represent the expressions obtained when we Wick factorize the 10 dis- 



placement operators. 



^{Lan)ir\' ' I J Y 



Figure 5.1: Diagram rules. Recall the definitions: ^j^/ {tt') = ~Ti\^(^k+cm y^%c{l''')u^c{l''''')j^ 

and £'{2„);i,(rr') = -| (t,^-+c,, (e''^ ^^k'^"'^'''' ^"'\%c{lT)u^Hci^' ^'))) ■ Only time is labelled for sim- 
plicity. 

Note the diagrammatic form of the familiar Dyson equation of the central-lead coupling. 

*It is a reminder that the Wick's theorem for displacement operators u'^c works because of the underlying Wick's 
theorem for the bosonic phonon operators a,a^. 
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Figure 5.2: I)[2„),,(rr') = D'$^''\rr') + 4, dr2<(^Vri)s[f ^ (nr2)Z)[2„),^,(r2r') 



£)(0)(C) 

£)(0)(C) ^(i) £)(0)(C)/-- ~^£)(0)(C) 






Figure 5.3: The "1-bubble" diagrams. 



Wick factorizing the 10 ux^cS gives the "1-bubble" diagrams and the cubic anharmonic "instanta- 

^0 

neous phonon" (or lolhpop) diagrams. 

[Proof that "lollipop" diagrams vanish:] According to Maradudin in [ Maradudinl962| pg 2598 
text just above their Fig 4, the 4 "instantaneous phonon" diagrams vanish for lattices which are 
monoatomic or where each atom in the cell is a center of inversion symmetry. I am not sure how 
his proof goes and so I shall provide my version for a monoatomic cell. We examine the r4 vertex and 
it typically looks like, 
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Figure 5.4: The cubic anharmonic "instantaneous phonon" (or lollipop) diagrams. 



Typical Term: / dnOl^^ {nr,)D^^,f^ (un) 

iigii292 

jiqij2q2 

E ^^''^<'*^^^'''^r<t^6'^.ii.'^-.l..1.'^.3.4'5-.l (5.30) 

jiqij2q2j3qsj4q4 

I recall the definition of V^^^''^ 

= E ^h^^^L?2M33AqA^i^^'^^-^'^^^'^^i3i'^^-^i^^3 (5.31) 

= y i^f ... . (5.32) 

'2 3i,-qi3sqz33-q3 ^ ' 

jiqijsqs 

I use the explicit expression for but drop index k for monoatomic lattices 
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V ffiigi ^^^^ ^-QuQB-Qs sr^ eg 1 ( ji gi ) £^2 ( J3 93 ) e«3 ( J3 , - g3 ) 

xE^^'"'^^"^'"''<^2..^3.3 (5.33) 
note that eagOs, -gs ) = el.^ijsqs) and A.^-^^^-g .g-g means = 

thus it is a hint that it is about translating the whole lattice, we further rewrite to see it 

V ffiigi ^^^^ ^-gi.ga-gls \p eai Oi ?i ) (J3 9*3 )ea3 03,-9*3) 

''«2 93/2 Ml/2 ( I ,) . -,1,1. -./,}. -, U/2 



xE^^'^-^'^"'^^<^2.2^3.3 (5-34) 
(2/3 

(3) (3) 

use lattice translation to write , „ , „ , „ n„ 

Uai(2a2t3Cf3 — t3CH,'2— t3,02,Ua3 



then rename h - k ^ h to get ^ e'^^^''^ ^-Lii2a20a3 



I where ^-i'3«i;2a20a3 = is the force constant sum rule, see |Mar adudin 1 9 74 j eqn (2.8c) 

h 

= 

Thus the vanishing of the coefficient (and thus the vanishing of the cubic anharmonic "instantaneous 
phonon" or lollipop diagrams) is simply due to the fact that translations of the whole crystal changes 
no physics. 

For the surviving "1-bubble" diagrams, we can infer the diagrams that appear when we expand the 
iS-matrix e ^"k '^^^^ ^^^-^ to all orders and (as expected), the diagrams can be summed exactly to all 
orders. 

This completes the proof. 

We can thus directly Wick factorize such expressions {Tci^+cm{^ ^ ^"'^ '^^^^ ^'^'^^u^ ■ ■ ■ u^)). Lastly 
we need to sort out the combinatorial factor. There are 3 ways of choosing one T3 to pair with r and 
another 3 ways to choose one r4 to pair with r'. The 2 remaining T3 and T4 have 2 ways to pair up. 
Swapping rs and r4 gives a factor of 2. 3x3x2x2 = 36. Finally, 



I drs I dnDf,l^,^{rrs) Jr3r4)i?f2„),3 Jr3r4)] I)[2„),^,(r4r') 



X 

where terms in square brackets is the self energy (in parallel multiplication) 



x/ ^^3/ f^^4l?(?i)Hi(^^3) W2n)i2u(^3^4)I){2n)Z^ 

(5.35) 

The next step is to apply Langreth's theorem to get the retarded and the lesser components. Note 
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Figure 5.5: Diagrams that appear when we expand S'-matrix e to all orders. The last 

diagram is the result of the infinite sum. (Labelling is further simplified in the last 2 rows of diagrams.) 
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that J J • • ]D^^^^^ is a 3 term series multiplication. The retarded component is, 



.(C) 



^iC)Ri,,,^ _ ^{C)R $(3) ^(3) 



/"^*3 r duDfll^^^^^itts) [^J2n)..u(^3r4)I^J2„),3jr3r4)' 
J to -J to 



R 



D 



(5.36) 



The lesser component is, 



D 



= D 



(C)< 

ih 

(C)< 
(Lan)ll 



(th) 



9 ^ ^ ^^2^3U'^'5^6'7 



f oo /•oo 

, rf*3 / d*4l)[2f)«.(«3)p£i),3jr3r4)I)£^,),^Jr3r4) 
'to to 

foo /-oo 



L3 I dt4D^^^^^^^^ 



D 



(C) 



R 



D 



{C)< 
{Lan)lrli 



^ , . ^ (Lan)i3i5(^3r4)£'{2n)kZ6^^3r4) 

t() Jt() 

OQ POO p 

dh / rf*4Z?;2n)..(«3) ^[2„),3jr3r4)i)|2n)U/a(^3r4) 
to to 

to—ih/a^ poo 

+ / dri^ / dUDfZ^,^{tri') i^|2n)/3 J^3r4)D[2n)Wa(^3r4) 



+ 



D 



{Lan)lyli 

{C)A 



+ 



I 

/•oo /■ 

/ dh / 

-/to 

/ dri^ / drf d[2:)«.(*-3^) ^;2„).3j-3r4)i^{2.),,Jr3r4) 

J to to 



iC)A 
{Lan)lrli 



iUh) 



(C) 



{r3T4)D 



(C) 

{Lan)l4lfi 



(T3T4) 



(ri^ii) 



M 



(5.37) 



The expression for current with the correction terms are, 

tL^C 



•Ahcrmal (^) 



lim — 



t'-^t^-^ dt' jf^ 

Ih 



dti 



ih 



r dts r dt4i^[2S.. («3) [i^[2n)^3^. (^3r4)i^|2n)U.a (^3^4)] i^gS^. (^^^l) 

J to J to 



.(i)< 
-'111 



+ih lim "S^ — 



t'^t dt' jf„ 

Ih 



(it 



to 



rft3 r dUDf,l^^,^{tts) [^;2„),3jr3r4)i^;2n)We(^3r4); 



(C)< 



/"OO /"OO 

+ / dt3/ ^t4Z?[2f)«.(^^3) i^;2n)/3jr3r4)i^J2n)uJ^3r4) 
•'to -J to 



{Lanjlrh 
{Lan)lyl 



"d^\L ,(t4tl) 



CHAPTER 5. ANHARMONICITY 



151 



+ 



+ 



+ 



+ 



/ dh / 

Jto Jto 



D 



(C) 



{t3u)D 



(C) 

{Lan)l4lQ 



D 



iC)A 
{Lan)l 



to-ih/3^ 



to 



dt3 



to—ihp 
to 



to 



{Lan)ll: 



{tT, 



D 



(C) 



(C) 

{Lan)l4lQ 



to-ih/5'' 



dr. 



M 



to 

{L)A 



a 

to-ihli^ 



M r,{cr 



drfD 



to 



{Lan)lh 



{Lan)l3ls 
{tT, 



D 



{C)A 
{Lan)l 



M 



{Lan)hh 



(5.38) 



The first line is the Landauer term and the rest are the lowest order correction terms due to ^/(^p'')^ 



Note that we assumed that the 2-time quantities D 



iC)<,R,Au^'\ 



{Lan)ll' 

have been solved properly using the KadanofF-Baym equations. H 

We end this subsection by providing more explicit expressions of the self energies which are in parallel 
multiplication. 



D 



{C) 

(Lan)lzh 



(r3r4)Z){2„)U«6(^3T4) 



R 



D 



(C) 

(Lan)lzh 



(Lan)l4l(i 



(T-3T4) 



(C)< 



(Lan)l4l(i 



D 



(C) 

{Lan)lzli 



D 



iC) 

{Lan)l4l(i ^ 



(^3r4) ^ = <]:),3 Ji3t4)/?S:)U J*3t4) 



(C)< 

(Lan)/4t5 ' 



{Lan)l3l^^ (Lan)l4l(, 



{T3T4) 



D 



D 



{Lan)hk, 
(Lan)l3ls 



{Lan)l4le 



{Lan)l4le 



D 



(C) 



(Lan)hh (^3'^4)^(2„)UZe ("^3^4) 

{C)M f^M^M-^ r>^C)M 
{Lan)hh 



M 



^{Lan)huS^^ ^4 ) ^ ( LanWe'^^S ^4 > - ^hk, ^^^S ^4 J^^ig \Jz ^4 J 



(5.41) 
(5.42) 

(5.43) 
(5.44) 
(5.45) 

(5.46) 



We summarize 2 important points that can be utilized in later calculations. 

1. The "modified" Wick's theorem works and will be employed directly in other parts of the thesis. 

2. "Instantaneous phonons" of cubic anharmonicity are zero. The reason being that the translation 
of the whole crystal has no physical effects. Thus such 3-phonon "lollipop" diagrams will be 



The more general 2-time quantities are needed and NOT the steady state versions which are 



^(Sn)ii' (^■'"^^ ) ~ and ^(^an)!!'(''"*^*') ~ ^- ^(1,1^)11' i''''^' ) obtained immediately by applying Langreth's theorem 
to the Dyson equation, 



[Lanjll' V / 



(5.40) 



since the contour variables ri and T2 do not "pass through" cjv/. 
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Figure 5.6: "Instantaneous phonon" of quartic anharmonicity. 



dropped directly. "Instantaneous phonons" of quartic anharmonicity are not zero. One can go 
through the same calculation and not get zero for the coefficient. 

5.3.1.2 Lowest Corrections from 4-Phonon Interaction 

The interaction Hamiltonian is 

= = ^ E <isiA-Z<-Z (5-47) 

The first non-zero term in this case is linear in ijC^?''*). 

D^^Vrr') « D^^^ (tt') 



~ l^^Jr,{n^^.^ (e-^^-^-"''^-^<f (r3).gcGr).^.GV'))) (5.48) 



X (Te^+CM (e"^ '^^''^''^^^^c (iir3)n^c (/2r3)ngc (^3T3)4c ikT3)u%c {It)u%c {It') 

(5.49) 

Using the "modified" Wick's theorem and keeping only connected diagrams, i.e. we cannot pair r 
and t' together, we get only 1 diagram. 

And now we need to figure out the combinatorical factor. There are 4 ways to choose a T3 to pair 
with r. 3 ways remain to choose a T3 to pair with t' and the 2 remaining rss can pair only in 1 way. 
4 X 3 X 1 = 12. So the term is now. 



we need to offset the time to carry out Langreth's theorem 

\Lan)ll' 



+f E ^hLaU / / dr^^[2„^,^(rr3)Z)[2„)y3(^3r^)I?£i),,,(r^r') 

(5.50) 
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We take the retarded component (and relabel the indices), 



I I . I ; J to J to 



/•OD 



hhUh *° 

(5.51) 

It might be useful to note that D^^^^{tt) oc D^^^^ (tt) — D^^^^ (tt) = due to the equal time commutation 
relations of u'^ . Similarly, D^^^^(tt) = 0. 
The lesser component is, 

f POO POO 

X / dtJ dt',D^^l%,^ (tt3)i^[2S.3^. (*3*^)i^[2;),,,, - *3) 

to to 

/•OO /•CO 

J to J to 

pto—ihl3^ POO 

+ / drr / c/4i^[2:).j*-3^)^(?i).3u(-3^*3)i^;2::),,,(*'3ti)^(4 - rs^) 

J to to 

POO ftQ—ih8^ 

+ / dta / C^r3-'Z.S25.J«3)Z^;2:),U(*3-3">(?I). J-3"'*l)^(-3"' - *3) 

J to Jto 

rto-ihp'^ (■to-ihp'^ , , , , , ^ "1 

+ / drt / c^r3-'z.;2:).J^-3")^(?i"3 J-3"-3">&. J-3"'^i)^ - -3") 

J to J to J 

I the condition ^(2n)/3u(^3^^^3)'^(^3 ~ ^3^) ^^^^^ fulfilled at to- 



+ f E r^^3i^f2f)«.(«3)<]5,3Jt3t3)<i:),,^^ 

/•OO 

+ / ^*3<iS«.(«3)i^J2:),3j*3t3)i^;2n)W,(*3*l) 

/"OO 

+ / ^^3^|2;)«.(«3)^J2::),3j^3i3)^[2n)Wi(^3*l) 

+^(Sn).. («0)i^;2n).3U (*0i0)i^;2:!)y , itoh) + i^;2f)„, («0)i^;2;).3^4 (*0*0)i?[2n)W. (*0il) 

+ £ ^-3*^^a.J^-3")^(?i^u(-3"-3")^[2:)U.(-3"^l) (5-52) 
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It might be of further use to note these expressions from the Appendix, 



'4 Oi.i- - 



2uj. 



(5.53) 
(5.54) 



-h 



02q2 

% 0,.,. - 



■91 



Jl9l 



(5.55) 



Thus as expected, these expressions tell us that in the usual equilibrium theory (i.e. without leads), 
the "instantaneous phonons" of quartic anharmonicity only contribute a Hartree shift (a real function 
of u), in this case 2Ar^«(^) + 1 = coth (^%^) . 

The expression for current with the correction terms are, 

•^thermal (^) 

II, *o 



+ih lim > — - / ah 



f E <Ll. /°°^*3i^[2n)«.(«3)i^[25,3j*3t3)I^[2n)M.(*3^l) 
^ . . . . J to 



I2I3UI5 



+ih lim 



dti 



f 

J to 

/ rf*3i^;2:)«,(«3)i^f2n)^3u(*3*3)i^;2n)y,(*3il) 

J to 



Y ^SsWsW ^*3^(iif)i;,(tt3)^(2f)Z3k<^*3i3)-D[2^);5iife^ 



(^3i3)^(i„„);gi^(*3il) 



'to 



+ £ ^-3"^[2:).. (*-3")^[2n" 3U (-3"-3")^;2:),, (-3-^1) 



^^'""m (5.56) 
The first line is the Landauer term and the rest are the lowest order correction terms due to F^^^'*) . 
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Figure 5.7: Diagram for the correction. 

5.3.1.3 Second Lowest Correction from 4-Phonon Interaction (^(^p^)^)* 

The V^^P^^'^ correction term is the second term in the expansion of l^int = H^'^P^') in dIP{tt'). We 
denote it as dIP''^\tt'). 



2 ^ 

ck+cm ■Jck+cm 



Tc.+CM (e-^^-'^'^'^'^i^^f (r3)i/(;f (r4)«gc(Zr)ugc(rr'))) (5.57) 

^ ^ ^ ^ hhhhkWkh -J CK+CM -J CK+CM 

X ngc (Z6r4)ti^c (/7r4)u^c {l8T4)u%c {l9T4)u%c {It)u%c {I't')^ ) (5.58) 

Using the "modified" Wick's theorem and keeping only connected diagrams, i.e. we cannot pair r 
and t' together, we get one diagram. 

And now we need to figure OTit the combinatorical factor. There arc 4 ways to choose a to pair 
with T. There are 4 ways to choose a T4 to pair with r'. There are 6 ways to pair the 3 remaining 
terms with each of the 3 remaining T4 terms. Swapping T3 and T4 gives a factor of 2. 4x4x6x2 = 192. 
So, 

^2 



" ,,7777,, Jck+cm Jck+cm 



X Df,L)u, {rrs) [of^l^^^^^ (r3r4)i^|2n)U.. (^3r4)i^[2n)/s^s (^3^4)] i^|2n)M' (^4r') 

(5.59) 

where the square brackets enclose the self energy terms in parallel multiplication. We take the retarded 
component (and relabel the indices), 



^{C){2)R, . _ {ihf ^ (4) (4) /•°°, /•°°, 

}^u}.i^uuuir. •'to •'to 



hhlihleWlsh 

X^(2f)«. («3) [Df,l)l,l, (^3r4)i^;2n)W.(^3r4)I?J2n)/5/s (^3^4)] d[2Swi (^^^l) 

(5.60) 



The lesser component is. 
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{ihf 



(4) ^(4) 



g / y hhlils lehlsh 



JC)R 



[Lan)ll2 



D 



(C) 



(C) 



oo poo 
to •'to 

poo poo 
+ dh dUD)'^rl'^,„_ itt^) D 

J to J to 



D 



(C)< 
{Lan)lgl 



+ 



'to J to 



D 



D 



{C)A 
{Lan)lg 

{C)A 
{Lan)l9 



;^(t4il) 



J to tr 



to J to 

to-ihjS^ 



d{C)R 
(Lan)ll2 



(Lan)l9l 



+ 

Ito Jto 

foo pto~ihl3'-^ 

+ 1 dtsi drtD^^,i-{tts)[---]D^^^^^^^^^ 



+ 



pto—ihp^ pto—if 
/ dri^ / drtD 

Jto Jto 



qC 



(Lan)ll2 



(5.61) 



where the notation [• • • ] is simply introduced so that the equation can fit on the page. The correction 
term to the current expression is 



L^C(2) 
thermal 



it) 



= in hm > — - / dti 



t'^t ^ dt' 
ih 

■)R 

'{Lan)ll2 * 



to 



6 



V 



•^v ^ d /•°° , 
+in hm > -— / dti 
t'-,t ^ dt' Jf^ 
Ih 



{Lan)l3l6 

{ihf 



poo poo 

/ dts / dt4 

Jto Jto 



X ^(lIIiIo (**3) f-Dj2n^,,,,(r3r4)L'[2„,v./.(^3r4)£'[2n)/Bi8 



D 



{C)R 
{Lanjlg 



6 



V 

/ > I2I3I4I5 hWlslg 



hlshlslehlsh 



X < I dts I dUD 



to 
00 



to 

00 



{C)R 
{Lan)ll2 



(«3) 



(C) 

{Lan)hlii 



iT3T4)D 



{Lan)l4,h 3 ' '^)^{Lan)h h 



(T374) 



R 



D 



(C)< 
(Lan)lgl 



,(*4tl) 



+ / dtj Cit4i^[25«.(«3) i^(2„),3jr3r4)i^|2n)uJ^3r4)i^[2n)Ms(^3r4) i^[2;;),,,,(t4tl) 

J to J to 



'to Jto 
rto-ihjS^ 



JC)A 



+ 



+ 



dUD'^L)U2itri 



{C)A 
{Lan)lgl 



ptQ—iap fo 

/ ^^3^ / 

Jto Jto 

poo pto—ihf}^ 

/ dts / drf i^[2f),, (tts) [---r l^gl)^. (-4^*1) 

Jtn Jto 



'to Jto 
fto-ihj3^' 



Jto Jto 



+ 



(5.62) 



■^thermea^ (t) is the Correction term to the Landauer current due to y (^p'*)^ . We end by providing more 
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explicit expressions of the self energies which are in parallel multiplication. 



-D 



(C)< 



{C)< 



{Lan)l:^,l(i^ ' {Lan)l4l'Y 



(i3i4)^(2n)«5i8 



-D)->- , , ^ (t3t4)i^j2::)u.. (*3t4)i);2< (^3^4) 



{Lan)hlQ ^ 



D 



(C) 



(C) 

{Lan)hh ('^3'^'^)^ {Lan)hl'j ('^'i^'^) ^ {Lan)hh 



.(C) 



(7-37-4; 



{Lan)l4l-r 

(-r*4)i?;,i„),,jrrt4) 

^^SlnWe (^37-4)£'[2n);4i7 (^37-4)£'{2„)i5i8 (7-3r4) 



- dP 



(cy 



(Lan)lsls 
iC) 



M 



D 



{C)M 
(Lan)l3l6 

mc)M 

(Lan)lilQ 



^MM\ r>{C)M 



(0)(C)M 



(Lan)l4h^'3 '4 )-^{Lan)hls 



D 



(0)(C)M (MM-. 
{Lan)hls^^3 ^4 ) 



(5.63) 



(5.64) 

(5.65) 

(5.66) 

(5.67) 

(5.68) 
(5.69) 



[Contribution:] Here I will briefly state what this contribution of lowest anharmonic corrections to 
ballistic current is about. As mentioned many times, anharmonic interactions cannot really be ignored at 
the device operating temperature but there is overwhelming literature that treats only ballistic current. 
In the literature, interactions seem to be incorporated unsystematically and transient terms are often 
not calculated by simply assuming that steady state current wipes out transient current. Thus I did 
a systematic calculation here showing the current including transient terms for various anharmonic 
interactions. The transient terms can be checked for survivability by numerically integrating the given 
current expression. The anharmonic corrections to the current and the ballistic current are seperate 
terms so the physical effects of anharmonicity can be clearly interpreted once the integrals are solved. 



5.3.2 Corrections to Ballistic Noise 

We need to warn the reader that the calculations here are much more complicated because noise is a 
"2-particle" quantity. The current which is a "1-particle" quantity only has self energy corrections and 
noise has both self energy corrections and vertex corrections. 
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x^T^TT [Di,i,i,i,{htt[t';ti >t>t[> t') + Di^i,j.^^{titt[t';t[ > t'h > t)] - {J^^f 



We recall the (time dependent) noise expression, [^1 

S{tt') = — y Vi^i^Vi';F lim lim 
hhhh 
d d 
dti dt[ 

(5.70) 

and also recall the expression where the hybrid 2-particle Green's function (in contour time) has been 
seperated, 



^ ^T,,, (^tx^,(/iTi)n^,(/3T0j)(r,, (^e-^^^K"' - 'u^Hc{l2T)u^Hoikr') 
dr2dTs J2 ^f'^?^^^(re,,(n^.(^5r2)n^.(/iTi 



,H)V i 

h 



4l il7r3)u'^L ihT[)) ) (r,^ (e~^ ''^"^"^^^"^u%c ikT2)u%c {hn^^i.c {12t)u% ikr' 

(5.71) 



We also recall the expansions (in H^^) where we went from the interaction operator back to the 
Heisenberg operator and to another interaction operator u^c- 



{t.. (e-^-^^"^^^^^'\-c(/.r).ge(/4rO)) 
(T.,(e-/^.-''-^^(^'\-.(/.r).-e(/4r'))) 

+ (-0'^/ d-3rfr4 (r,,+.„ (e"^^-'^''''"^^''^^St^c(r3)//,^,^c(r4)ngc(/2r)^g^^ 



(5.72) 



{Tc^ (e ^^^A-''""^^''("")^,gc(/6r2)ngc(/5r3)ugc(/2r)n^c(/4r'))) 
(t,^ (^e'^^^^K ''""^^''^""^«^c(/6r2)n^c(/5r3)u^c(/2r)n^c(/4r )) ) 

+ (-i) I (t,,,+cm (e"^^^-'""'''''^""^^£tHC^(r5)4c(/6r2)^x^c(/5r3)ngc(/2r)uga(/4r'))) 

V Jck+Cm ^ ^ // 

X n^c(/6T2)^xgc(/5T3)ngc(^2r)u^c(/4r'))) (5.73) 

^ Again we use the full time dependent expression S{tt') instead of the DC expression because we want to probe the 
transient behavior as well. The full S{tt') can capture the transients when the leads are attached to the interacting central 
device at to. 
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We have already seen that in the baUistic noise calculation, only the first term in each expansion is 
required. Then the component ti > t > t'^ > t' and the component t'^ > t' > ti > t are taken and the 
DC limit is taken to give the ballistic noise formula. We denote the terms that gives the ballistic noise 
formula as Di^ilf^i^{nTT[T'). 

^ ^ {Tc,, {hr[)) ) {n, (e-^^^K {l,r)ula {Ur')) 



^ hhhls 



Tc^ {<L (/rra)^. (hri)) ) (t,, (e ^ dr"H^c^r")^c^ ikr2)u%c {kn)u%c {l2r)u%c {kr')) 

(5.74) 

Thus it is noted that there are 2 types of correction terms for noise as mentioned earlier. The first 
expansion involves the so-called self energy corrections which have already been calculated for the 
corrections to current. The second expansion involves the so-called vertex corrections. The vertex 
corrections are very complicated and so we will only calculate the corrections due to y^^?''^) . It will be 
seen that the calculations are straightforward but very tedious. 

The 2-particle Green's function, ready for perturbative calculations in is, 

= <Slu (-1-^0 + ^ (^c. [fi,. (larO) ) 



n 



+ 



l\ 1 



{(-0 I dr,{n,+,^ {e--^^^K'''''""''^'''^HZ,Hc{n)u^HC^^^^^ 
Hc{kr2)u%c{kr3)u^c{l2T)u^c{kT')^) I (5.7 



hj 2! 

X U 



5.3.2.1 Low^est Corrections from 3-Phonon Interaction (\/(^p'')^)* 

Since there are 3u^s in = H^'^^^\ only the quadratic term in H^^ survives as the first non-zero 
correction. We use the definition, as usual, 

^ -K^^-fe(^^^^)^^o-^^3^^))) (^-^^^ 
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Figure 5.8: Diagrams for the ^/(^p'*)^ vertex correction. 



(5.77) 

The 2nd term is the self energy correction and the 3rd term is the vertex correction. The self energy 
correction has been calculated in the section on current correction and we will just carry over the result. 

Self Energy Correction 

'5'6'7'8'9'l() 

X u9rc {hTz)u%c {kn)u%c {hn)u^c {hr4)u%c {hTA)u'^l,c {hoT4)u%c {hT)u%c ikr') ) ) (5.78) 
"0 ^0 ^0 "0 ^0 -"0 "0 "0 / / 

I we carry over the result from y(3pA)2 

current correction 



hhhhhh^ ■'^K+CM JCK+CM 



For the vertex correction, we only consider diagrams with no "lollipops" since they are shown to 
vanish in the earlier section on current corrections. Two distinct types of diagrams are obtained. 

Now the combinatorical factor. There are 3 ways to choose a to pair with T2 and 2 ways to choose 
one of 2 remaining t^s to pair with t^. The same 6 combinations occur for tq. Swapping rs and tq gives 
a factor of 2. 6x6x2 = 72. The second diagram has the same combinatorical factor of 72. 

Vertex Correction 
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(3) 



X ^ 

Ck+Cm . - (9(10111(12(13(14 

X u^c (/i2r6)u^c Oi3T6)n^c (/i4T6)txgc {kT2)u%c {kn)vP^c {hT)u%c {Ut')) ) (5.80) 

hkhhhhohlh^lwhA •'"'^ JCK+CM 



The 



hl6l7lsl9ll0lllll2ll3ll4 " ^" " " "'^ ^ Ck+Cm 

■ [^^{?an)hh (^2^5)^{2n)/8ho (^3r5)^[2n)hih2 (^5r6)^[2n)h3«2 (^6T)£'[2n)h4U (^6^') 

-^(2n)i6;9(^2r5)I)[2n)iio;2(^5r)I)[2n)in;i2(^5r6)I)[2n)ii3 (^'^^^ 

' perturbation is done and we need to go back to real time where 2 components are required. 
They are the ti > t > t'^ > t' component and the t'^ > t' > ti > t component. We carry out Langreth's 
theorem on the self energy correction term and the vertex correction term seperately. We will soon see 
that the vertex corrections will get so complicated that we decided not to proceed further as it deserves 
to be a Master's project of its own. 

Self energy correction {ti > t > t'l > t') component 

iKl.cl.Tl.olnli n 



X 



[ dn [ ^r4l)[2„),^ Jrrs) [^^ffi),, Jr3r4)Z)|2n)W9(^3r4)] Jr4r')) (5.82) 

Jck+cm -Jck+cm y t>t' 



POO 



X 



^ (Lan)hh 

J to J to 

fOO 



^fLan)leh (^3^4)£'{2„)Z7i9 ^^3^4)] ^ ^(2^);,oU 



(7-3^4) 



R (C)> / 



+ 



I to 



J to 
poo 



+ 



ho 



pto-ihP'^ fc 

+ / dri' / 

J to J to 



+ 



+ 



dts / ^*4Z?;2n)W.(«3) ^D[2„),,Jr3r4)i^|2n)M9(^3r4) ^|2;:),,ou(^40 

J to 

poo p -, r 

dri' / dt4Z^[2:),,Jtr|^) ^|2n).a J^3r4)I?|2n)M.(^3r4) ^[2n)^i0u(*4O 
/ c/i3 / rfr4^^[2f).,J«3) ^[2„).eJ^3r4)I?;2n)M.(^3r4) DfZy.oiSrft') 

J to J to 

.to-rnp'^ rto-rnp<^ M 

• / dr3 / dr4 ^(i„„),^;5(tr3 ) ^(i„„),gi3(T3T4)£'(i„„);^;g(T3T4) ^(L„„)i,oi4 ^^4 * 

J to J to 



(5.83) 



Self energy correction [t'l > t' > ti > t) component 
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\-'Ck+Cm •'Ck+Cm 



DtlU,lSur') j (5.84) 
t'>t 



(C)R 



(3) ^(3) 



^OO /"OO 

X <; / (its / dUD 

'to Jto 



D 



(C) 



poo poo 
J to Jto 

roo roo ^ 

+ / dts / cfi4l?[2:),, J«3) ^D[2„),^Jr3r4)I)|2„),^Jr3r4) 
to to 

fto—ihP'-^ r-oo 

+ 1 dri^ dUD[Z)i,^^itri 



R 



D 



(C)< 
(Lan)l 



iOi4(*4*') 



D 



D 



{C)A 
{Lan)l 

{C)A 
{Lan)l 



i0u(*4*') 



+ 



/ 

/•OO /• 

/ dis / 

J to Jtr 



to 



'to Jto 

i-to-ih(5'^ 

+ / 



D 



(C) 



D 



{C)A 
{Lan)l 



lOu(*4t') 



M 



rto—itip rto—iiip 

/ dra / dT^ I^(Lan)l2l^^^3 ) ^(Lan)i6/8 (^3r4)£'(i„„)i^,g (r3r4) ^(ia„)z,oi4 ^^4 

to to J 

(5.85) 



The taking of components of the vertex correction terms is very complicated, i.e. the real time 
expressions of the vertex correction terms are very complicated. Hence we will only show part of the 
calculation for the first term and we will use a simplified notation. The contour shown in the figure is 
needed the purpose. Be reminded that T2 and T3 runs over ck only and T5 and tq runs over ck + cm • 



tn 



'M 



Figure 5.9: Contour used to calculate the ti > t > t'l > t' vertex correction component. 



Vertex Correction (ti > t > t'l > t') component 1st term 
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X ^f2n)Ws (^2r5)i5[2„),3,^„ {r,r,)D^^l^^^^,^^ (^5r6)i^[2n).,3^. MD^^l)l,,u (^^^O (^-^G) 
we introduce a simplified notation 

f dT2dT3 I dT^dTQD''{T2t{)D''{Tzt\)D^{T2T^)D^{TzT^)D^{T^TQ)D^{T^^^ (5.87) 



(I dT2+ I dT2 + I dT2+ I dT2 

JcK{t' 



CK{t') 



dT2 + dT2+ dT2 + 

JcK{t[) JcK{t) JcK{tl) 

dn+ / (iT3+ / dn+ I dn] 

JcKit'i) JcK(t) JcK{tl) J 

I / dT5+ dT5+ dT5+ / dT5 + 

yCK(t') JcKit[) JcK{t) JcKitl) Jc^ 

I dTe+ dT6+ dT6+ / dT6 + 

\JcK{t') JcK{t[) JcK(t) JcKiti) JcM 



dr^ 



XD^{T2ti)D^{T3t[)D^{T2T5)D^{T3T5)D^{T5Te)D^{Tet)D^{Tet') (5.88) 

It is obvious that there is a large number of terms here. Note that T2 and T3 do not convolve and 
actually many of the terms are zero due to the lack of a term like D{t2Tz) that directly convolves them. 
We give an example of such a vanishing term. 

A Vanishing Term 



/ dT2 I dT3 / drs / drg 

JckH') JcKit') JckWA J Cm 



'cK(t') JcK(t\) JcK{t'^) J Cm 

xD^<(r2ii)i^^(r3i;)i^^<(T2r5)Z)^(r3r5)Z)^^(r5r6^)i?^^(T6^t)Z)^^(r6^iO (5.89) 

dr^ 



/ dT2 [ , dT3 + i dn ) ( i , drs + i dr5 ) / 

JcK(t') \JcK{t[) JcKit[) J \JcKit[) JcK(t{) ) Jet. 

xZ)^<(r2ti)Z)^(T3t;)Z)^<(r2r5)D^(T3r5)i^^^(r5r6^)i?^^(r6^t)Z)^^(r6^tO (5.90) 



'6 

'Cm 



= / dT2 / ,dT3 / ^dT5 j 

JcKit') JcK(t\) JcK{t'^) JcM 

xZ^^<(r2ti)Z)^<(r3t;)I?^<(r2r5)Z)^*(r3r5)i^^^(r5r6^)D^^(r6^t)Z^^^(r6^i') 



+ / dT2 i , dn i drs / dr^ 

JcKit') JcK{t{) JcK{t{) JcM 

XD^<{T2t,)D^<{nA)D^<{T2T^)D^<{T3T,)^^^ 

+ / dT2 i dT3 [_ , drs / dri" 

JcK{t') JCK{t[) JcK{t[) JcM 

xI?^<(r2ti)i^^<(r3t;)i?^<(r2r5)i?^>(T3r5)I)^^(r5r6^)i)^^(r*^i)I)^^(r*^t') 
+ / dT2 [ dT3 [ drs / dri" 

JcK(t') JcK{t'i) JcK(t',) JcM 

xD^<{T2h)D^<{r3t\)D^<ir2T,)D^\T3T,)D^\r^^^^^^ (5.91) 
which means all the functions are completely determined in each term even before the integral jcK{t') 
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is broken up. Thus the same expression will go under the integral T dr2 = ( — Tjt dT2 + A — 

= /to ^^^2 + dt2 which gives zero. 

We illustrate another term which is non-vanishing. 

A Non-vanishing Term 



dT2 I dTs / dT5 / dTQ 

CKit') JcKit') JcKit') JcKit') 

XD^<{T2h)D^<{T3t[)D^{T2n)D^{T3T5)D^{T5Te)D^<{Tet)D^{Tet') (5.92) 

T> i - 

I break up CK{t ) = exit ) + exit ) 

= ( / , dT2 + / dT2 I I / , dT3 + / drs I I / , dr^ + / drg ) 

\JcK{t') JcK{t') j \JcK{t') JcK{t') J \JcK{t') J CK{t') J 

X ( i ,dr6+ L dTAD'^<{T2ti)D'^<{nt'^)D'^{T2n)D'^{nn)D'^{nTQ^^^ 

\JcK{t') JcK{t') ) 

(5.93) 

Thus there are 16 terms actually and we work out 2 terms just for interest. 
A Non- vanishing Term (1st and 2nd) 

= / , dT2 / , (ira / dT^ / dr^ + A dr^ 

\J7^ JcK(t') J 

xZ)^<(T2tl)Z)^<(r3t;)i?^*(T2T5)i?^*(T3r5)i^^*(r5r6)i^^<(T6i)£'''(T6i') (5.94) 

I write integration limits explicitly and write in real time 
= dt2 dt3 / dt5 / dte 

'J to «/ to "^to *^ to 

xD'^<{t2h)D'^<{ht[)D^\t2h)D^\hh)D^\hte)D^<m {D^<{ht') - D^>{tet')) (5.95) 

By now it is clear that further evaluation is straightforward but tedious, so we shall not proceed fur- 
ther. Hopefully an interested Master student can pick up from here. We will just describe the remaining 
steps. The remaining 14 terms need to be evaluated and the second term of the {ti > t > t[ > t') compo- 
nent is to be calculated, then we require the {t'^ > t' > ti > t) component of the vertex correction. The 
self energy corrections and the vertex corrections are substituted into Di-^i.^i.j^(titt\t' ;ti > t > t'l > t') 
and Di^ir^i^i^{titt[t';t[ > t' > ti > t) which are then substituted into S{tt'). Beyond the terms involving 
dI^,'^?] are the correction terms to ballistic noise. 

[Contribution:] Here I will briefly state what this contribution of lowest anharmonic corrections 
to ballistic noise is about. As mentioned earlier in section 3.2.2, information on noise may give extra 
information on the current. In this aspect, information on anharmonic corrected noise may give extra 
information on the anharmonic corrected current. Again, no systematic inclusion of interaction into 
(DC) noise is found in the literature and I provided one here but it is extremely complicated so its 
physical complications are unclear. 
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5.4 NEGF Treatment: Functional Derivative formulation of Anhar- 
monicity 

5.4.1 (Functional Derivative) Hedin-like equations for Anharmonicity 

We follow |Kwokl968j in this section. (See [Leeuwen2005j ) For Coulomb interaction, a set of Hedin 
equations was derived and self consistent self energies were derived naturally. These self energies are 
shown to obey the conservation laws. Thus the natural question to ask is "Can we derive Hedin-like 
equations for most known interactions?" The answer is affirmative. Hedin-like equations for electron- 
phonon interaction is described in the chapter on electron-phonon interaction. It has the added bonus 
that it can circumvent the Born-Oppenheimer approximation! Hedin-like equations for phonon-phonon 
interaction is derived in this section and it will be applied to kinetic theory. Boltzmann kinetic equation 
for phonon-phonon interaction is derived and it is very clear on how to go beyond that. 



[Objective:] Use the techniques of NEGF to turn the many-body Hq + H[^t problem into a set 
of exact functional derivative equations. In the case where i/jnt is the Coulomb interaction, these 
functional derivative equations are called Hedin's equations. More precisely, we have the Hamiltonian 
terms Hq + H[^t + V{t)6{t — to) in NEGF and we are going to use V{t) like a variational parameter to 
generate the function derivative equations, then set V{t) = at the end. This method is also called the 
Schwinger source field method. 
Explicitly the Hamiltonian is. 

Hit) = Ho + H^^P''^ +H^^P''^ +Y,Jj<iit)QjgOit-to) (5.96) 

jg 

where Hq is the usual harmonic part and the other definitions are 

H[J] = H{t) (5.97) 
Fint = H^^ph) + h'-^p''^ (5.98) 

Vit) ^ E^iaWQ.<f (5.99) 

jg 

H[J = 0] = Hq + H^^t = Hq + H^^P^^ + H^^P^^ (5.100) 
The explanations for the various terms ar^ 

Jjq- = time-dependent source term (5.103) 

hgi ^29*2 jses 

jj{iph) ^ J^^^^^^^^M^^lq^MzHq/ih^ (5.105) 

hgi i2i?2 ises j^gi 



■'Througout the thesis, "l/^^"''' and V'^'^^*'^ are defined when the Hamiltonian is written in terms of a, a* variables. So 
now we are usms y'^'f'') and with the relationship, 



VlZ^ = (5 101) 



W 



Vit!^A = V''*^'''^/ " (5.102) 
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The statistical average is defined as (the usual) 



(...) 



Tr (e-/3(^^o+^^int)) 



(5.106) 



We will establish some functional derivative identities for later calculations. 

Consider the expectation value (note that we write the times in contour times r to indicate that 
these times are unspecified for the time being), 



'\QhqiH[.]]{Tl)) 



{Qh[j]{1)) 

where we denote jiqiTi = 1 

we choose to split the Hamiltonian as Hq + H^^t and Jjq{t)Q 



(5.107) 



use the contour identity, 

Q^[,](l) =r,, (e-^^^A'^-^^.«^.(-^--(^^)^-'-"i(^»Q^[,=o](l); 



insert unity term Tcj^Scj^ = I into denominator 



m 



Tr(e-/5^[-^=oir,,.5,,,) 
denote Z[J]=Tt [e-^"^^='^^T^^Scj, 
so, Z[J = 0] = Tr (e-'^^[-^=oi 



(5.108) 
(5.109) 



(5.110) 



Note that this way of splitting the Hamiltonian does not allow Wick's theorem to be used as Hq+Hi^i 
is not quadratic in general. It does not matter as we will not use Wick's theorem here. 
When J = 0, 



lim(QH[j](l)) 



we simply go back to the equilibrium expectation value 

= ^[7^Tr(e-/^^[-^=°lQ^[,=o](l)) (5-111) 

= <Qjy[J=o](l)) (5.112) 
= (5.113) 

The value of (Qh[j=o](1)) in equilibrium theory represents thermal expansion (as it is related to the 
expectation value of displacement) and is typically non-zero but we set it to be zero for the sake of only 
concentrating on phonon-phonon scattering effects. H 



^Following [Kwokl968) footnote 39, when we set (Qir[j=o](l))^[j_Qj to be zero, we lost the physics of thermal expansion. 
Thus we also lost the physics of describing displacive phase transitions. Ferroelectric solids are such solids that undergo 
displacive phase transition. Of course one can retain it and work in a more general framework where one has to deal with 
a self consistent problem of: phonon-phonon scattering -f-^ thermal expansion. 
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Now we will define the functional derivative, we start by introducing variations. Consider 

J(l) ^ J(l) + 5J(1) (5.114) 
Expand (Qij[j+5j](l)) in powers of SJ and keep only terms linear in 6 J 

We work out the numerator and denominator seperately. 

Prefactor = ^ ^ (5.115) 
Z[J + 6 J] ^ ^ 

IV (e-^^[^='^]Te, l^,-Uc^<i^JWQmj^o,W {l-'-j^ d25J(2)Q^[,=o](2) 



{z[J] - Z[J]\j^ d25J{2) {Qh[jP))^ (5.117) 
use the (operator) binomial expansion {1 + x)~^ 1 — x 

W]{^^^Ic ^2<Qh[j](2)><5J(2)) (5.118) 



Numerator term 



= {{Qh[j]{1)) d2SJ{2) (Qif[j](l)Qif[j](2))>) X Z[J] (5.119) 

Reconstruct the term and only retain up to first order terms 

{Qh[J+5J] (1)> = {Qhij]{1))-1; ci25J(2)((re,(Q^[j](l)Q^[j](2))>-(g^[j](l)>(g^[j](2)» 

JcK 



Define, 



i^^(l,2) = -'^{{TcAQh[j]{1)Qh[j]{2))) - {Qhij]{1)) {Qh[j]{2))) (5.120) 
where explicitly, 

/T (O mo (2)\\ - IV (e-^^[-^=°lre, {S.^QH[j=o]{l)QHiJ=om) .,1211 

{Tck[Qh[j]WQhij]{2))) - {e-^H[J=o]Sc^) ^ ^ 

then, 

(Q//[J+5J](1)> « <Qi/[j](l)>+ / d2D'' {1,2)6 J{2) (5.122) 

JcK 

If we consider a Taylor series, then we can write D'^ as the functional derivative with respect to 
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i^^(l,2) = %g^ (5.123) 



Since normal coordinates commute, we can also write 

D\l,2)= ^^J"!]) (5.124) 
bJ{l) 

We now consider D-^ as a functional of J and calculate the functional derivative oi . Following 
earlier lines, we define the required functional derivative, ^^^j^^^^ as the coefficient of the linear term in 
the Taylor expansion of D"^^^"^ . 

D'+"{1,2) = {Qh[j+5j]{1)Qh[j+sjP))) - {Qh[j+5j]{1)) {Qh[j+5jP))) 

(5.125) 

Writing each term to first order in 5J, 
First term 

= {TcAQH[J+5J]mH[j+5J]{'^))) (5.126) 
I based on the calculation for (Qif[j+5j](l)), we deduce (to first order in 5 J) 

(gi/[j](i)Qi/[j](2))> 

d36Ji3) (^-^^ [{T,, {QH[j]mH[j]mHiJ]m)) - {Tc^ {QH[j]mH[jp))) {Qh[jP))] 

(5.127) 

Second term 

= {Qh[j+5J]{1)){Qh[j+5jP)) (5.128) 
~ {{Qh[j]{1))+ d3D' {1,3)6 Ji3)^ (^{Qhij]{2))+ d3D'' {2,3)5J{3)^ (5.129) 
I expand up to first order in SJ 

« <Q/f[j](i)><Q/f[j](2)> 

+ {QH[j]il)) [ d3D-\2,3)5J{3) + {QH[jp)) j d3D\l,3)5J{3) (5.130) 

JcK JcK 

So we can conclude that the required derivative is 
5D\l,2) i r i 



JJ(^ = -l[-l{TcAQHlJ]{l)QHiJ}mHiJm) 



+1 {Tc, {Qh[.j]{1)Qh[j] (2)) > {Qh[j] (3)> 

-D'\l,3) {Qh[jP)) - D'{2,3) {Qh[j]{1))} (5.131) 
from the dcfintion of , we write 

_h 

i 



^D\l,2) + {Qh[j]{1)) {Qh[jP)) = {Tc^ {QH[j]mH[j]i2))) 
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i {-^ (^-K iQH[j]{l)QH[j]{2)QH[j]m)) (5.132) 
-1)^(1,2) {Qh[j]{3)) - D'il,3) {Qh[j]{2)) - {2,2.) (Q^[j](l)> 
+\{Qh[j]{1)) {Qh[jP)) (Qh[j](3)>} (5.133) 

Now we need the equation of motion of (Q_h'[j](1)) to later help us obtain the equation of motion of 
We rewrite (Q//[j](l)) slightly, 

{Qh[j]{1)) = ^Tr(e-^^[^=oire,(5,^Q^,[j=o](l))) (5.134) 



Z[J] 

write the contour identity back into interaction operators 



l(2) 



Z[J] 

J^Tr (e-^^[^=o]5(tori)QH[j=o](l)5(nto)) (5.135) 



Again we emphasize that we wrote ti as ri to indicate that ti is arbitrary. Take the time derivative 
with respect to ri, 



where 



= {Tv(e-/^-I-o]5(ton)Q,[..o](l)5(nto); 
+Tr(e-^^['^=°]5(tori)QH[j=o](l)5(Tito)^ 

+TV (e-^^[^=°]5(tori)Q^,[j=o](l)^(rito))} (5.136) 

C/T 1 

= S{tQTi)\^\^Jj^^^{Ti)Qj^^^H[J=0]{'T-l) (5.138) 

I abbreviate a^ 

= 5(tori)(^0^J2(ri)Q2H[j=o](n) (5.139) 

S{rit^) = 'i2J(2)Q,[,.o,(2) ^ ^(^^^^) ^ J2(Ti)Q2H[J=0](n) (5.140) 

where the evaluation is done by differentiating the lower and upper limits respectively. So 
^%hM = J^/Tr(.-'"'MS(to)<3„,..„|(l)S(n*„)) 



^As an abbreviation in the subscript, we denote jiqi 1 and ji, — gi — 1. As an abbreviation in the argument, we 
denote j\q\Ti — ^ 1. 
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+1 ^ -^^IrOTr (e-^^[^=o]5(iori) [Q2HlJ=o]{n), Qh[j=o]{1)] _ S{nto)) | 
the commutator is zero due to the QQ equal time commutation relations 

(^e-^HiJ=o]s(ton)QH[j=o]{mnto)) (5.141) 



= {Qh[j]{1)) (5.142) 

Now take the second time derivative. Everything is the same but the commutator is now of this 
form [Q,Q]-. 

+ -^^l^OTr (e-'^^['^=°l5(toTi) [Q2HlJ=o]{ri), Qh[j=o]{1)] _ S{rito)j | 
I the commutator evaluates to *^12 

= ^^(e-^'''''=°l5(iori)Q,^[j=o](l)5(rito)) - Ji(ri) (5.144) 
Qh[j]{1)) - Jlin) (5.145) 



Use the Heisenberg equation of motion for Qh[j]{^) 
Qh[j]{1) 

= -u^IQhiJ]{1) - ^ E ySfQ2HlJ]{ri)Q3HlJ]{ri) - ^ v{^S^Q2HlJ]in)QsHlJ]{ri)Q4HlJ]{ri) 



23 ■ 234 



The final equation of motion is 

{QH[J]{1)) + Jl{ri) 

= -^E^?f {Q2H[j]{n)QsH[j]iri)) - ^E^?? <Q2^M(ri)Q3^[J](ri)Q4^[.i(ri)) 

23 ■ 234 

(5.146) 

Use the relation D'^(l,2) = {Qh[j]{^)) to get the equation of motion for D"^ . 

(1^ + -?) ^-^(1^ 2) + 1 E ^2^ ^ <Q2^[.](ri)Q3^w(n)> 

1 s 
+^ Zl^S^^TTT^ (Q2f/[j](Ti)Q3//[j](n)Q4^f[ji(Ti)) 

■ 234 ^ 

= -S-i2S{ri - T2) (5.147) 
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This equation is the left BBGKY equation for the 3-phonon and 4-phonon many body interactions. 
Wc do not need the right BBGKY equation because we will eventually set J — t- (actually {Q) — t- 0) at 
the end and return to the equilibrium theory where it a function of time differences instead of a function 
of 2 seperate times. 

Now we want to write it into a form that looks like Dyson's equation and yet it is a self consistent 
equation that retains the exactness of the left BBGKY equation. Start by using the equal time version 
of the identity. 

- ^DUrin) + {Q,H[j]iri))j{Q2H[j]{ri)) = {QiHlJ]iri)Q2HlJ]iri)) (5.148) 
The equation of motion becomes 

+ ^'(1^2) + ^ {-^Di,inn) + {QsHi4n))AQmJli-^)) 



-■^ (Q3H[j](n)> (Q4//[j](n)> {Q5H[j]in)) 

= -<5i2<5(ri - rs) (5.149) 
Now take the functional derivatives explicitly and seperately 
"3-phonon term" 

= [--^DUnn) + {Q^H[j]{ri)) (Q4i/[j](Ti)>) (5.150) 

I use product rule and last 2 terms are the same after relabelling indices 
= - f ^340-f^) +2Zj/,(nr.)(Q4i.[Jl(ri)) (5.151) 



"4-phonon term" 



5 ( hSDi^inn) 



Jm \i SMn) + ^^''^^'^'^ (Q^jM)) - I {Q3Hij]{n)) {Q,hijM)) {Q,Hij]in)) j 

—iJJWh^) 5J{2) + 3^34 (nri) jj^^ 

where the factor of 3 in the last term is due to relabelling of indices 
—i6J{2)SMn) + ^ SJ{2) <^5//M(n)) + 3D^inn)D,,{nr,) 



-S^Di^inr^) {Q4H[j]iri)) {Q5H[j]iri)) (5.153) 
The left BBGKY equation becomes, 

[ -^uA n■'(^ 2) ^ ^ s;^y{3ph)S_DiJTm)_ 
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- V 345 '''' smSMn) 



+ ^ E ^3?5'^^32(rir2) {Q,HiJ]in)) {Q,H[J]{n)) 
345 

= -5l2<^(ri - T2) (5.154) 



To treat the functional dependence of J as the functional dependence of {Qh[j])j we need to remove 
all remaining dependence of J by using the chain rule 

'SiQHij]^) 



We also define the inverse Green's function which will be used later 

f d2D-^(l,2)D-^-^(2,3) = f d2D-^-^{l,2)D-^{2,3) =Si3S{ti-T3) (5.156) 

JcK JcK 

Now we can rewrite the dependences as D'^ and limj^o-D'^ lim^^^^^^^ 



"Rewriting second term (and fifth term) in left BBGKY equation" 

'^^3^4(nri) 
5J{2) 



S{Qh[j]{^)) 



"Rewriting fourth term in left BBGKY equation" 



2! 

345 



(5.157) 



= / d6Z>«(6.2) J°"'-'!;; (5.158) 



(5.159) 



SJi2)SMn) 

The final expression for the left BBGKY equation is 



CHAPTER 5. ANHARMONICITY 



173 



Hi 



345 



4 (-?) ("?=<-'^(«^"S<- 



-(5i2(^(ri - T2) 



(5.162) 



Having the exact equation, we will now calculate the Dyson equation in the form of = S 
so as to obtain the self energy, S in the exact form. We start by multiplying D~^'^ and sum over and 
integrate over the variables. We calculate each term seperately. 



"LHS first term" 



^ + [ d2L>«(l,2)D-i«(2,8) (5.163) 



52 



= -L>(0)-ni,8) 



(5.164) 
(5.165) 



The negative sign in front of D^'^^ ^ is due to the convention D^^^ ^D^^^ = delta. One can also check 
directly by taking time derivatives of the harmonic D^^\ 



"LHS second term" = Y^^St^ I d2D%{ht2)D-^^ {2,S) {QiH[j]{Ti)) 

34 •''^K 

= E ^^38<^(ri - rs) {Q4HlJ]{n)) 



34 



= E^?f^(^4HM(ri)><^(ri-r8) 



(5.166) 
(5.167) 
(5.168) 



"LHS third term" 



1^ Vt/(2p'') 

01 134 

* 34 

■,A JcK ^{Qh\J\{Q), 



1 ^ T>(3p/») '^^34(^l'ri) 



2! 



134 



34 



(5.169) 
(5.170) 
(5.171) 



"LHS fourth term" 



^E^if / ^i2I)3^2(nr2)Z)-^'3(2,8)(Q4^[^](ri)>(Q5^,[^](ri)X5.172) 
345 -^^^ 



= ^iS <^?4//[j](ri)> <g5//[J](n)> <5(ri - rs) 

■ 45 



(5.173) 



"LHS fifth term" = - 



1 h 



345 



iiE^sr/ d2i)3^4(riri)i^5^2(nr2)Z^-^«(2,8) (5.174) 
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^7 E ylu>f.(nn)5{n - rs) (5.175) 

^ 34 



"LHS Sixth term" = -^-^.^liS^ f d6d2DQ (6,2)0' ''^ (2,8)^^^^^ {Q^j^^^n] 



"LHS seventh term" 

3! I J '^1345 
^ ^ 345 



x£.7.6.2D«,7,2)Z>-.«,2.8)^^^ («g,..n)^^^Z>?.(nn)) (5.177) 



" = - [ d2D-^Q{2,8)Si^S{n-T2) = -D^^^^{nTs) (5.179) 



"RHS 



We will now change |^ ^ using the definition of the inverse Green's function. Then that 

allows us to define the vertex function and the self energy and that completes the derivation of Dyson 
equation in exact form. After that we will iterate these equations and generate diagrams for the self 
energy. 

Start with the relation for the inverse Green's function 

Si3S{n-T3) = [ d2D«(l,2)D-i«(2,3) (5.180) 
Jck 

I take — -, — V on both sides 

HQH[j]i^)) 

= / d2f4^^i.-«(2,3) + i.«(l,2)^^:^) (5.181) 
I apply / q!3D*3(3,5) on both sides 

J CK 



= / '^Mjht^'''"''^^^^^^^ 

Jck \HQh\Av) HQmAv) 



^Qh[j]{^)) ' ' ' ' ''5(Qh[j](4)) 

.XX - - / (12(1^0"^ (1,2)— , VTrD«(3,5) (5.182) 

SD-^Q{2,S) 



(5L>Q(1,5) 



define the vertex function r(2,4, 3) = — - 



5D'^{1,2) 



S{QH[J]i^)) 

j d4d5£»^(l,4)r(4,3,5)D<3(5^2) (5.183) 

J CK 
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The left BBGKY equation is now in the Dyson equation form 

jj-iQ = Dioyi ^[...^ (5.184) 

where we define the terms in [• • • ] as the self energy E which we will write it out explicitly very soon. 

(5.185) 



L>-^^(1,2) = D^")-'{1,2) - S(l,2) 



(0)-!/ 



To see the relationship between the vertex function and the self energy, we act 



Dyson's equation to get 



SD-^Q (1,2) ,5S(1,2) 



From the definition of the vertex function, we immediately see 



on the 



(5.186) 



r(l,3,2) 



<5E(1,2) 



(5.187) 



Now we will write down the (exact) explicit form of the self energy. 



S(l,2) 



E {Q3H[j]{ri)) S{n - r2) - E ^ / d5d6Dg{nr,)r{5, 2, 6)Dg{ren) 

3 34 '^'^K 

+ ^ E {QsH[j]{n)) {Q,H[j]{ri)) Sin - r,) 



34 



1 h 



2! i 

1 h 



34 



21 E ^34?^ {Qm[J]{Ti)) I dU7D%{nT,)T{Q, 2, 7)D^,{T^n) 

■ 345 



CK 



+ 



In the last term, we can only take the functional derivative s^q^2)) ^^^^ when the explicit form of F 
is known. 

The rule for calculation is that the self energy is explicitly iterated by calculating the vertex function 
r = then r is inserted into E to get an iterated self energy term, after that we will set {Qh[j]) = 

and write D in the iterated self energy term. Wc will iterate and explicitly show the 5 terms of 

the lowest order with coupling constants of the form, y(4p/i)^ yi-iphy^ viSphfyi^ph) ^^^^ y(3p/j)4_ 
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5.4.2 Librciry of Phonon-Phonon Self- Consistent Self Energies 
5.4.2.1 Term 

This term is simply the third term in S. 

''V^^P^^ self consistent self energy" = V^^^i^ Df^{TiTi)S{Ti - T2) (5.188) 

^- ^ 34 

I now set {Q)j = and ^ D 
= -Vl H vli2^Du{nn)S{n - r,) (5.189) 

^ 34 




Figure 5.10: The self consistent V^'^p^'^ self energy. 

Now we need to assign signs to the wave vectors q. Note that the sign for gi has already been fixed. 
The reason (I believe) is to allow the final calculation to end up with some combination of coupling 
constants (which is complex) which is real. Assign "arrows" to (full) Green's functions to point to the 
right and "in" is denoted by j'l, —qi = 1 and "out" is denoted by ^2^2 = 2. 

Sl2(Tir2) = -\-Y.VltA2D^A{TlT2)5{n-T2) (5.190) 
34 

In QKE, we will need the lesser and the greater components, so using Langreth's theorem, we have 

^Utlt2) = -l^J2^IS2^DUht2)S{t,-t2) (5.191) 
34 

^f2itlt2) = -^7E^3?2'^^34(M2)5(il-t2) (5.192) 
34 

This term is a Hartree term because it only contributes the equal time part of the self energy (or 
CO = part) i.e. the DC part of the self energy which is real only. 

5.4.2.2 Term 

This term is obtained by taking the first self energy term in E to generate the vertex functions. This 
vertex function, T is substituted into the second term in S to give the required self energy term. 

^^^'^'^^ = ~ 6{QH[j^m ^ ^56^ {Q7H[j]{h)) Sir, - T6) (5.193) 
= -T.^St^^27S{n-T2)S{n-Te) (5.194) 

7 
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Use this r in the second term of S to generate the self energy term, 



"y(3p/i-) gg^f consistent self energy" 

-Tri E ^ / d5d6Dginr,) {-vSt^Sin - r,)5{r, - r,)) D'i,{r,n) 

34 '''^K 

now take {Q)j = and write — t- D 
^7 E yiTyS^'^D,,{nr,)D,,{r,r,) 



(5.195) 



(5.196) 



(5.197) 



3456 





1(1,2) = 1 




Figme 5.11: The left diagram is the vertex function which is the coupling constant in this case. The 
right diagram is the self consistent F^^^'*) self energy. 



We assign the signs to q according to the convention stated earlier. We get, 



Sl2(Tir2) 



1^ 

2! 



(5.198) 



3456 



Using Langreth's theorem, we get the lesser and the greater components of Si2(tiT2) which is in 
parallel multiplication. 



^12itlt2) = JyE^?^ ^35(W2)i^6<4(i2il) 



2 i 

ih 



34 



^^^2(^1^2) = ^fE^?f ^35(^1^2)i?r4a2il) 



(5.199) 
(5.200) 



34 



5.4.2.3 Term 



This self consistent self energy term is obtained by using the third term in S to construct F and 
substituting into the sixth term of S for iteration. 



r(7,6,8) 



If E 4tS {Q9HiJ]{r7)) {QioH[j]{r7)) S{Tr - ts) 



l\ E ^789,io'^('^7 - Tg) {5QgS{T7 - tq) ((3io//[j] (i?)) + (Q9H[j](t7)) Se^wSirr - re)) 



(5.201) 



2! 



9,10 



indices 9, 10 are symmetric after relabelling 
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E 4t io<^(^7 - rs)S{rr - re)Se,io {Q9H[j] (rr)) (5.202) 



9,10 



= -J2^7S96Kr7-rs)SiTr-Te){Q,H[j]{r7)) (5.203) 

9 

We substitute this F into the sixth term of S(l, 2) and retaining only the term where 

^\Qh[j](^)) 

because the rest vanish when we ignore thermal expansion, 
self consistent self energy" 

^ ^ 345 

(Q9H[J](t7) 



/ d6d7d8Dg{r,n)Dginrr) (-1) ^ vj^^Sirr - rs)6ir, - re)^^P^mrsn) 

JcK g (>{Qh[J]{^)) 

E ^sts'^^y / d7Dgirrn)Dg{nrr)6ir,-T2)D^,{Tni) (5.204) 



1 / 



3! 

we can set 



^ ' 34568 -"^K 



1 r h-' 



) E V^3t5'^4'?^65(r2ri)L'37(rir2)L'84(r2ri) (5.205) 



3! V i , 

345678 




Figure 5.12: T/ie seZ/ consistent se// energy. 

We assign the signs to g according to the convention assigned earlier. We get 

Si2(rir2) = -^f-y)' E ^S5'^^g2?^65(r2ri)i^37(rir2)i^84(r2ri) (5.206) 

^ 345678 



Using Langreth's theorem, we get the lesser and the greater components of Si2(tiT2) which is in 
parallel multiphcation. 



' (-7)' E ^'4^ ^§?^6<5(t2ti)i^3>v(iii2)Z^8<4(r2ri) (5.207) 

^ ^ 345678 

Sf2(iii2) = -^(-7)' E ^?4f ^§t^^6>5(^2ii)i?3<7(iii2)I^8>4(r2ri) (5.208) 



5^12 (*1*2) = ~3| 1 ^ 



345678 
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5.4.2.4 y(3p/»)V(4?''*) Type-1 Term 

There are 3 types of diagrams of this order. We will calculate type 1 first, which is made up of a sum 
of 2 equal terms. We start with the first term of type 1 by constructing the vertex function from the 
first term of E. 

^(^'2''^) = r9^\ E ^67^ {Q8HlJ]iT6)) S{Te - Ty) (5.209) 

= -E^67f^^82<^(^6-r2)<5(r6-r7) (5.210) 

8 

= -vS''^S{TQ-T2)6iTe-T7) (5.211) 
Put r(6, 2, 7) into term 5 of S(l, 2) to generate the self energy term. 

^(1'2) = -^^^T.^iS\QmjM)) [ d6d7Dg{nT,nQ,2,7)D%{rni) (5.212) 

^■^ 345 -^"K 

^- * Q/lp; JcK 



345 -"^K 

= WiH {QmJli-ri)) Dg{nr,)D?,ir,n) (5.213) 

■ 34567 

We take this self energy term to generate the vertex function r(5, 2, 6). 

r(5,2,6) = - ^ (i| Y: 4t?^/oS6<Q9H[.](r5)>i^^io(r5r6)i^a,8(r6r5) 

0\^HIJ]{^)} \ ^- « 789,10,11 



789,10,11 

2U E 4t9'^^S?6'^29<5(r2-r5)i^,%(r5r6)i5?i,8(^6r5) (5.214) 

■ 789,10,11 



1 h 
2!7 

= E 4t2'^4'S!6'^(^2-r5)i^7%(r5r6)i^a,8(T6r5) (5.215) 

78,10,11 

and finally we substitute this vertex function into the second term of S to get the final self energy term. 
"Term 1 of v^^p^)^ yi^ph) type 1 self consistent self energy 

^ 34 •^''K 

xDginr,) (-1^ J2 V5S''vZtAr2-r,)D?,ioinr,^^^^^ Dg{ren) (5.216) 

\ ^ 78,10,11 / 
we can now write 

= E / ^6F4«4¥Fi?f56^35(rir2)^^^ 

^ ^ 34578,10,11 •^'^^ 

We calculate the second term of type 1 by generating the vertex function from the third term of S. 

= - wn ^ ,o^\ jlE4y (Q7g[Jl(r5))(Q8f/[Jl(r5))'^(r5-r6) (5.218) 
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the 2 differentiated terms are the same after relabeUing of indices 

- E 4¥<^72<5(r5 - T2) {QsH[j]{r,)) d{T, - re) (5.219) 



78 



= - E ^sets {QsHiJ] in)) S{t, - T2)d{T, - re) (5.220) 

8 

Now insert this vertex function into the second term of E to get an iterated self energy term. 

= ^tE/ rf5F/3r^i?3^5(rir5)4t8'^<5(r5-r2)<Q8//[Jl(T5)>i^e^4(^5Ti) (5.221) 



3486 '^K 

= ^7 E ^i§f^4'?^3^5(riT2)<Q8i^[J](r2)>l^e^4(r2ri) (5.222) 

34568 

Use this self energy term to calculate the vertex function r(5, 2, 6) and we only retain the term involving 

{Q8h[j]{ 2)) j ]-,ggg^^jgg ^Yie other terms vanish when we ignore thermal expansion. 

(>{Qh[j]{^)) J 

r(5,2,6) = - ^ Y: 4rV^9^Sai^7^9(T5r6)<QnH[.l(re)><8(-6r5) 

0\(^H[J]{^)} « 789,10,11 

= E 4r^fi?6>7l,(^5r6)<8(^6r5)^(re-r2) (5.223) 

789,10 

Substitute this vertex function r(5, 2, 6) into the second term of S to get the final self energy term. 
"Term 2 of y(3p'^)'y(4p'») type 1 self consistent self energy" 
- 2! 7^*^134 

34 

X / d5d6Dg{nT,) E 4'8'^^£?6,2^7i)(^5re)i^?o,8(^6r5)5(re-r2) I D^ir.n) 

•'"'i \ * 789,10 / 

I we can write -D*^ — > D 

= 1(7)' ^ / ^5V^i?f^n?l'^V^yo'^,2^35(rir5)Z)79(r5r2^ (5.224) 

^ 346789,10 •^'^Jf 

This is the same as the previous term, thus the 2 terms add up. 

We assign the signs to q according to the convention assigned earlier. We get, 

Si2(rir2) = E / dnVi^^^vgf^V^il^^^^^^ 

^ ^ 3456789,10 •^'^Jf 

(5.225) 

Using Langrcth's theorem, we get the lesser and the greater components of Si2(rir2) which is in 
vertex multiplication. The contours to use are shown in the diagram. 
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Figure 5.13: The upper diagram is the vertex function. The lower diagram is the self consistent 

energy. 



t2 



cAh) 



Figure 5.14: The left diagram is for calculating £5*2(^1^2) o.'iT'd the right diagram is for calculating 
^^2(^1^2)- These contour diagrams are used for all calculations for all the remaining self consistent 
self energies in this section. 



^ ^ 3456789,10 '^'^ 



-l^ \^ T>(3p/t)T>(3p/i)f;.(4p/j) 
\ i j 134 "^578 "^9,10,6,2 

^ ' 3456789,10 



XI/ dT^+ drs I D^^{tm)D^^{Tr,t2)Dw^^{t2Tr,)D<^{t2ti) 

lcK{t2) JcK{tl) J 



(5.226) 
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- -f-\ .~A3ph)Mh)Mh) 
2 \ i ^ ''^578 ''^9,10,6,2 

^ ^ 3456789,10 

[•JcK(.t2) 

+ [ dT5Ds5{hT5)D>^{T5t2)D<^{t2T5)D<{t2h)\ (5.227) 

•JcKitl) ) 

2 \ i I ^ 134 '^578 9,1 



X 



Cjf (ti) 
2 

10,6,2 

3456789,10 

dt5D>^{ht5) {D<{t5t2)D>Q^8it2t5) - D>^{t5t2)D<^8it2t5)) D<{t2ti) 
to 



+ J^'dt5 {D>^{tit5) - D<{tit5)) D>Q{t5t2)D<^sit2t5)D^^it2ti)^ (5.228) 

sf2(*ii2) = UjX Yl [ dni^lf'^vl^fvff?^^^^^^ 



3456789,10'^"^^ 

-f-V \^ yi3ph)Mh)Mh) 
2 \ i ) ^ 134 '^578 9,10,6,2 
^ ^ 3456789,10 



x(/ C?T5+/ (iT5 I L'35(ilT5)^79(r5i2)£'l0,8(i2r5)I?6''4(*2il) (5.229) 



'cif(tl) JcK{t2) 

K-V V t7(3p'*)t7(3p'')t7(4p/i) 
2 W / 134 578 9,10,6,2 

^ 3456789,10 



X 



dT5D3r,{tlT5)D<{T5t2)D>Q^{t2n)D>^{t2h) 

Cif(tl) 



+ / dnD<{hT5)Drg{nt2)Dio,sit2n)D>^{t2h) \ (5.230) 

2 \ i J ^ 134 578 9,10,6,2 

^ ^ 3456789,10 

1^ ' dts (^5^5(^1*5) - ^31(^1*5)) I)7<9(i5i2)i?i>o,8(*2i5)i^6^4(i2il) 

dt5D<{ht5) {D<{t5t2)D>o^s{t2t5) - D>Q{t5t2)D<^s{t2t5)) D>^{t2ti)\ (5.231) 



3456789,10 

+ / 

Jto 

5.4.2.5 y(3p'i)V('^P'^) Type-2 Term 

For the type 2 term, we can get it when we use an earUer used vertex function to close the last term of 
S. The vertex function is 

= -7777^77TrE^78f^<^9^^M(^7)><5(r7-r8) (5.232) 
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- vl!t^Se9SiT7 - re)S{rr - rg) (5.233) 

9 

-vSt^S{Tr-Te)5{Tr-Ts) (5.234) 



As said, we now insert this vertex function into the last term of S. 

2 



345 ''^K HQhuP)) 

Dg{T,T,)D%{nT,) {-Vilt^5{T, - t,)5{t, - rg)) D'i,{Tsn)) (5.235) 

-k {-l) E ^i3^^^4r / dl ' (z^,«3(r7n)I^3^,(nr.)D3^,(rsn))5.236) 
the 3 terms from differentiation are the same after relabelhng indices 

(-'Y E ySS^^S' I -^^ //f^;V ?7(nr.)i.?,(r.n) (5.237) 

^'^:Sf^^= / rfMl0)i56^9(^7r9)r(9,2,10)Z??o,5(n0n) 
and write D*^ — ^ D 



2! 



X.CiQr\ 1 A ^ Ck 



^ ' 345689,10 -"^K 




Figure 5.15: The self consistent V^^P^^'^V'^'^P^^ Type- 2 self energy. 
We assign the signs to q according to the convention assigned earlier. We get, 

■ ^ 3456789,10 •^'^k 

Using Langreth's theorem, we get the lesser and the greater components of Si2(tiT2) which is in 
vertex multiplication. The contours to use is given in the diagram given in the earlier self energy 
example. 
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^ ^ 3456789,10 "^"^^ 

\^ T7(4p/i)T>(3p/i)T:.(3p/i) 
*^1345 *^786 '^9,2,10 

3456789,10 

/ dT7+ [ drA De9{T7t2)D<^{t2ti)D37{tiT7)Ds4{T7ti) (5.238) 



01 I i / 1345 786 9,2,10 

■ 3456789,10 



X 



dr7£>69 (7-7*2 )i5fo,5 (i2il )i5r7 (*1^7)i584 (^-7^1 ) 



+ / cir7L'6^9(r7t2)£'i1)5(i2tl)£'37(ilT7)£'84(T7tl) i (5.239) 

•Jck(U) 



'cx(ti) 

1 \^ ^(4p?i)T>{3p?i)T>(3pft) 

21 I i / 1345 "^786 "^9,2,10 

^ ^ 3456789,10 



X 



+ 



t2 

dt7 {D<{t7t2) - D>{t7t2)) D<^,{t2h)D>{ht7)D<{t7h) 

to 



dt7D>{t7t2)D<^,{t2ti) {D>{ht7)D<{t7h) - D<{ht7)D>^{t7ti)) | (5.240) 



^f2{tlt2) = ^(7)' E ^3?5'^^tf ^^5?0 / ^7-7A9(r7i2)i^ro,5(i2il)i^37(iir7)i^84(r7il) 



3456789,10 "^"^^ 

1/^!^V V f^(4pMT>(3pMT>(3pft) 
21 I i / 1345 786 9,2,10 

3456789,10 



/ dT7+ [ dTr] De9{T7t2)D>^{t2ti)D37{tiT7)Ds4{r7h) (5.241) 



21 I i / Z^ 1345 786 9,2,10 
^ ^ 3456789,10 



xi / dr7£>^9(r7i2)£'fo5(*2il)i537(tir7)£'84(r7tl) 
[•JcKiti) 

+ f dT7Deg{T7t2)D>^{t2h)D<{tiT7)D>^{T7h)\ (5.242) 



1/^!!;V \^ .7(4ph)f>(3p/i)^{3pfc) 
21 I i / ^ 1345 '^786 ^9,2,10 
^ ^ 3456789,10 

X 



1^*' dt7D<{t7t2)D>^,{t2ti) {D>{ht7)D<{t7h) - D<{ht7)D>^{t7h)) 
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+ dt7 {D<{t7t2) - D>it7t2)) D>Q^,{t2h)D<{tit7)D>^{t7h] 
Jto 



(5.243) 



5.4.2.6 y('VOV('iP'') Type-3 Term 



For the type 3 term, we use the fourth term of E to generate the vertex function and close the expression 
with the vertex function coming from first term of S. 



r(5,2,6) = 



'^(Qh[j](2)> 
1^ 



^7E^57r^^7^8(r5r5)<5(r5-r6)) 

78 / 



2! i ^ '5786 



use 



78 ^{Qh^jP)) 

ck 



S{Qh[jP)) 



S{t5 - re) 
d9dilO)D%{r5T9)ri9, 2, 10)D%^{ti0t5 



(5.244) 
(5.245) 



use the vertex function from first term of E, r(9, 2, 10) = — V^g 2''io5(t9 — T2)5{Tg — tiq) 
^ ^ E nS^^S^7^9(^5r2)i^?o,8(^2r5)<5(r5 - re) (5.246) 



2! i 



789,10 



Insert this vertex function, r(5, 2, 6) into second term of S to get an iterated self energy term. 



134 



34 



d5d6D^,{nT,) I -i^ Yl 4¥^9^,?i>7^9(^5r2)i^?o,8(^2r5)<5(r5-r6) ) i^6«4(^6ri) 



789,10 



write ^ D 

1(7)' 5Z / rf544'^4t6'^F£>35(rir5)i579(r5^ (5.247) 

^ ^ 346789,10 




Figure 5.16: The self consistent f(3p'»)V(^*''*) Type-S self energy. 
We assign the signs to q according to the convention assigned earlier. We get 



Si2(rir2) 



1 rh 



4 V i 



3456789,10 •^'^^ 
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Using Langreth's theorem, we get the lesser and the greater components of Si2(riT2) which is in 
vertex multiphcation. The contours to use is given in the diagram given in the earher self energy 
example. 

^Utit2) = Yl dTMt,n)D7,iT,t2)D^oAt2n)D,,{nt,) 

^ ^ 3456789,10 "^^^ 

A\i) 134 ^5786 9,2,10 

^ ^ 3456789,10 

x(/ dT5+ [ dT^] Ds5{hT5)D7g{T5t2)Dio,8{t2T5)D6^{T5ti) (5.248) 

yCK{t2) JcK{tl) J 

= -f-V V t>(3p/i)T>(4p/i)f>(3pft) 
4 \ i I 2-^ 134 5786 9,2,10 
^ 3456789,10 

X \ / C^T5D^5(iiT5)D79(r5i2)£»io,8(i2r5)£'64(T5ti) 

+ [ dT5D35{tlT5)D>{T5t2)D<s{t2T5)DQ4{T5tl)} (5.249) 

JcKitl) ' J 

4 \ i I 134 5786 9,2,10 

^ ^ 3456789,10 

/ ' dUD>{tit5) {D<{t5t2)D>^,^sit2t5) - D>^{Ut2)D<4t2U)) D<S^ti) 



tl 



+ / dt5{D>^{tih)D>^{Ut2)Df^S2h)D^A{t5ti) 

Jto 

-L>3<5(tlt5)^f'9(*5i2)i^l1),8(*2t5)i^6'^4(*5il)) } (5.250) 



3456789,10 ' ' '^k 

4 \ i I 2-^ 134 5786 9,2,10 
^ 3456789,10 

xf/ dr5+ / drs ) L'35(iir5)£'79(r5t2)£'l0,8(i2T5)I)64(T5il) (5.251) 

= i /^^V V T7(3p/i)T>(4p/i)f>(3p/i) 
4 W y 134 "^5786 9,2,10 

^ ^ 3456789,10 

C?T5L»35(ilT5)L»^9(r5t2)^fo8(*2'r5)-D64(T5il) 

+ / dT^D<S^T^)D7g{T^t2)Dv^fi{t2T^)D>^{T^tx) \ (5.252) 

= V ir^^vh)ij(.'^ph)^{Zph) 

4 \ i I Z^ 134 "^5786 "^9,2,10 
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ti 

dt5 {D>{tit5)D<{t5t2)D>sit2t5)D<^it5ti) 

to 

-Z53<5(tli5)^7l)(*5i2)i^fo,8(i2i5)i^6<4(i5il)) 

+ ^ ' dt5D<{tih) {D<{t5t2)D>^^{t2h) - D>{t5t2)D<^^(t2h)) D^i^h)^ (5.253) 
5.4.2.7 Term 



We get this term by using the earher V(^p^) self energy term to generate the vertex term. We will 
also use the vertex term from the 1/^^*''*) calculation to close the expression. Then the vertex term is 
substituted into the second term of S to generate the self energy term. 

r 

r(5,2,6) = -. — termin S(5,6)" (5.254) 

<5(Qif[j](2)) 

= -7777^ ( ^7 E 4r^a2^r^9(-5r6)i^?o,8(-6r5) I (5.255) 
I use product rule and the 2 terms add after relabelling indices 

I recall the relation -i^SiZ^ = / d(ll)d(12)L>^ii(r5rii)r(ll, 2, 12) Df^^iruTe) 

0{Qh[J]{^)) Jck 



ICk 

use the V^^^^'' vertex function, i.e. r(ll, 2, 12) = -^n Ji2^(rii - T2)5{tii - T12) 

h 

i 



= -7 E ySt^yS!^lvig,%D%,{r,r2)D%^^ (5.257) 

789,10,11,12 



Now substitute this vertex function into the second term of S to generate the self energy term. 

^- ^ 34 ^ 



X 

789,10,11,12 

2! 



E( rl^^a\A^P^^ T7(3p/l) T>(3p/l) fA^ph) 
I aoaOKi34 \/578 1^9,10,6 '^11,2,12 



^ ' 34789,10,11,12 •'^^f 



xD35(Tir5)i:'7,ii(T5r2)-Dl2,9(T2r6)-Dl0,8(T6'r5)-D64(T6ri) (5.259) 



We assign the signs to q according to the convention assigned earlier. We get 

T (tt\ - ^ f ^c:^«T7(3p/0T7(3p/*)T7(3p/i)f;.(3p/i) 

>-12(TlT2) - ^(7) 2^ / d5d6Vj34 l/g^g '7,,i-o,6^1-l,2,12 

■ ^ ^ 34789,10,11,12 •^'^Jf 

X^35(n'r5)£>7,ll(T5r2)£>12,9(7"2r6)r>10,8(T6r5)D64('r6ri) (5.260) 

Si2(Tir2) is in vertex multiplication and we see that the use of Langreth's theorem here is precisely 
the vertex multiplication example shown in the NEGF chapter. There are 16 terms for Sf2(iii2) and 
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Figure 5.17: The self consistent self energy. 



^uitih) each. We do not proceed further as it is worth a PhD project on its own. 



5.5 Kinetic Theory: Boltzmann Equation (BE) 

In this section, we go through the basics of Boltzmann kinetic theory for phonon-phonon scattering. 
This is to pave the way for the derivation of BE from QKE and to collect standard manipulations of 
BE that may help in handling QKE. 

The notation 1 = jiqi and 1 = ji,—qi is used in many instances to save writing. 

5.5.1 LHS of BE: Driving Term 

The driving term (due to a temperature gradient) is 



Full LHS 



d_ 
dt 



+ (VgiWi) • V^. Ni 



(5.261) 



Later, we will deal with the linearized theory, thus we will need the linearized driving term and so we 
now derive the form of the linearized driving term. We linearize the LHS of Boltzmann equation by 
iVi ^ Nl'i. 



LHS = (^^ + (V,-,a;i)-V,-)iV,^« 



= (Vgi^i) • (v,-r)- 



with 



dT 



dT 



d_ 

dT 



^fy^^/kBT - l) ' = Nl\Nl'' + 1)^ 

hjjji 



{V^,u:,)-{V,T)Nl'^{Nl^ + l) 



Linearized LHS 



iVg^,u;i)-{VrT)N',%Nl'^ + l) 



(5.262) 
(5.263) 
(5.264) 

(5.265) 
(5.266) 



which is the linearized driving term (LHS) to use in a linearized distribution description. 
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5.5.2 RHS of BE: 3-Phonon Collision Operator 

The so-called "semi-classical" feature (or "semi-quantum") in the phonon Boltzmann equation is inco- 
operated in the collision operator where the transition rates between modes are calculated via Fermi's 
Golden Rule. The perturbation Hamiltonian is the cubic term in expansion of the interatomic potential. 



jj{3ph) 



^ E (4 + «i) (4 + «2) (4 + «3) (5.267) 

■ 1,2,3 

^ ^ ^1,2^3'' (4*^24 4'^5'^3 + a\a2a^^ + 0^0203 + aio^a^ + aia^as + aia2a| + ai^.Q§^) 



1,2,3 



Fermi's Golden Rule by construction reinforces the conservation of energy, thus we ignore the first 
and last term as they do not conserve energy. Take distribution Nj^^^ = Ni to be the reference mode. 
We will then calculate the transitions in or out of this reference mode. The Golden Rule formula for 
transition rate is 



2tt 

h 



f) S{Ef-Ei 



(5.269) 



Thus it remains to calculate the transition rate of the 6 terms in the perturbation Hamiltonian. 
Actually we are treating it as if there are 6 perturbation Hamiltonians. State 1 = jiqi is treated as the 
reference staterj 



"2nd term, W2nd" 



27r 
T 



/ ) 5{hoJi + hu)2 — fv^3 



123 



(5.270) 



where hcoi + huj2 is the final energy, huj^ is the initial energy 



where 



{3ph) 



123 



t/(3p/i)ta(3p/i)* 
•^123 ^^123 



^r(3ph)^J3ph) 

"^123 



use ladder operator relations, a\N) = Vn\N - 1) and a'^\N) = \/]vTT|iV + 1) 



use also 5{bx) = j^6{x) 

assign {i\a\\f)\v}2t 
27r 

(scatters into A'"i 



(^i4i/)i^i 



123 



(Ni + 1){N2 + l)iV3 



(3ph) 



123 



S{uJi +LJ2- W3) 



(5.271) 
(5.272) 



We must mention here that the states \i) and |/) are the number states but the "number eigenvalues" 
are treated as the nonequilibrium, temperature dependent distribution function. With hindsight from 
QKE, labelling the RHS with nonequilibrium distribution functions seems to be very closely related to 
self consistency in QKE. We carry on with the other 5 terms in a very similar way. 



"3rd term, Wa^d" = ^ 



0^020^ 



27r 

h 

j^{Ni + l){Ns + l)N2 



/) 6{hoji + huj's — huj2) 



i3ph) 



123 



i3ph) 



123 



6{U}1 + ^3 - UJ2) 



(scatters into A^i and is the same as VF2nd after 2 o 3) 



(5.273) 

(5.274) 
(5.275) 



"4th term, W4th 



2tt 



(i 0^0203 5{fujJi — TujJ2 — hui^) 



(3ph) 



123 



(5.276) 



'Since we picked out a unique state for reference, the factor in the Hamiltonian can be ignored. 
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27r 



{Ni + 1)N2N3 



(3ph) 



123 



6{u;i — UJ2 — OJ^) 



(scatters into A'^i) 



(5.277) 
(5.278) 



^'5th term, W^ti," = 



2tt 

li 
27r 



/ 



6{hbJ2 + hios — hjjji] 



(Sph) 



123 



7Vi(iV2 + l)(Ar3 + l) 



{3ph) 



123 



S{UJ2 +OJ3 — ^1) 



= (scatters out of Ni) 



(5.279) 

(5.280) 
(5.281) 



"6th term, VFeth" = -r 



27r 

h 

27r 



Ni{N2 + l)N3 



6{hjj2 — fvjJi — hujs) 
(3ph) 2 



(3ph) 



123 



123 



S{aj2 — oui — UJ3) 



= (scatters out of Ni) 



(5.282) 

(5.283) 
(5.284) 



"7th term, W^h = -r 



27r 

h 

2-IT 

—NiN2{N-i + l) 



(3ph) 



123 



(3ph) 



123 



5{UJ^ - bJ2 - f^l) 



(5.285) 

(5.286) 



= (scatters out of A'"i and is the same as VFeth after 2 o 3) (5.287) 

We allow an indiscriminant sum over 2 and 3 but wc multiply ^ to eliminate double counting. We 
assign " + " for in-scattering and " — " for out-scattering. The collision integral is then. 



at 



= ^ I] (2W^2nd + W4th - W^sth - 2M^6th) (5.288) 

coll 2,3 

= ^ (^^4th - VF5th) + (^^2„d - W^eth) (5.289) 
2,3 2,3 

I relabel indices and use the fact that V^^^^^ has completely symmetric indices 



1^1 27:V 

2,3 

+ y2^^\^l+^2-0J3)^ 
2,3 



(3ph) 



123 



{3ph) 



123 



((iVi + l)N2N^ - Ni{N2 + l)iN3 + 1)) 



((ATi + l)(iV2 + l)Ar3 - NiN2iN3 + 1)) 



V ^2 

2,3 



2ttV 



{3ph) 



+ :^^(^(W1 +i02 
2,3 



W3) 



123 

{3ph) 



123 



((iVi + l)Ar2iV3 - Ni{N2 + l)(iV3 + 1)) 



((ATi + l)(iV2 + l)iV3 - NiN2{N^ + 1)) 



(5.290) 



which is our final result. 
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5.5.2.1 Conservation of energy 

We will show that the term from RHS of the phonon Boltzmann is zero. We handle each term on RHS 
seperately. 



(3ph) 



1,2,3 



hui {{Ni + 1)N2N3 - Ni{N2 + 1){N3 + 1)) (5.291) 



"First term on RHS" 

1,2,3 

swop indices 1 — > 3, 3 — >■ 2 and 2 — >■ 1 

vllf ^ T hv^Siojs -ui- cus) ((iVg + l)NiN2 - NsiNi + 1){N2 + 1)) (5.292) 

1,2,3 

use identity S{ax) = —^6{x) so that S{uj3 — oji — UJ2) = 5{uj3 +uji + 002) 
1 127rF ^ L,(3p/.) 2 



V2 



1,2,3 



Yl M,i,2 ^35(^^1 + W2 - UJ3) ((iVi + 1){N2 + 1)N3 - NiN2{N3 + 1))(5.293) 



{3ph) 



1,2,3 



^1 ((A^i + l)(iV2 + l)iV3 - NiN2{N3 + 1)) 



"Second term on RHS" 
1 27rV ^ 

17-^2^ ^(^1+^2-^3) 
1,2,3 

write hjjJi = -fvjJi + -hwi 
2 2 

due to 1, 2 symmetry, we swop 1 — )• 2 in the second term, so huji = + 2^2 



1^ 

i2 Z_/ 1, 



A?>ph) 

y f^2 ^ I ■ 1,2.3 
1.2,3 



(5.294) 



2 1 
5(uji +0J2- 0J3)-h{ui + U2) {{Ni + 1)(A^2 + l)iV3 - NiN2{N3 + 1)) 



use the energy conservation delta function to get oji + L02 = ^3 

Yl r 1.2? o^3^^^i + ^2 - coa) {{Ni + l)(Ar2 + l)iV3 - NiN2{N3 + 1)) (5.295) 



1 ^TtF ^ |,,(3pfe) 2 1 

F ;i2 



1,2,3 



Thus the 2 terms are the negatives of each other and so their sum is zero. 



5.5.2.2 (Distribution) Linearization 

We will now work with the linearized (with respect to the distribution) Boltzmann equation so as to 
achieve further progress analytically. Linearized quantities will be denoted with A. The linearized 
distribution is chosen to be in this form. 



iVi ^ Nl"^ + AiVi = Nl"^ + Nl'^{Nl'^ + l)yi 



(5.296) 



Now we linearize the 3-phonon collision operator and express it in terms of yi. We do it term by 
term. 



"first term of I^^p''\Ni]" 

{Ni + l)iV2iV3 

(AT^-q + Nl'^{N','' + 1)2/1 + l)(iV2^^ + iV|^(iV|i + l)2/2)(iV|^ + N;\NP + 1)2/3) 
expand and retain to first order in y 



(5.297) 
(5.298) 
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« (NP + 1)NPNP{1 + N^yi + {N^ + l)y2 + (N^ + l)ys) (5.299) 
I the zeroth order term, {N^ + l)N2'^Np (in total) makes 7^^*''*) = 0, but we drop it first 
= {NP + l)NpNp{Nl''y, + (iV^^'i + 1)^2 + (iV^^^ + 1)^3) (5.300) 

We can see that the special form of the hnear distribution provides some mathematical convenience 
when doing calculations. 



"second term of I^^p^\Ni]" 



A^i(iV2 + l)(A^3 + l) (5.301) 
iVr^(iV2^^ + iml'' + mN'l'^ + 1)2/1 + iV|<^y2 + Nl^y,) (5.302) 
use identity, N^iN^'' + l)(iV|'i + 1) = (AT^^'i + l)N^''Np 
it can be directly checked using the Bose Einstein expressions 



{N^ + 1)N^''n;''{{NI'' + l)yi + N^y2 + iV^^a) 



(5.303) 



"first term of I^^p^^[Ni]" - "second term of /(^^'''^[iVi]" 
Very similarly, for the other 2 terms in the coUison integral, 
"third term of I^^p^^[NiY' - "fourth term of I^^p''^[Ni]" 
Thus the linearized 3-phonon collision integral is 



.(Nt'^ + l)NpNp{y^-y2-y^) 



.(Np + \)Nl'^Nl'^{y,+y2-ys) 



A/(3P'^) = _ IIM: ^ k(3^^^) ' Sic.^ - a;2 - u;s){Np + l)NpNp{y^ - y, - y^) 



V2 



2,3 



1 27ry V- L^(3p/») 2 



V 



2,3 



E '^^'^1 + ^2 - a;3)(iV|'^ + l)A^|''^r(yi + 2/2 - ya) 



(5.304) 



In subsequent sections, it is convenient to treat it as a sum of Normal and Umklapp parts, i.e. A/^^p/i) = 



(3p/i) 



N 



+ AI 



(3ph) 



U 



5.5.3 RHS of BE: 4-Phonon Collision Operator 

The perturbation Hamiltonian is 



^(4p.) = i. ^ v}f£, (at + ai) (4 + a2) (4 + as) (4 + a,) (5.305) 

■ 1,2,3,4 

= ^ ^1,2^3,4 (4'^2'^s"3 + a^^^a^^a^a^^ + a\a2a^^al^ + a^a2a3ai + aia^^a)^a\^ + aia^asa^ 



1,2,3,4 



+aia2aga| + aia2a3a2 + aja^al + a4aja^a3a4 + aja2a|a4 + aja2a3a4 
+aia2aga4 + aia2a3a4 + aia2aga4 + aia2a3a4) 



(5.306) 



We drop the first and the last term as they do not conserve energy. Take Nj-^^^^ = Ni to be the reference 
mode (and we can ignore the ^ factor), so indices 2, 3 and 4 are free. Prom Golden Rule the transition 
rate is, 



h 



f 



(5.307) 
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Now we calculate each of the 16 — 2 = 14 terms. 



2nd term VF2nd" 



27r 



a\ala3al 



f 



(5.308) 



use ladder operator relations, a\N) = Vn\N - 1) and a^N) = VN + 1\N + 1) 



and use S{hx) = j^6{x) 
\ri\ 

assign the sign {i\a\\f)\vX'>\' = 1/)!^^^ 



27r 



= -^(iVi + l)(iV2 + l)A^3(iV4 + l) 

= (scatters into A^i) 



(iph) 



1,2,3,4 



The evaluation of the terms goes through the same process, so we only write the results for the other 
13 terms. 



" 3rd term W^jrd" 



27r 



(iVi + l)iV2(iV3 + l)(iV4 + l) 



(Aph) 



1,2,3,4 



5{UJI +0J3+UJi- OJ2) 



= (scatters into A''!^ 



27r 



" 4th term W4th" = j^iNi + 1)N2N3{N4 + 1) 
= (scatters into iVi) 



1,2,3,4 



d{ui +U4-UI2- UJ3) 



2tt 

" 5th term W^sth" = -^7Vi(Ar2 + l)(iV3 + l)(Ar4 + 1) 
= (scatters out of Ni) 



{Aph) 



1,2,3,4 



5{UJ2 +OJ3 + OJA — ^l) 



" 6th term W^gth'^ 



27r 



iViiV2(A^3 + l)(Ar4 + l) 



(Aph) 



1,2,3,4 



= (scatters out of Ni) 



2-K 



" 7th term W^nh" = TyiViiV2(iV3 + l)(iV4 + 1) 
= (scatters out of A^i) 



(Aph) 



1,2,3,4 



6{0J2 +UJ4 — UJ3- Ui) 



d{0J3 +UJ4-CO2- OJl) 



27r 



" 8th term Wgth" = -^iViA^2A^3(A^4 + 1) 
= (scatters out of Ni) 



(Aph) 



1,2,3,4 



5{ijJ4 —UJ1—OJ2 — W3) 



2tt 

" 9th term W^gth" = -^(iVi + l)(iV2 + l)(iV3 + l)Ar4 
= (scatters into Ni) 



(Aph) 



1,2,3,4 



5{uJi +UJ2 + OJ3 —0)4) 



27r 

"10th term M^ioth" = -^(A^i + 1)(A^2 + l)iV3iV4 



(Aph) 



1,2,3,4 



5{ijJi + 002 — 0J3 — W4) (5.325) 
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= (scatters into A^i) 



(5.326) 



27r 

"11th term T^nth" = -^-(Ari + l)iV2(iV3 + l)iV4 
= (scatters into iVi) 



(4p/i) 



6{UJI + UJs — 0J2 — UJ4) 



"12th term W^i2th" 



27r 



(A^l + l)iV2iV3iV4 



{Aph) 



1,2,3,4 



(scatters into A''! 



27r 

"13th term T^i3th" = -^iVi(A^2 + l)(iV3 + l)Ar4 
= (scatters out of Ni) 



{4ph) 



1,2,3,4 



S{UJ2 +UJ3 — UJl— U!4) 



"14th term Wuth" 



27r 

J^N,{N2 + l)iV3iV4 

(scatters out of A^i) 



{4ph) 



1,2,3,4 



27r 

"15th term l^isth" = -^iViiV2(iV3 + l)iV4 
= (scatters out of Ni) 



(4p/i) 



1,2,3,4 



6{u;2 — oJi — oj^ — 0J4) 



S{ui3 - UJi- UJ2- W4) 



5.327) 
5.328) 

5.329) 
5.330) 

5.331) 
5.332) 

5.333) 
5.334) 

5.335) 
5.336) 



We can now calculate the collision integral. A is inserted to allow an indiscriminant sum over 
indices 2,3 and 4. 



j{Aph) 



dNi 



dt 



coll 



2,3.4 



+W9th + M^lOth + VTllth + Vri2th - W^lSth - ^14th - Wi5th) 

note, W3rd = W2nd = Wgth and W^th = ^loth = VFnth 
note, Wnh = Weth = W'lsth and Wsth = Wuth = W^i5th 

I (3W^2nd + 3M/4th + VFl2th - 3M/6th - 3l^8th - M^5th) 



3! 



2,3,4 



= ^ E (^2nd - W^8th) + ^ E (^4th - W^eth) + liYl (^12th - M/5th) 
■ 2,3,4 ■ 2,3,4 ■ 2,3,4 



(5.337) 

(5.338) 
(5.339) 



2,3,4 
1 1 2ttV 



2\V 

+ 



yitSi '^^'^1 +0J2 + i^A- iOs) ((iVi + l)(iV2 + l)iV3(iV4 + 1) - N,N2{Ns + l)iV4 

2,3,4 

2,3,4 



r{4ph) 

,2,3,4 



+ 



1 1 27rF ^ u.(4p/,) 2 



s:K2 



3!F ;i2 1,2,3,4 
2,3,4 



Siuji +UJ4-UJ2- 0J3) {{Ni + l)iV2iV3(iV4 + 1) - Ni{N2 + l)(iV3 + 1)N4) 

5{UJI -U;2-C03- 0^4) ((iVi + 1)N2N3N4 - Ni{N2 + l)(iV3 + l)(iV4 + 1)) 
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j{4ph) 

1 1 2TrV 



Yl KSs.i ^ '^('^1 + + W4 - a;3) ((iVi + 1){N2 + l)iV3(iV4 + 1) - NiN2{N3 + l)iV4) 



2!F ^2 



2,3,4 



+ ^ K^3.a ' '^^''^ + - a;2 - c^s) ((iVi + l)Ar2A^3(iV4 + 1) - iVi(A^2 + l)(iV3 + 1)N4: 



2,3,4 

1 1 27ry ^ [_(4pft) 2 



2,3,4 



+ 3! y li^ ^ h.?3 4 ^^"^^ - u;2 - a;3 - W4) ((iVi + l)iV2A^3^4 - Ni{N2 + l)(iV3 + l)(iV4 + 1)) 



(5.340) 

5.5.3.1 Conservation of energy 

Here we check that the 4-phonon coUision integral obeys energy conservation. This is done by checking 



(5.341) 



First 2 terms of expression ^ tiujj^^-^^I^^^^^[Nj^^^] 

jlQl 



2V^ 



I + a;2 + a;4 - a;3) ((ATi + 1) {N2 + 1) Ar3 (Ar4 + 1) - N^N2 {N3 + 1) Ar4) 

" ' 1,2,3,4 

change 3 -f-^- 1 then use 6(00^ + a;2 + W4 — ui) = d{uji — ou^ — UJ2 — 004) due to 6{—x) = j ^(^(2:) 

' hwsSiuJi -COS -002- W4)((iV3 + l)(iV2 + l)iVi(iV4 + 1) " NsN2iNi + l)iV4) 



1 1 ^.TtV ^ [t.(4p/i) 

2V h"^ ^ I 3,2,1,4 
1,2,3,4 

111 

write UJ3 = -cos + -ws + -0^3 

due to 2,3,4 symmetry, swap 3 — > 2 in second term, 3 ^ 4 in third term 
2TrV ^ IVg^l'^^j ^^('^3 + 0J2 + ui4)S{oJi -u)3-u)2- m) 

9 3 4 ' ' ' 



-2v ,;^^J-'V,4 -3 

x((iV3 + 1)(7V2 + l)Ni{N4 + 1) - NsN2{Ni + 1)N4) 
use delta function to write a;3 + ct;2 + 0^4 = coi 



also write |v'3^2^j^4| 

^^27rF ^ \^^(4ph) 2 
3!F ^2 



3,2,1,4 



I 2 

I ^sJm ^I'^l'^i - W3 - a;2 - W4)((A^3 + l)(iV2 + l)A^i (A^4 + 1) - A^3iV2(A^i + 1)A^4) 



1,2,3,4 



And so we see that the first 2 terms are the negatives of the last 2 terms and they thus cancel. Now we 
hope to rewrite the third term such that it cancels the fourth term. 



Third term of ^ nu:j^^J^^P^\Nj^^^] 

Y ^1 Nj^.af '^^^l +0J4-^2- 0J3){Ni + l)iV2A^3(iV4 + 1) 
1.2.3.4 
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change 1 -H- 2 and 3 <H- 4 



1 1 2ttV 
2V^~ 



^ I ^2,tfi ^ "'2<5("'2 +U^Z-OJi- W4)(iV2 + l)A^lA^4(A^3 + 1) 



1,2,3,4 



use 5{u2 + — wi — uji) = 5{uji + — (jJ2 — '^z) 



also note IVg^^^U = 



1 1 2'kV 
2Vlf' 



{4ph) 



2,1,4,3 
2 



Yl ^ h,?3,4| "'2<^("'2 + W3 - CUi - W4)(iV2 + l)A^lA^4(A^3 + 1) 
1,2,3,4 

write 0O2 = ■^'^2 + '^'^2, due to 2,3 symmetry, swap 2 — >■ 3 in second term 
111, 

now -UJ2 + -U}2 = -(C^2 + <^3) 

use delta function to write UJ2 + ujs = LOi + 0J4 
due to 1,4 symmetry, swap 4 — > 1 in second term 



1 



1 



1 



1 



1 



1 



we get, -UJ2 + -UJ2 = + = -^(^i + -^(^i = ^i 



1 1 2ttV 
2Vlf' 



^ K?^,! ^ "'l'^('^2 + W3 - Wl - W4)(iV2 + l)iViA^4(A^3 + 1) 



1,2,3,4 



Indeed it is the negative of the fourth term and so X^j^g-^ ^jiqi^^^^^^i^jiqA = 0- 
5.5.3.2 (Distribution) Linearization 

The hnearized distribution is chosen to be Ni ^ Ar^*+Ar^*(Ar^^+l)yi as before. The steps are essentially 
the same as that in the linearization of the 3-phonon collision operator, thus now we proceed briefly. 

First term in 4-phonon collision integral 
= (iVi + 1)(7V2 + l)iV3(iV4 + 1) (5.342) 
^ {N^'i + l)(iV|« + l)iV|«(JVf + 1) {N^'yi + 7V|^2/2 + (A^|' + 1)^3 + N^'va) (5.343) 



Second term in 4-phonon collision integral 

A^iiV2(A?"3 + l)iV4 (5.344) 

Nl'^Nl^Nl'^ + l)iVf {{Nl'' + l)yi + (iV|« + l)y2 + N^'^ys + (ATf + 1)^4) (5.345) 
write TVf^A^f (iV|« + l)Arf = (iVf« + l)(iV|« + l)Ar|''(iVf + 1) 

it can be checked with the explicit Bose-Einstein expression 

(iVf^ + 1){N^'^ + l)iV3^^(iVf + 1) {{N','^ + 1)2/1 + (iVf + l)y2 + Nl'^ys + {K" + l)y4](5.346) 
First term — Second term 

= - {{N^'' + 1)2/1 + (ATf + i)y2 + iV3'y3 + {Nt" + l)y4) {yi + y2-y^ + y^) (5.347) 
Similarly, 

Third term - Fourth term = - {Nl'^ + l)iVf iV^^ (TVf + 1) (yi - y2 - 2/3 + Vi) (5.348) 
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Fifth term - Sixth term = -(iVf" + l)iVf iV|'Arf (yi - y2 - 2/3 - Vi) (5.349) 
So the full expression of the linearized 4-phonon collision integral is 



1 1 2ttV 



2V ^ ' ^^""^ + + a;4 - uj3){Nr + l)iN^' + l)iVr (iVf + l){yi + 2/2 - 2/3 + 2/4) 

2,3,4 

IV-W^ HSlf '^(^1 + ^4 - - a;3)(iVr + l)iV|^iVf (iVf + l)(2/i - 2/2 - 2/3 + 2/4) 

2,3,4 

1 1 2ttV sr^ L,(4ph) 



3\V tf 

2,3,4 



E hSJi ' '^(^1 - W2 - ^3 - W4)(A^r + l)iV2'^3'^4'(yi - 2/2 - 2/3 - 2/4) 



(5.350) 



5.5.4 Selection Rules (3-phonon interaction) 



The references for this section are: [Ziman2001| sections 3.3 and 3.4 and |Srivastaval990j section 4.4 
and pg 195-198. An extremely important work |Conyersl954| employs group theory to work out special 
features in dispersion relations of crystals of various symmetries, and then use that to find the low 
temperature behavior of relaxation times. 

Here we shall only discuss 3-phonon interaction selection rules. When we examine the 3-phonon 
collision integral (full or linearized) we observe 2 types of energy delta functions: S{uji -\- uj2 — ^3) 
corresponding to the merging of 2 phonons to make a third phonon; 6{uJi — uj2 — ^3) corresponding to 
the break up of 1 phonon into 2 phonons. There is Ag-^g-jg-g (in T/(^p'^)) that enforces lattice translational 
symmetry. The final complication is that and q are related via the dispersion relation. This makes 
the sum over wavevectors in the collision integral restricted by the so-called selection rules. 

Considering the process of 2 phonons merging to give a third phonon, the selection rules are, 



qi + q2 = q3 + 9 



g = N-process 
g ^ U-process 



In terms of Cartesian components and fixing jiqi (and hence fixing ujj-^q^) the first rule has 6 
unknown Cartesian components of q2 and 53. Together with the second rule, 4 conditions are fixed 
leaving 2 degrees of freedom (a surface) free. When q2 is chosen to lie on the surface, the selection rules 
are satisfied and there is a non-zero term in the collision integral. However solving for this surface is 
extremely difficult due to the complicated dispersion relations of realistic crystal lattices. 

We shall look at an example (of N-process) of a monoatomic 3D solid (no optical branches) and the 
3 wavevectors are collinear (one can also think of this as a monatomic ID solid with 3D vibrations). 

We can draw the following conclusions from the diagrams. 

1. There is no process in which all three phonons belong to the same polarization branch. In the 
context of ID solid with ID vibrations where there is only 1 branch, this conclusion becomes: in 
3-phonon interaction N-process is not possible. 



2. The created phonon must lie in a higher branch then one of the destroyed phonons. The example 
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Phonon 2 




Figure 5.18: Phonon 1 is a transverse phonon (TAi or TA2) interacting with phonon 2 with 2 possibili- 
ties: case (a) where phonon 2 is a longitudinal phonon (LA) or case (h) where phonon 2 is a transverse 
phonon (TAi orTA2). 

Phonon 2 

4 I 




a 



Figure 5.19: Phonon 1 is a longitudinal phonon (LA) and it interacts with neither longitudinal nor 
transverse phonons. 
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shows that, 

TA{qi) + TA{q2) LA{q^) (5.351) 
TA{qi) + LA{q2) LA{q^) (5.352) 

For U-processes, a detailed discussion would be extremely difficult hence we will only state some 
general rules following |Ziman2001j section 3.4. 

1. The frequency of the phonon created in an Umklapp process is always comparable in magnitude 
to the highest frequencies of the lattice spectrum. More explicitly, ^3 « ^9 ™- order to have a 
U-process and the Debye sphere > ^g, so this means Wj-g^-g f« WDebye- 

2. Longwavelength (small q) LA modes are not scattered by U-processes. 

3. Again, there is no process in which all three phonons belong to the same polarization branch and 
the created phonon must lie in a higher branch than one of those destroyed. Thus in the context 
of ID solid with ID vibrations, 3-phonon N or U-processes are not possible at all. 

The earlier discussion was only for acoustic modes and now we carry out brief discussions for the 
optical modes. Optical modes are typically excited by photons and it is relevant to thermal transport 
when optical modes decay into acoustic modes whose group velocities are much higher. (A - acoustic, O 
- optical) otherwise optical modes are really far more relevant for phonon-photon interaction problems. 

1. A + O <^=^ A and + <^=^ A are ruled out as optical branches are usually higher than acoustic 
branches and so the energy conservation condition cannot be satisfied. 

2. A + Oi <;=^ O2 is very restricted because O2 branch must be higher than Oi branch. 

3. A + A <;=^ O satisfies the selection rules. However if the optical branch is too high then the 
energy conservation condition cannot be satisfied. 

5.5.5 Relaxation Time Approximation 

Assume that the effect of collisions causes an exponential "decay" of the nonequilibrium distribution to 
the equilibrium distribution in the long time limit, i.e. of the form (the reference mode is jiqi) 

Thus the nonequilibrium distribution "approaches" the equilibrium distribution from below with char- 
acteristic time (relaxation time) Tj^^^ . 

The collision integral (or the rate of change of distribution) based on this assumption is 



^ iV^«. (l - e-'/^n,A = tlM^ = J22l5^JlnSL (5.354) 



coll UL \ / (jjq,^ /j^qj 



dt 

This is the relaxation time approximation for the collision integral. 



We see that transverse modes decay into longitudinal modes and longitudinal modes also decay into longitudinal modes. 
Although this conclusion is not general, it does indicate that N-processes (together with selection rules) redistributes 
phonons with a preference towards longitudinal phonons. This creates the "problem" of how to destroy longitudinal 
phonons especially at low temperatures. 
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We substitute the linearized nonequilibrium distribution and the approximation becomes 



dN. 



dt 



hqi ^ jiqi ^ jiqi ^ ^^^nqi ^ 



coll 



Jiqi^ Jiqi Jyjiqi 



(5.355) 
(5.356) 



'jiqi 



We include both (linearized) 3-phonon AI^^^'*) and 4-phonon A.I^'^^^^ collision integrals. Thus we can 
write, 



qi 



'''jiqi 



^j(3pft) 



jiqi^ jiqi '>^nqi jigi^ ]iqi J^jiqi 



(5.357) 
(5.358) 



which at this point, it is convenient to define a 3-phonon relaxation time t^^^^ and a 4-phonon relaxation 
time T^^^ ■ The effective relaxation time appears in the form of Matthiessen's rule. 



1 1 

+ 



jiqi 



{4ph) 



(5.359) 



The explicit expressions are 
1 



{3ph) 

jiqi 



^j{3ph) 



.7191^ 3iqi ^f^Jiqi 



(5.360) 



1 ^ 1 2ttV 
V f^^ 2~W 

J2 92^3 93 



yi'iph) 

3\-qi32q2j3q3 



, ^292 J393 \y3iqi yj2<j2 i/j393/ 



J191 



Vjiqi 



{3ph) 



3iqi32q233 -q3 



_,, ^ ^jk (^jk + ^) iyjiq i + ^/j29-2 - ^^39-3) 

"l'^ji9i ^^^292 '^jsqs) j^eq _^ 



3iqi 



Vjiqi 



If we specialise it to the single mode relaxation time (SMRT) case by setting yj^^^ , yj^^^ 
closed expression. 



(5.361) 

0, we get a 



1^1 2ttV 



(3ph) V 2 
jiqi J292J393 

1 ^-^ 2ttV 

j2 92^3 93 



y{3ph) 

1-91^292^393 

{3ph) 2 



J191J292J3,-93 



2 iV''?. iV"«-, 
I - /I - ^\ ^7292^393 
Oy^hqi ~ ^hq2 - ^jsqs) ^yeg 

jiqi 

°\^hqi + ^^^292 ~ ^j393r 



+ 1 

J191 



(5.362) 



Now for the 4-phonon relaxation time, (here we use the shortened notation, 1 = ji, and 1 = ji, —q\ 
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to reduce clutter) 

1 1 1 2TrV 



'1 



I 1,2,3,4 



+ 7: 



2,3,4 

1 1 27rV 



\, ^ ^ , (A^r + i)iv|'(^^4' + 1) {yi + y2-y^ + va) 



2V 



2,3,4 



ivr yi 

iVf iVf (iVf + 1) {y^-y^-y^ + y^) 



yi 



1 1 27ry ^ I (4p^) 2 ATf iVl^'iVf (yi - y2 - ya - y4) 



3\V 



2,3,4 



- a;4j 



yi 



(5.363) 



If we specialise it to the single mode relaxation time (SMRT) case by setting y2,y3,y4: = 0, we get a 
closed expression!^ 



1 



1,2,3,4 0{UJi + UJ2 + 1^4 — ^3) 



2,3,4 



1 1 27ry ^ U ,(4p/,) 2 ^ _ ^ TVf iV3-^(iVf + 1) 



2V n? 



2,3,4 



X] ^1,?34 ^ + U)4 - UJ2 - UJ3) 



+ 



1 127ry ^L,(4p,) 2 ^iVfiVfA^ 



31 V 



2,3,4 



X] ^1,2^3,4 ^^^^ - a;2 - - a;4) - 



(5.364) 



5.5.6 Beyond Relaxation Time Approximation: Mingo's Iteration Method 

Here we follow |Lindsay2005i El- This is an iteration method to solve the linearized 3-phonon Boltzmann 
equation together with a relaxation time approximation for boundary scattering. We set up the quasi- 
ID device along the z-axis and the temperature gradient is written as V^^T = We start by replacing 
the linearized distribution Vj^q^ with another variable Fj^^^. 



N, 



nqi 



let yj 



dT 1 
where /3 = ^ 



We apply the same substituition to the linearized 3-phonon collision operator. 



^j{3ph) 



yjiQil 

1 1 27ry ^ |y(3p/i) 

32q2j3q3 



qi ^32(12 



CO 



X(^.?l + m-l^N^Uynq^ - y32q2 - yjsq^: 



J_27ry ^ \y{3ph) 

j2 92^3 93 

^(^M3 + l)^2?2^'?.(2/...l + ynq2 - y3 



393 V 



(5.365) 



(5.366) 



(5.367) 



By now it should be clear that this procedure of writing the SMRT works for any collision integral desired. 
^ Other relevant references are: [Mingo2005] , [Omini 1995] and |Lindsay2010] 
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use the substitution yj^if^ = —fSFj^^^ 



dT 

dz 



define W^-'f'!'-: 



{3ph){-) _ 



1 2ttV 



jl«lj2?2j393 y fl2 



V. 



{3ph) 



define W^^^.'^^^t^. . 



1 2ttV 



dT 
dz 



E 



V ti^ 
{3ph){+) 



yi'iph) 



32q2 jsqs 

cq ,rcq 



E 



J292J393 

{3ph)i+) 



jiqihq2jzqz 2 ^'191^292^393 y ^i^i 



^ ^ ^fi?. ±W(3P'0(-) ^ (p. ^ j_ p. ^\ 

hqi32q233q3 \ ^^qs ^ ^252; ^ 2 hqi32q23zqz ^ ^^qs ^ ^32q2) 



(5.368) 



J292J393 



We use a relaxation time approximation for boundary scattering witli tlie phenomenological form of the 
relaxation time ^ = 1^ — , where L is the length of the quasi- ID device. 



qi 



dt 



M. M^l^ M""! (I + /V^«^ 

^^3iqi ^^nqi _ ^^hqi\^ ^ ^^jiqi'P dz 



:;i9i 



F, 



3iqi 



coll 'jigi 

The LHS of the linearized phonon Boltzmann equation requires a slight rewriting, 



LHS = (V,,a;,,J.(V,T)iV;4(iV;4 + l)^ 



write Vg-^Wj^g-j = Vj^^-^ and V^^T 



—r- and - — — 
dz ksT 



1 



/3 



+ 1 



The linearized phonon Boltzmann equation has been written into, 



'^3iqi 



^ dz \ ^ \ hq\32q23zqz 2 hq\32q23zqz j •'i^i 



U292J3?3 



(5.369) 



(5.370) 



(5.371) 



E 



32q23zqz 



^(^Ph)(+) (p. ^ _p. ^ 
il?ij2q2j353 V ■J393 -^^252 



; 2 JlflJ292J353 J393 I -^^292; 



{■^jzqz + -^^292) 



iV"«. (1 + AT"-?. )/?^ 



p. - 

-^Jl9l 



cancel P—r- on both sides 
dz 



define Q 



■3iqi 



Qi3ph) 



Q 



{3ph) 

hqi 



E 



32q23zqz 



3iqi32q23zqz 2 hqi32q233qz 



r{3vh){ + ) 



(%,J.Hl?1^4(l+A^f,j 



Jl^lV 7101/ 



Jl9l^ 



J191 



(5.372) 
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51 



E 



W 



(3p/0(+) (p. ^ _ p. ^) < iw('>''){-) 

jiqij2q233q3 ^ -^SiJS ^292^ "T 2 jiqij2q2j3q3 

32q2jzq3 

divide by Qjigi and rearrange the left and right sides 



.^jiq-i + -^i2'f2) 



(5.373) 
(5.374) 



p. - = 
^3iqi 



<?1 



+ 



E 



]2q233q3 



w. 



(3pft)(+) 



.(3pfe)(-) 



J3«3 J2?2; 2 3iqi32q233q3 



f3 



^393 "I" ^32q2) 



define the first term as F'^^^^ and define the second term as A.Fj^^^ 



3iqi ^ ^■^3iqi 



(5.375) 



If wc set AFj-^g^^ = we get the SMRT approximation. The iteration procedure starts with i^j^g^ = F^^^^ 
which is substituted into AFj^^^ to get a new -F'jigi which is substituted into AF^^g-j to get a new Fj-^^^ 
and so on. It is trivial to include the linearized 4-phonon collision operator into the iteration scheme. 
We simply rewrite the linearized 4-phonon collision operator into the F variables. 



let Vji^i — f^Fj^^^ 



dT 
dz 



= P 



dT 1 1 27rV 



dz2V h? 



E 



(4p/i) 



Jl.-gi J2,-<?2 J3,'?3,J4,-g4 



^i'^jiqi + ^^^292 + '^j4q4 



3iq3/ 



32q233q33iq4, 



'■i^lk + + ^)^r3q3^^1k + ^)^^nq. + ^32,2 ' ^^.3.1 + 



driJ_27rF ^ 



V 



{Aph) 



j2y2,73<73j4f/4 



3! y ^2 I il'-'Jl J2,l32,i3,'f3 J4,<74 

i2'/'2i3l33i4'?*4 



E 



define W^'^l^'^^Z^ - - 

.7iqiJ2q2J393J494 



J2g2 :;393 J454 ' 

1 2-kV 



F- - 

^ J3?3 



^^292 '^^494 



^^393) 



Jl I -91 J2 ,92 J3 ,93,^4 ,94 



J292J393J494 



^<^(^jl9i ~ '^i292 ~ '^J494 ~ 



define T^^^S'^.^^t) . . . 

J191J292J393J494 



^<^('^jl91 + '^i292 + '^^494 

define VF^^S'^^^t+l . = 

uenue jiq^j2q2j3q3j4q4 

X^i^jiqi - ^j2q2 + ^^^494 



1 2ttV 



E 



(4pft) 



Jl,-91 ,J2,-92,J3,93,J4,-94 



J2g2J393J494 



1 27ry 



E 



(4p/i) 



y ^2 ^ I ■ Jl,-9i,J2,92,j3,93,j4,-9'4 

i292i3g;ij494 

J393M jigi y J292 J393^ J494 



\ 9 jl9lj292j393j494 jl9ij292j393j494 Jl9U'292j393 ^494 



32q233q33AqA 



^jiqi^ 



dz 



(5.376) 
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_ V (-w'^*^^'^^^'^ (F 

j2 92^3 93^4 94 



) 



"""2 il 91^2927393^494 V-^i393 ^7292 -^^494; "I" "^"^ il91 ^2927 



9li292i393i494 V^i393 + -^^292 + ^7494) j 



I define Q^'?.'*) = V . . + . + . . 

I ^Jl9l \ 2 J19U292J393J494 2 J191J292J393:;494 3I Jl9lj292j393j494 

^292^393^494 

Following above, the phonon Boltzmann equation becomes 
^ T 

■ ^ii9i) -^Ji?! 

TT^(3p/j)(+) /p p ^ I lw(3p'*)(-) - 4- F 

.191.292.393 >.-^J393 -^.292; 2 '"^.■igi.'292.'393 >.-^J393 -^^292; 

'l^(4pft)(+) ^ ^(p p p. \ 

2 J191.'292.'393.'494 V -JS^S 3111 ^ 3414 ) 

,}i^r(4:ph){++) ^ (p. ^ , p. ^ _ p. ^\ , lw(4p/i)(-) ^ ^ fir. . + i?. . + i?. . ^ 
^2 Jl9ij292.'393.'494 >.-^J393 "^.292 "^.494; 3} hllil1lMz34q4 1^^.393 ^ "^.292 ^ ^3414) 

^ii^i ' ~'~ ^ii9i rearrange left and right sides 



.191 "^il9i 



- E 

h<ii3-m 

- E 

i2 92.3 93.4 94 



divide by q(;^') + ^'"^ ' 



.191 



V^.191 ^ii9i 



^.191 ) 



+ 



p(3p/i) p(4p/i) pft 
.191 '^ii9i "^ii9i 



E [•••]+ E (•••) 

\32q2j3q3 .■292.'393j494 

as before 



we can define the first term as Fj-^q^ 
we can define the second term as AFj^^^ as before 



= F^ ^ 4- AF 



.191 



(5.377) 



(5.378) 



5.5.7 Thermal Conductivity 

In kinetic theory, the aim is to solve for the nonequilibrium distribution. Now we write explicit ex- 
pressions of thermal conductivity once the nonequilibrium distribution is solved. We start with the 
linearized theory since the full theory is almost always unsolvable. The expression for energy current in 
Boltzmann's theory is 



J - Y (^91^.191) ^jiqi^jiqi 



(5.379) 



.191 

again we use the shorthand notation 1 = jiqi, I = ji, —qi 
substitute in the linearized distribution 

i E(V9i'^i)^i W + W + 



(5.380) 
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I first term is overall odd in q so the sum is zero 

= :^E(^^i'^i)^i(^r(^r+ 1)2^1) (5.381) 

To get the expression for thermal conductivity, we use Fourier's Law which defines the thermal conduc- 
tivity. 

Jai — ~ ^ ^ ^0102(^1^-^)02 (5.382) 

We invert it to write 



«2 



'^0102 — IV^TP ~ (5.386) 



v^-r|2 

= - ^|^^^^|2 E(^'ri^i)"i(^^-^)"^^^^r'(^i' + 1)^1 (5.387) 

Take the cubic or isotropic geometry and the thermal conductivity tensor is diagonal, k = Kaia2^aia2 

K = E(^'ri^i) • iVr^T)T^iNt''{N'^'' + l)yi (5.388) 

We need an identity to write the thermal conductivity in terms of the relaxation time ri. We get it 
from the (linearized and relaxation time form of) Boltzmann equation 



(5.389) 



Thus we can write 

-yi = Ti(V,-.,^i) • C^rT)^ (5.390) 
The expression for thermal conductivity takes a familiar form. 

« = E ((^.1^1) • i^rT))'u;!nN',\Nr + 1) (5.391) 

I the isotropic case gives the average over q as (^{V^^loi) ■ (V^T))^ — )• -| Vq-^a;ip|V^Tp 



To understand the inversion, we work backwards starting with the guess 

= ~ 1^ ^ 1^^'^ (5.385) 
Thus a normahzation factor appears when we take the inverse. 
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3VkBT^ 



j;iv,-.,a;iiVnivr(ivr+i) 



(5.392) 



1 



define the single mode specific lieat Ci = 



1 ffojj 



N^\N^'' + 1) 



-^CilVg-^tJil^ri 



(5.393) 



Therefore, we have now have 3 expressions of thermal conductivity at different levels of approxima- 
tion: (a) thermal conductivity when the full nonequilibrium distribution is known, (b) thernal conduc- 
tivity when the linearized distribution is known and, (c) thermal conductivity when the relaxation time 
is known 1^ 

5.5.8 From BE to Phonon Hydrodynamics 

The references for phonon hydrodynamics are stated here for convenience. The reference we follow 
most closely is [Vasko2005| section 25. Review articles are |Hortonl975] chapter 4, |Beckl974] and 
|Enzl968] . The paper that marked the beginning is probably |Sussmannl963j . Articles that contributed 
to significant development are, |Kwokl966] which used NEGF and |Shaml967] which used equilibrium 
r 7^ field theory. The famous Guyer-Krumhansl collision integral eigenvectors method is detailed 
and applied to second sound in the following: |Guyerl966a| , |Guyerl966bj , [Horiel964| . |Guyerl966c| 
and |Krumhansll965j . Projection operator implementation is found in |Maradudinl974j chapter 9 
and |Meierl973| . Further developments are done in these papers: |Niklassonl968| . |Niklassonl970] . 
|Sandstroml972a| and |Sandstroml972b| . 

5.5.8.1 Propagation Regimes 

To understand why second sound is an interesting phenomena to explore, we need to understand the 
various lattice excitations possible in a solid: EEI 

• Zero Sound: Propagation in the collision-less regime. 

• First Sound: Ordinary (acoustic) sound wave in a solid, i.e. the elastic dilatation of a solid and is 
described by the continuum theory of elasticity in the form of a (continuum) displacement field. 

• Second Sound: A Temperature wave or a well defined phonon energy density propagation. 

And the various Thermal Conduction Regions are: 

^^Typically, the SMRT is used for the calculation of thermal conductivity. 

omitted first and second sound coupling in this thesis. The earliest theory for it, is called the two-fluid theory of 
dielectric solids since it was inspired by the two-fluid theory of superfluids. See the list of references for second sound. 

^^I omitted Poiseuille Flow in this whole thesis because it may not be applicable to nanosystems. For more information 
on it, I refer to the references mentioned in this section. 
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Regions 


Condition 


Momentum 
Loss Mechanism 


K estimate 


Main Excitation / Remarks 


Casimir 
/Ballistic 


TN, Tu > TB 


Boundary scattering 




Zero sound. Without taking 
into account boundary 
scattering then k — t- oo. 
No equilibrium in background 


Ziman 


TN <. ru <. TB 


Umklapp scattering 




Second sound. Drift 
distribution background 


Kinetic 


Tr <. TN K Tu <. TB 


Umklapp & other 
inelastic scatterings 


K ~ 1/r 


Diffusive Transport 
Equilibrium background 



The notations are: tn - A^-processes relaxation time, tu - [/-processes relaxation time, tb - boundary 
scattering relaxation time and tr - effective relaxation time of all the other inelastic processes. L is 
the characteristic length scale of the sample size, L/v ~ tb where v is the characteristic phonon group 
velocity. The Casimir region thermal conductivity is estimated by «; ~ low T heat capacity {^^ T^) x 
boundary scattering relaxation time (~ L/v). The other estimates for n are done at the end of the 
section. Note that at high temperatures, [/-processes increase and become comparable to A^-processes 
but it may not overwhelm it enough to achieve equilibrium, so to reach the kinetic region, other inelastic 
processes may have a strong participation in destroying the momentum and achieve equilibrium. 

[Interest in Second Sound:] Now we state the reasons for being interested in second sound phenom- 
ena. This is in the regime where A^-processes are actively redistributing the phonons and [/-processes 
just started to kick in to "kill" the phonon momenta so loosely speaking, this is the regime where the 
macroscopic Fourier's law starts to be physically meaningful!^ 



5.5.8.2 Derivation of Balance Equations 

The starting point for discussing second sound is to coarse grain the Boltzmann equation and the 
resulting equations are the so-called balance equations. Simply treat these balance equations as an 
"energy continuity equation" and a "momentum continuity equation". We define 4 variables for the 
hydrodynamic description. 

1. Energy Density: e{rt) = — hwiNi{ft) 

2. Heat Current: J (ft) = {^gi^^i) Ni{ft) 

We can define the thermal conductivity 2-tensor from J using Fourier's Law, J{ft) = -^(V^r(f=)). 

3. Crystal Momentum Density: P{ft) = — hqiNi{ft) 

4. Crystal Momentum Flux Tensor: Gaia2{^t) = — ^^fi{qi)ai (^^1^1)0,2 A^i(^*) 

The Boltzmann equation with 3-phonon and 4-phonon collision integrals is, 
d 



dt 



Niirt) + (V,-,aJi) • (V,.iVi(rt)) = l'^^P'''>[Ni{rt)] + I^^P''^lN,{rt)] 



(5.394) 



By "physically meaningful", I mean the thermal conductivity acquires a finite value. 
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where the 3-phonon and 4-phonon coUision integrals are given earlier. 

First we derive the energy balance equation by multiplying hioi to both sides of the phonon Boltz- 
mann equation and summing over index 1. 



"LHS of the phonon Boltzmann equation" 

I they simply correspond to the definitions of energy density and heat current 
d€{ft) 



V 



dt 



+ ■ J {ft) 



(5.395) 



(5.396) 



The RHS of the phonon Boltzmann equation was shown earlier to conserve energy. The energy 
balance equation is 



Energy Balance Equation: 



de{ft) 

dt 



Vp ■ J {ft) = 



(5.397) 



To get the momentum balance equation, we multiply hqi to the phonon Boltzmann equation and 
sum over the index 1. For the LHS, the terms are simply the definitions of momentum density and 
momentum flux tensor. 



LHS = y 



dPai{ft) sr^ dGaia2{ft) 



dt 



OC2 



dr, 



(5.398) 



a2 



RHS = 5^%l)«i/(3f'^)+5^%l)ai/('^'^) 



wri 



1 1 

rite as, = ijfP'^') + /(J?"^), = llfPf^) + l(^P^) 

1111 

we will show later that the Normal terms are zero 



{4ph)\ 

u ) 



(5.399) 



(5.400) 



(5.401) 



Momentum Balance Equation: 



at 



02 



{ft) 1 ^f^^-.. fA3ph) M)\ 



(5.402) 



We fill in the working that shows that the Normal terms are zero. 



1 127rF 



V2 h? 



1,2,3 



(3ph) 



1,2,3 



1 2TrV ^ 
+ T7^:^ (>{^l + W2 - 1^3) 



V 



1,2,3 



(3p/i) 



1,2,3 



in the first term of rename 1 -H- 3 and use S{—x) 



h{qi)a, ((iVi + l)iV2iV3 - iVi(iV2 + 1)(A^3 + 1)) 
' %"*i)ai ((iVi + l)(iV2 + 1)A^3 - A^iiV2(A^3 + 1)) (5.403) 

1 



- 1 



■5{x) 
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1 2ttV 



1,2,3 



(3ph) 



1,2,3 



X ((ATi + l)(iV2 + l)Ar3 - NiN2{Ns + 1)) 

use Normal processes conservation law, qs = qi + qi so \q\ — -^qz 



(5.404) 



\ (gi - h) 



ai 



this is now odd in 1, 2 but the other terms are even in 1,2, hence it is zero over the sum 







(5.405) 



5(a;i + a;2 + W4 - 1^3)^(91; 



1 1 

2!t7~^ ^ r 1,2,3,4 

1,2,3,4 

X ((iVi + l)(Ar2 + l)iV3(iV4 + 1) - mN2{N3 + 1)N4) 



1 1 27ry l^A^ph) ^ 



2!y 



1,2,3,4 



E r 1,2!3,4 '^('^1 + W4 - W2 - ^3)^(0*1! 



ai 



X ((A^i + l)7V27V3(Ar4 + 1) - Ni{N2 + l)(Ar3 + l)iV4) 



1 1 27rF V- L,(4p/.) 2 



3!T^ ^2 ^ r 1-2,3,4 
1,2.3,4 



(5(a;i - a;2 - - a;4)^(gi) 



ai 



X {{Ni + l)iV2iV3A^4 - iVi(iV2 + l)(iV3 + 1){N4 + 1)) 
we identify 3 lines on the RHS 

for 3rd line, rename 1 -f-^^ 3 then use S{—x) = zi^ix) 



(5.406) 



then note K 



(4pft) 



3,2,1,4 



(4ph) 



3,2,1,4 



and combine with 1st line 



1 1 2nV 
2!y~P~ 



E 1^1,13,2 ^^^^ +UJ2 + 0J4- U2)h iqi - ^ga j 

1,2,3,4 ' ' ' ^ ^ "1 



X ((A^i + l)(iV2 + 1)A^3(A^4 + 1) - A^iA^2(iV3 + 1)A^4) 

^h^rW ^ NJs.al <^(wi+'-'4-a;2-W3)%"'l)ai 
1,2,3,4 

X ((iVi + l)iV27V3(Ar4 + 1) - Ni{N2 + l)(Ar3 + l)iV4) (5.407) 
use N-processes conservation law, 93 = gi + ^2 + ^ to write 

qi - 3^3 = qi- g(gi + 92 + 94) = g^i - g(g2 + 94) 

1 ^ 2 ^ 

due to 2, 4 symmetry, we can rename and sum the 2 terms, qi — -qs = -^{qi — 9*2) 

o o 

2 ^ 

-(^1 — ^2) is odd in 1, 2 but the rest are even in 1, 2 hence vanishes 



1 1 27rF ^ |_(4p/,) 2 



2\V 



1,2,3,4 



E r i,2!3,2 ^'■'^^ + W4 - W2 - 0J3)n{qi] 



X ((iVi + l)iV2Ar3(Ar4 + 1) - Ni{N2 + l){Ns + 1)N4) 
for 2nd term, rename, 1 -f^ 2, 3 -f^ 4 



(5.408) 



then use S{—x) 



1 



■S{x) and 



2,1,4,3 



(4ph) 



2,1,4,3 
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1 1 27rV 



{Aph) 
2,3,4 



1,2,3,4 



5{uJi +CO4-0J2- 0Jz)h{qi - q2)a, {{Ni + l)N2N^{Ni + 1)) 



r ^ ^ 1^ 1^ 

for write q2 = -q2 + ■^q2 

1^ 1^ 

then use 2, 3 symmetry to write q2 = ^^2 + -^^3 



1 _ 



use N-processes conservation law q2 + qs = qi + qi to write q2 = -(^i + 94) 

then use 1,4 symmetry to rename and sum the terms, we get 9*2 = 2(^1 + ^l) = Qi 
(5.409) 



The calculation thus shows that U-processes are the "sources and sinks" of crystal momentum which is 
precisely the piece of physics we want to probe. 

[Drift Distribution] Now we note a very special distribution that allows us to probe the system 
when iV-processes overwhelm all others. Mathematically, the previous statement means that the drift 
distribution, N^^^^ is the "eigenvector of I^^^'' and of I^^^^^ with zero eigenvalue" , i.e. it is the "steady 
state" distribution due to (overwhelming) iV-processes. The explicit expression is 



(5.410) 



where T^''* and u are arbitrary parameters. The eigenvalue equations are 



A3ph) 



u ! -'at 



Tvrdrift 



(5.411) 



and the proof (in abbreviated notation) is 



"First term of / 



{3ph) 
N 



drift 



1 1 27rV 



V2 ff 
1 1 2TrV 



2,3 



(3ph) 



1,2,3 



drift ^jydrift 



+ 1] N: 



rdrift 



V2 ff 



UJ2 - UJ3) 



2,3 



(3ph) 



1,2,3 



^ /^^drift^driftjYdriftgn(a;i-gi-u)/TP'' _ ^driftjYdriftjYdriftgfi(w2-q2-w)/TP''gfi(a;3-g3-w)/TP'"\ 
1123 123 ) 

use the N process conservation law, qi = q2 + 93 
use the energy conservation law, uji = U2 + W3 



1 1 2^ 



V2 h? 



^(5(^1 -0^2-^3) 



2,3 



(3ph) 



1,2,3 



, ^{u!\—q\-u)/TP^ / jydrift jydrift jydrift jydrift jydrift jydrift j 

^ 1123 123y 



The second term of I 



{3ph) 
N 



Ardrift 
Ml 



and all terms in I 



{4ph) 
N 



jydrift 
il9l 



+ 1 



(5.412) 



(5.413) 
(5.414) 

are shown to be zero with exactly 
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the same workingP^ 

Again, the fuh theory is difficult to handle so we go over to the linearized theory. The justification 
is, we assume that the drift distribution is "near" (i.e. u is small and T^^ is near T, the equilibrium 
temperature) the equilibrium distribution. Now we Taylor expand iV^^^''^* to linear order around the 
equilibrium distribution. 



1 



=0,TP''=T 



+ 



Q ^drift 



grpph 



u=0,TP'^=T 

define the small quantity, AT = TP^' -T 



(5.415) 



(5.416) 



use the identity 



h 



jiQi^ nil ' 



(5.417) 



Linearized Drift Distribution: 



A<f (n, T^^) = N;-^ + N;-.^ (N;-.^ +l)(^?^-n+ ^ AT 



Comparing with our chosen linear form, we have an explicit expression for yj^g-j , 



2^2 



(5.418) 



(5.419) 



In the full theory, Nf^^^ makes l}^^''^ and jj^^^^ zero, so as a consistency check, we now want to 



check if the linearized A^'^"^* makes the linearized versions of the collision integrals All?^''^ and A/ 



'at 



zero. 



"part of the first term of A/^^'^'*" 

yjiqi ~ yj2q2 ~ Vj-iq-i (5.420) 

^ {qi -q2-q3)-u+ [uj,^, - lvj^^^ - ujj.^^^) (5.421) 

use energy conservation law and N process momentum conservation law 

(5.422) 



"part of the second term of A/^^'*^" 

yjiqi + 2/i2<?2 ~ ^^393 

^ (gi + 92 - 93) • + i^hgi + '^^292 -^393 

use energy conservation law and N process momentum conservation law 



■ UJ4 



-3) 



(5.423) 
(5.424) 



^^A deeper look at the proof will reveal that the drift distribution is the zero eigenvector of the normal part of collision 
integrals of any order in anharmonicity. It is truly a non-perturbative ansatz. 
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= (5.425) 
"part of the first term of A/JJ^'*^" 

~ Vjiqi + yj2q2 ~ Vjsqs + yj4?4 (5.426) 

= p (91 + 92 - gs + ^4) • + (wjig- + Wj^g-j - Wj3q-3 + L^j^g-J (5.427) 

I use energy conservation law 8{ujj^^^ + Wjjgi + '^j494 ~ '^isgs) 
I and use N processes momentum conservation law ^3 = 51 + 02 + 94 

= (5.428) 

"part of the second term of A/^^'*^" 

~ yiigi ~ yhq2 ~ yhqz ^ yom^ (5.429) 
Til li, /\ T' 

= ^ (91 - 9*2 - 93 + 94) • + i^hQl - ^j2q2 - ^M-A + ^jAq^) (5.430) 

I use energy conservation law 5{ujj-^^^ + ^^j^q^ — ^j2q2 ~ '^jim) 
I and use N processes momentum conservation law 9*2 + 9*3 = 9i + 9*4 

= (5.431) 

"part of the third term of AI^^^^" 

~ yjiqi ~ yj'iq'i ~ yj-.iq-A ~ yj^qA (5.432) 

h ^ ^ ^ \ ^ h/sT , \ / \ 

= 77; (91 - 92 - 93 - 94) • + [tOnqi - UJj^q2 " ^^39-3 - Wj^g-J (5.433) 



use energy conservation law 5[ujj-^^^ — ujj^q^ — <^j292 ~ ^j^qa) 

and use N processes momentum conservation law 9*2 + 9*3 + 9*4 = 9i 

(5.434) 



Indeed the linearized theory is consistent in this aspect. In closing this section, we now show that 
u has the meaning of the average phonon group velocity. We start by simply calculating the average 
phonon group velocity. 

"Average group velocity (un-normalized)" 

= E + + 1) (|9l • n + %^At)) (5.435) 

jiqi 

I note that Vg-^Wj^g-^ is odd in qi hence (Vg-^Wj^^j) gi • n is nonzero 

I note the identity, {N^\ + 1) = -^tt^ 

I this can checked directly using the Bose Einstein expression 

= 5^9-*i-u (5.436) 

I reverse the chain rule 

= -E(v<fi^,\)9-*i-5 (5.437) 

J 191 
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I integrate by parts with respect to qi 

= - E fe^-'i • + E (V.-i^-'i • (5-438) 



jiQi jiqi 
we drop the surface term 



= E^:V.- (5-439) 



So, 

U = ^ T^eq ^ — (5-440) 

which is the (normahzed) average group velocity of the phonons. 
5.5.8.3 Dissipative Phonon Hydrodynamics and Second Sound 

The earher section prepares us for this section where we will use the linearized theory with the balance 
equations together with an iteration similar to that of Chapman-Enskog to expand about the linearized 
drift distribution bringing in L'^-processcs in the expansion. This allows us to see the dynamics of how 
{/-processes brings about evolution to equilibrium, which is when u = and AT = 0. 
First we define and label the lowest order quantity, 

yj:k-«=^--+^^^ (5-441) 

We will now use this linearized drift distribution to calculate the hydrodynamical variables to lowest 
order. The balance equations will then simply be turned into dynamical equations of u and AT. 

First order Energy Density e^^\rt) 

= + (Ag:V. + 1) (1^1 ■ - + ^ at) ) (5.442) 

I drop the equilibrium energy density as it can be set as the "reference value" 
I note that ojj-^^^^ is even in qi and qi ■ u is odd in qi so Uj^^^qi ■ u = 



^EH..1^:V.(^:V. + l)^AT (5.443) 
jiqi 

define specific heat, C ^ ^^^M. ^^Ik + 1) 

CAT (5.444) 

First order Momentum Density P^^ {ft) 
= ^ E ^(^-0- + ^r^,. (^;:k + 1) (t'^^ ■ - + ^ at) ) (5.445) 

I note that ^(gi)ai is odd and N^^^ and coj^^^ are even in qi 
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J 191 

define the tensor, Xa^a, = TT^f; ^^(^Oai (9i)a2^;i'Vi (^r?i + (5-447) 



FT 

J 191 



X] Xaia2"a2 (5.448) 



a2 



First order Energy Flow Density (Heat Current), J^^\ft) 

= ^EHWi(V,ia;,.,0 (N;-^+N;^^iN;^^ + l)(^q-,.n+^AT)\ (5.449) 

ii-fi 

I note that V^^Wj^^^ is odd in qi but Nj^^^ and Wj^^-j are even in qi 

= ^EHm(V,lc.,,,-jA/;;i.^(iV-i- (5.450) 

^ nil 



note the identity, N'^.^^.^ + 1) = --^ 



^cq ( ^jC(i I 1 ^ _ ^ JlQl 

the identity can be checked directly using the Bose Einstein expression 
then use chain rule ' {'^qi'^hqi) = ^ qi^q-, 



= -^EHWi(v,liVj,\)^i-^ (5.451) 



Jl9l 



note the identity, = In ' 



\ Jl9l 



the identity can be checked directly using the Bose Einstein expression 
define entropy, 5 ^ 1 ^ ^ni^ = 17 E(^i\ + 1) l"(^i\i + 1) " ^i?i ^'91 (5-452) 



jl9l Jl9l 



I then note the expression, V^^Sj^^^ = (^Vg'iiV^A.J In I 

V Ji9i / 

= -^^E(^?i^Mi)^"i-^ (5-453) 



V 



I then integrate by parts 

= -^E^^i(^^ii?i«i-^) + ^E^^ii?i^ (5-454) 



Y ^ ■ 91 \- "jiyi-i- "/ ■ Y 

jiqi jiqi 



I take the surface term to be vanishing 

= ^E^^im^ (5-455) 



V 

ii9i 



= TSu (5.456) 
First Order Crystal Momentum flux tensor G^^^ (ft) 
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= ^ E + iVj;^,,(A7:',, + 1) (1^1 • - + ^At)) (5.457) 



^(^i)ai i^qi^jiqi) a2 '^^ ^ equals even in qi, thus retain — ^^^AT term 
^ E ^-i)- iV;:V.(^:V. + l)^AT (5.458) 



jiqi 



recall the definition of entropy, S and the expression, 



jiqi 



also the expression, Vg-jAT^^'i = (V^^w^-^g-J 



5a; 



jiqi 



h 



i^m^hm) --N':^ iN':\ + 1) 



and that In 



to get, -T (V,-,5,,,-J^^ = + 
= -^E(V^-i^^Wi)a,(?i)aiAr 



0:2 



ji<?i 



integrate by parts and drop surface term 

= T7 <^aia2'S'jigi AT 



(5.459) 

(5.460) 
(5.461) 



Now we substitute these lowest order quantities into the balance equations to get the hydrodynamical 
equations for u and AT. 
Energy Balance equation: 



dt 



+ Vr-J{ft) = 



dAT 

C-^ + TS{Vp-u) = 



Momentum Balance equation: 



5Pff(ft) ^ dG^aia,{rt) 



dt 

du, 



<X2 



«2 

dAT 



OC2 



dr, 



OL2 



lE (A/r^+A4«) 

lE^-i)". (A/r^+A/^O 



^ an,, SAT 



02 



5i 9r, 



ai 



(5.462) 
(5.463) 

(5.464) 
(5.465) 
(5.466) 



The RHS is complicated, so we have to work it out term by term. First note that h{qi)ai odd in gi 
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so we only retain ^qi ■ u in y - 



jiqi 



First term of ^ h{qi)ccAIu^^^ 



Jill 



_jf_27rV_ 

jiqij2q2j3q:i 

r^q ,i\ Am Ar^^q 



Jl,-?ij2,g2j3,'33 



X iN;% + 1)N;^N;:^^5(u,.^^^ - u,^^.^ - - - qs) ■ u (5.467) 

use Umklapp momentum conservation law = q2 + qs + g where 5 is a reciprocal lattice vector 



^2 2TrV 



c 



3l,-q2~qz-9,32,q2,jz,qz 



^ (^^1,92+93+9 + ^)^32q2^hq3^^'^nm+q3+9 " '^^252 " '^^353)5 " 



(5.468) 
(5.469) 



Second term of ^ /j(gi)a^ A/J 



(3p/i) 



^2 27ry 



E ®)-^:v.^;:v2(^;v3+i) 



T/(3p/i) 

jl:9l,j2,«2,j3,93 



Jlljlj2g2j3<?3 

>«^Kl9l + '^i2g2 - Wj393)(^l + ^2 - gs) • U 

use Umklapp momentum conservation law, q\ + q2+ 9 = Q'i 



yiZph) 

31, qi ,32 ,q2,33,-qi-q2-g 



y2'j^ fl2 

33 3iqi32q2 

><^1^1^2?2(^^.1+.W+ - '^.3,.l+.-2+.-)5 - 

rename, 1, 2 — > 2, 3 and ji 

recall that the indices in V^^'^^^ are completely symmetric 
1 



use also S{—x) = 



1 



■5{x) 



2ttV 



'2jai 



V 

Jl,-?2-?3-S,j2,92j3,?3 



.71 .7292.?3g3 



^^r?2^i3k('^r,92+<f3+9 + ^)^('^3l,q2+q3+9 - ^32q2 " '^^393)5- 



(5.470) 

(5.471) 
(5.472) 



(5.473) 



^ ^ h{qi)ai^I^^'^^ = First term + Second Term 



hqi 

2t:V 



E E (92 + ^3+5-292)0 



3i,~q2-q3-9,32,q2,33,q3 



2V^T ^ ^ ' 'io 1 y — izyai 

31 hhhqz 

X (iV;,^,-,+,^3+.^ + l)^;?2^.^/K,?.+?3+.^ - ^.2<f2 - ^,3.-3)5 • 5 (5-474) 
note that 92 + ^3 + 3-2^2 =9*3-92 + 5 

so the first 2 terms make an odd function in indices 2, 3 while the rest of RHS is even in 2, 3 



r? 2-kV 



^, ^ ,^ Z-^ I 3i,-q2-q3-9,32,q2,33,q3 

31 32q233q3 



X (A^;;^,-,+g.3+j + 1) A7^^^^A^;3^^3(5(c^,-,,g--,+g--3+^ - w,,,-, - u;j,^,)9aj- 



(5.475) 
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define, 



9ai9a2 



-E^itai^a^ (5.476) 

-^^'E^^^^ita^c^ (5.477) 

CX.2 

define thermal conductivity, k^^p^} = TS^X'^p^}'^ which we will justify immediately after 

(5.478) 



First term of ^ E ^{Qi)ai^Iu 



{4ph) 



JlQl 



1 h"^ 2ttV 



E 



3\q\3iqi3zqz3'^qA. 



X fe + l) + l) ^"^3 fe + l) («"'i)-(^"'i + - + ^4) 

use U processes conservation law + ^2 + ?4 = 93 + ^ 



u 



1 /t^ 27ry ^ |y(4p/l) 

2 ;j2 I ji,g2+<f4-g3-9j2,-g2,i3, -93^4,-94 



(5.479) 



'^('^ii ,92+94-93-9 + '^^292 ^i494 ^ hqz) 

{K,^^q.-qz-, + l) (^;^9. + 1)^^93 (^"94 + ^^^^^ + " " ^la.^^ " U (5.480) 



Jl 32q233q334.q4, 



Third term of E KQi)aAIu 



(iph) 



3iqi 



1 ^2 27rF 



E 



jl, -91 J2,92,J3, 93^4,94 



<^(^jl9i " '^J292 ~ '^^393 '^i494) 



J191J292J393J494 



+ lK'92^r93^;4V4(«"'lW(^"'l - - - ^4) • ^ 

rename 1 O 3, then write (5(a;j-3g-3 - ujj^^^ - Uj^^^ - Wj^g-J = 5{-Uj^^^ + ujj^^^ + Uj^^^ + ujj^^^) 
then write (AT^^- + l)Ar"«- AT^^- 7V^«- = AT^^- (iV'«- + l)(Ar"*. + l)(Ar^«. + 1) 

^ J393 ' J292 J191 J494 J393^ J292 J191 J494 ' 



(5.481) 



then write 



J3,-93J2,92 ji,gi J4,g4 



1 27ry 



E 



il9li292j3g3i494 



J3,93J2,-92J1,-91 J4,-94 
2 

J3 , 93 J2 , - 92 J 1 , - 91 J4 , - 94 



'^(^j292 + ^ji9i + '^J^gi ~ ^^393) 



+ i)(^.9i + m.).M- ?2 - - ■ u 

use U processes conservation law qi + q2 + = qs + g for qi 
1 2ttV 



(5.482) 



E E 

il il9li292i393j494 



y(4p/i) 

i3,93,j2,-92jl,92 +94 -93-ffJ4,-94 



X'5(c^,29-2 +'^.1,92+91-91-5 + ^i494 -'^.39l)^;3',l(^^^^^^^ + 1) (iV;,V2+9-4-93-S + 1) (^llV + l)(^3)a,5 ■ 
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First term + Third term of :^ ^ h{qi)a,Allf^'^^ 



1 2W 



E E 



1 

(4ph) 



2 V'^T ^ ^ I il''?2+94-lJ3-9,j2,-92 ,i3,g3,j4,-94 



u (5.483) 



Second term of — h{qi)a^/S.l'^^^^^ 



1 27rF 



V 



(Aph) 



:/l,-«lJ2,?2J3,?3J4,-?4 
J19iJ2?'2:?39'3J4q4 

x(^f^. + l)^r^2^r?3(^r?4 + - - ^3 + • n 

2 



write 



{Aph) 



32q2 jsqs ^ J494 

|2 



V. . . . 
Ji-qi,j2,q2,j3,q3,j4„-q4\ 



y(Aph) 

ji,qij2-q2,ja- g?, , 94 



(5.484) 
(5.485) 



use the U processes conservation law qi + Qa = 02 + Qs + 9 for qi 



l_^27ry 



E E 

il jiqij2q2j3q3j4q4 



(Aph) 



il ,92 +93 - 94 +ff j'2 , 92 J3 ,«3 J4 , - 94 



*^(^jl,92+93-94+ff "I" ^j494 ^^^292 ^jsqs) 



V il,92 +93 -94+fl 



1) ^;:^92^l^93(^r94 + + - + 



(5.486) 



^ ^(^1)01 A/^^'*-' = First term + Third term + Second term 



1 h"^ 2nV 



E E E 

jl j292j393 °'2 



(Aph) 



jl ,92 +94 -93 -9 ,j2 , -92 Js ,93 ,j4 , -94 



il, 92+94-93-9 



'^('*^Jl,92+94-93-9 "I" ^j292 "I" '^J^gi ^jsqs) 

+ 1) (iV;;V2 + ^)^Ms(''uq4 + 1) (^"'^ + QA - -9- 9 



+ 



(Aph) 



Jl ,92 +93 -94+9 j'2 ,92 ,33 ,93 , j4 , -94 



ji, 92+93-94 +5 



92+93-94+9 "I" '^j^gi ^j292 '^jsgs) 
+ 1) ^;2V2^r93 (^1^94 + 1) + ^3 - ^4 + 5)a, ffa. ) ^a. (5-487) 

= -E^atai^a. (5.488) 

0:2 

= -T52^^Ait'in«2 (5.489) 
0:2 

I define thermal conductivity, n^^f^] = TS'^X^^f^]'^ which we will justify immediately after 

= -r52^4tai-lue.2 (5.490) 



a2 
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Thus the momentum balance equation in first order (of distribution) takes this final form, 



a2 "•^ a2 



^dAT 



(5.491) 



Now we justify for the definition of thermal conductivity given earlier. Consider the special case of 
steady state where the drift velocity varies spatially but not temporally, i.e. ^ = then the momentum 
balance equation becomes 



U, 



012 



and recall the expression of current from the energy balance equation, 

J^^\ft) =TSu 

which we shall use to replace 1x^2 momentum balance equation to get, 

„5AT 



dr. 



ai 



'^a\a2 ' a\a2 



L V ( a(3p^) + \^*p^)\ 7(1) 

rpg / J \^^a\a2 ~ '^a\a2 j a.2 

<X2 

0.2 "^^ 

compare with Fourier's law, Jq,j = — 

OL2 

TS^ /'\(3pft)-l , x(4p/»)-l\ 
\'^CX\CX2 ' Q.\Q.2 j 



(5.492) 

(5.493) 

(5.494) 
(5.495) 



OAT 

Kaiaa^ > we get 



CX.2 



(5.496) 



which is the definition used earlier. 



[Chapman-Enskog Iteration] Now we can carry out the first correction in distribution (due to 
U -processes) via a Chapman-Enskog- like iteration. This is done by finding the second order correction. 



(2) 

^jik ^^^^S the phonon Boltzmann Equation. 



d 



N^X {N^X + 1) ( ^ + (V^, w,, )-VA = AI 

Jiqi^ Jiqi \ dt J .Ji^i 



J3ph) 



(2) 



+ AI 



(4p/i) 
N 



Jiqi^ jiqi > 



AI 



(3ph) 
N 



(2) ' 

^3iqi_ 

(2) 



+ Alf''^ 



We expand the LHS 
LHS = 



— + (Vq-iWjiq-J V 



dt 

fujjj^q^ dAT 
dT 



J<2 



a a \ 



fihjj^,j^ dAT 

r2 drr. 



du. 



ai 



oil 



drn 



(5.497) 



(2) 

y ■ u 



(5.498) 



(5.499) 



(5.500) 



change the temporal derivatives to spatial derivatives 

by using the first order hydrodynamic equations without the Umklapp part 
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^(-f)(v..).E|(^.u(-.E..;.t^) 

a \ ai / 



(5.501) 



a\a2 



^jiqi 



(5.502) 



note that the first round bracket is odd in qi and the second round bracket is even in qi 

(5.503) 



ai "1 0102 '^^ 



(2) 

We search for y L on the RHS in a similar even-odd (in q) form. 

„(2) 



(5.504) 



This form is substituted in the hnearized cohision integral. Then compare coefficients on both sides 



of the Phonon Boltzmann equation (recalling also the factor 



notation is used in order to fit the equations) 

2 



20 



AT^". (AT^"^ +1) 



on RHS and abbreviated 



A 



lo 



1 ^p 1 N^^N""^ 2-kV 



{3ph) 



1,2,3 



5{u;i -UJ2- Ala - Ala - A, 



i3o 



1 ^ {N^^J^1)N^2ttV 

23 1 



{3ph) 



1.2,3 



6{uJi +U2- iOz) ( Ala + Ma - A 



130 



1 1 2'kV 

2,3,4 

(TVf + l)iV|«(Arf + 1) 



W3J 



1 1 2'kV 
'2V^ 

1 1 2ttV 



2,3,4 



{Ala + Ma - Ma + Ma) 



{iph) 
2,34 



\> ,iVfiV|«(iVf + 1),. . . . , 

d{uJi +UJi-ljJ2- Wa) ^^^Teg (^iQ - ^2a " ^3a + ^4a) 



E ^ ^(^1 - a;2 - a;3 - ^^Y-^^^-^^^^iMa - Ma - - Ma) (5.505) 



2,3,4 



Biaa' 



1 ^ 1 iV2''7V|'' 2ttV 
2,3 1 



{3ph) 



1,2,3 



(5(a;i - a;2 - 1^3) ( Biaa' - -8200' - -8300' 



1 ^ ( Np + l)iV2"^ 2ttV 
2,3 1 



--y 

V ^ 



{3ph) 



1.2,3 



6{u}i +UJ2- W3) -Biao' + B 



^2aa' B^aa 



1 1 2ttV 
'2V^f 



E Ki.t's.a ^'^'^1 + u;2 + - W3) 



2,3,4 



'Note that anharmonicity comes into the coefficients A and B. 
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X J^Teg l-Dlaa' + -02aa' — ^3aa' + -D4aa'J 



(iV|^ + l)iV|'^(jVf + 1) 
1 1 27ry UMph) ^ r/ , ^ 



2^ 2,3,4 
l-°laa' ~ ^2aa' — ^3aa' + -D4aa'j 

1 1 27ry ^ I (4p/.) 2 iVl'^iVf iVf ~ ~ ~ ~ 

~3! i.2,3,4 "'^'^1 — a;2 — ^3 — a;4j — l-Olaa' — -D2aa' — -D3aa' " ^4aa' ) 

2,3,4 ' ' ' 1 

(5.506) 

The second order correction to the distribution can be written as AN^'^l = N":"^^ (N':'^^ (N'!'^^ +l)w''.^l 
and to get the corrected hydrodynamic balance equations, we first calculate the corrected hydrodynamic 
quantities. Earlier, we have "transformed" temporal derivatives to spatial derivatives, thus all correc- 
tions enter as spatial derivatives. As local energy density e(rt) enters the balance equation as a temporal 
derivative, there are no further corrections to it. 

Second Order Momentum Density P^^ {rt) 
jiqi 

I since {qi)a is odd, we retain the odd part of yj^^^, i-e. ^jiqia 

= ^EE(^"'i)"4.i«.^:^..(^:v.+i)|=^ (5-508) 

jiqi "1 

dAT 

= ^«ai-^ (5.509) 
Second Order Energy Flow Density (Heat Current) JaH'^t) 

= v^^^^?A^q.-M.)^;^,s^;^^+M^^ (5-510) 

jlQl 

-t (2) 

I since Vq-^Wj^q-^ is odd in gi, we retain the odd part of Vj^^^, i-e. ^jiqia 
= ^EE-.i.l(V.l-.wJa^...l..iVj;i,,(^^^^^ (5.511) 

= -l^l^aa^-E— (5-512) 



Second Order Crystal Momentum Flux Tensor G^^^^ (ft) 

= ^E%"'i)-(v.i-.wO.,ivj;v,(Ag:',,+i)ya (5-513) 

I since (^i) {^qi^^jiqi) is even in qi, we retain the even part of yj^^^, i.e. Bj^^^^ia' 
= ^ E E («"i)- (V,l-..,l)., + 1)|^ (5.514) 

J 191 "30:4 "3 
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duc 



(5.515) 



Now calculate the second order corrected balance equations using these quantities, 

e{rt) = e^^\rt) 

Ga,a,{rt) = G'«,2(r-t) + Gi%,(rt) 



(5.516) 
(5.517) 
(5.518) 
(5.519) 



For the energy balance equation, we get. 



aia2 



d'^AT 
dra^ dr, 



02 



(5.520) 



For the momentum balance equation, we get. 



dt 



dt 



a2 



dr, 



a2 



d 



dr, 



the first order energy balance equation to get 



C 



012 

+ I b y — — — — = U and replace 



dra2 dt 



Oil 



9^0.2 9fai 



dtdr, 



012 



TS 



also define 1^0:1020304 — T01Q2Q3Q4 ~l~ ^ ^0102*^0304 



+ E 



02 



dG^a\a2 {f"t) 



V K^^P^)-^ + ^(4p/i)-l 



Un 



02 



020304 



"2"3a4 o o 

(y / o" 03 



^ I '^OiOj '^0102 



02 



/ ^ Aai02 



dUr 



dt 



s 



dAT 

drai 



E 



2 (Mph)-1 



02 



^0102 



'^0102 / """2 



(5.521) 



The two corrected balance equations are called the dissipative hydrodynamic equations. We sum- 
marize the tensors involved in the equations. 

1. Kaictl + K^j^2 • Thermal conductivity tensors 



2. ^01020304 : Phonon Hydrodynamical viscosity tensor 



21 



3. /^oio2 • Correction to the thermal conductivity tensor or the thermal conductivity tensor in phonon 
hydrodynamics theory since its definition comes from a Fourier-like law. The interesting thing is 
that it is a dissipative term that comes from N-processes. El 



'Note that 1/0110,2030,4 depends on the coefficients A and B and so it depends on the order of anharmonicity. 
^Note that Haj^o,^ depends on the coefficients A and B and so it depends on anharmonicity. 
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4- Xaia2 '■ Mass-like tensor that relates P to the drift velocity u 
Now we will estimate these tensors with respect to their dependence in temperature. 



[Estimating A (at low T):] See |Vasko2nn5j pg 200 and |(Truevichl986] pg 122. Observe that the 
definition of A is related to the Umklapp part of the (linearized) collision integral. Thus we can define 
an Umklapp relaxation time, 



1 



VT 



(5.522) 



where the factor [. . .]~^ is for dimensional reasons. We estimate this factor for its T dependence. The 
low T region is probed by using the Debye approximation which is approximately the spectrum at low 
T. We assume one branch for simplicity and we drop the index j. 



— Yq^N'JiNt'i + l) 



(5.523) 



use Debye approximation lo = v\q\ and — 7>~ J du— 



where the group velocity w is a constant 

T „ 
let X 



dx- 



x^e^ 



1 k%T^ ksT 
Yv^~^ W J ""^(e^ - 1)2 
where the integral is some constant 



So, 



TU 



(5.524) 

(5.525) 
(5.526) 

(5.527) 



[Estimating entropy density S (at low T):] See |Vasko2005] pg 200 and |Gruevichl986] pg 49. 

Recall the thermodynamic relation. 



and at low T, the specific heat Cy estimated in Debye approximation is Cy ~ T^, thus 



(5.528) 



(5.529) 
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[Estimating k (at low T):] See |Vasko2005j pg 200 and |Gruevichl986] pg 123. Recall the relation, 

(5.530) 



use 5 ~ T and A 
2^4 



So, 



K ~ TuT' 



(5.531) 



(5.532) 



At low T, Tu diverges and so k diverges but this is only true if tu diverges faster than T for low T. 
Thus we need to estimate tjj to confirm this. 



[Estimating tu (at low T):] See |Vasko2005| pg 201 and |Gruevichl986] pg 123. We carry out this 
estimation by roughly solving A for a ID chain. Take the atomic spacing to be a, and there is only 1 
phonon branch thus branch index j can be dropped. The first Brillouin zone (BZ) is — ^ < q2,q3 < ^■ 
Checking the selection rules gives only 2 possible Umklapp processes. 

• 92 ) 93 > , g = — ^ to map it back into first BZ 

• 92 J 93 < , g = — to map it back into first BZ 



^(3p/^) 



2a'^T ^ 1-92-93-9,92,93 
92,93 

seperate the double sum into the 2 f7-processes 



«%,3+3 + 1) iV|,^iV^7<5(o;,,+,3+, - a;,, - a;,3)5aife (5-533) 



2a2T 



E 



V 



{3ph) 



+ E 

92,g3<o 



92,93>0 
(3p/i) 



-92-93 + ^,92,93 



V 



l92| + |93|-^,-|92|,-|93l 



N 



92+93- 

-|92|-|93|-^ 



+ 1 ) N^jN^J^i^, 



92+93- 



27r — OJ, 



92 



93 y 



eg 



' -I92I -I93I 



l92|-|93l + ^ -'^-I92| -'^-|93|, 



note that oj and N'^'^ do not depend on the sign of 9 

yi^ph) appears as and so the 2 coefficients are the same 

the 2 terms add up and cancels the factor — 



27rY 
a J 



(5.534) 



27r 



E 

92,93>0 



y{3ph) 
-92-93+^ 



,92,93 



N 



eq 

92+93- 



, + 1 ) Nl!N^^I5{u 



write ujq2 = ^92 and for 92, 93 > 0, 92 + 93 



27r 



^92 

a?T\a J ^ 

^ ^ 92,93>0 



< 0, SO CJ 



a 



92+93- 



"92+93-^ '^92 



(-^^)(92 + 93 



^9305.535) 



^93^ 

2^, 

a ' 



-92-93+v" '92,93 



N 



eg 



(5.536) 



for small T, e'^s^ is large, so we estimate. 
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hid 



eq 



•^13 



hu: huj hu: 



~lxe ''s^xe *_B^~e '^b 



— V- 

k r>T a 



r rr TT TT 

Since lor (7 -processes, q2 + Qs ^ —, so w ~ u — 

a a 



~ — ( I e kgT^ a — \ 

a?T\a 2v ^ 

^ ^ q2,qs>0 

So the temperature dependence is, 



V 



{3ph) 



2tt 



-92-93 + — '92,93 



(5(92 + qs 



A ~ 


1 1 




— e T 
T 

A 1 




1 


1 


TU 




T 


K ~ 







(5.537) 

(5.538) 
(5.539) 
(5.540) 



Indeed k diverges at low T exponentially. 



[Estimating n (at high T):] See |Vasko2005] pg 201 and |Gruevichl986] pg 115. Recall the expression 
for thermal conductivity. 



K = Y \VgUJ.ff\^UJ%T..N'l{N':i + 1) 



(5.541) 



We will use the SMRT expressions for t^^p^) and t^'^p^^ to estimate the high T behavior of k'^^p^^ and 
i^i^ph) respectively. For high T, 



1 



-(3p/i) 



huj 

e '=sT — 



1 + ^^ + 



1 



T 



1 N^'' N^'^N^'^ 



(5.542) 
(5.543) 



and using Einstein's approximation for high T, i.e. uj ~ constant and |Va;p = iT^ is a (small) constant, 
we get, 



,(3p/i) 



1 



2^2 2^2 ^ 



1 



T ' 



J^2 



(5.544) 
(5.545) 

(5.546) 



[Estimating x (at low T):] See |Vasko2005j pg 206 and |(kuevichl986] pg 135. El Recall its 
definition (taking the diagonal). 



(5.547) 



n 



Gurevich's script p is my x- 
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which is exactly the factor we calculated in the low T estimate of A, immediately we can write, 



X ~ (5.548) 



[Estimating i_i (at low T):] See |Vasko2nn5 j pg 206 and [ClruevichlQSH] pg 147. B Recall its 
definition, 

= -^^^j,<^g^n)a,^,<!a,N;i{N;i + l) (5.549) 

and so we need an estimate of A first. If we look at equation ()5.505p and equation ()5.506p and the 
SMRT expressions of t^^p'^^ and t^'^p^^ we can estimate these 2 equations as, 

^ - {-J^ + :^)^^^^nA^A (5.550) 

where we recall that the derivation at that point is within A^-processes and tn is a generic symbol for 
the relaxation time of A^-processes. Now we need to estimate A and B from their explicit expressions 



A = j^{V,u)-—qx-^ , B = {V,u)^-—S (5.552) 



use Debye approximation, i.e. w = vq, (VqUj) = v and recall the earlier estimates: x ~ C ^ and 
5 ~ T^, we get, 

A ~ , B~f (5.553) 

2 

A ~ , B^TNj, (5.554) 



Finally, 



^^ ~ J^u^vr^^N^^iN^'^ + l) (5.555) 
q 

I use the Debye approximation expressions uj = vq and — )>~ y da;- 



^3 



da;^^p^7Vf(iVf + 1) (5.556) 
let X 



/-...^g!,.^ (5^557) 



h J (e^-l) 



So, 



fi ~ TivT^ (5.558) 



24 



Gurevich's x is my ^. 
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[Estimating u (at low T):] See |Vasko2005] pg 206 and |Gruevichl986] pg 146. Recall its definition 
and related definitions, 



^CK1CK2CK3CK4 



Taia2a3a4 



— 



aia2 



J9 



(5.559) 
(5.560) 

(5.561) 



J9 



We shall estimate both terms in to be sure. We start by applying Debye approximation to 7 and use 
the estimate for B. 



V-^r;v^iV^''(A^^^ + l) 
use the Debye approximation, 



T 



(5.562) 
(5.563) 



let X 



doju^N^'^iN^'^ + 1) 



TN kBT f ^J%T^ x^e^ 



(e^-l)2 



So, 

Now estimate -j^vr, 



7 ~ T ^rT 



-vr ~ 



5;gT^^iV^^(iV^'^ + l) 



which is the same as above. Indeed, 



U ~ T]\fT 



(5.564) 

(5.565) 
(5.566) 

(5.567) 
(5.568) 

(5.569) 



Finally, we look at 2 examples of solving the hydrodynamical equations. 



[Non Dissipative case (i.e. only A^-processes):] We take the simplest case of an undamped wave 
equation. This is done by dropping the dissipative terms and the balance equations become. 



92 AT 

C^— + TSVr'-u = 
ot 



(5.570) 
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dug^ dAT 

l^Xa.a.-Q^ + S-^ = (5.571) 

We eliminate the drift velocity u by taking the temporal derivative of the first equation and taking 
the spatial derivative of the second equation. 



eliminating the term we get the single equation 



02 AT TS^ ^ _i 02 AT 

EWa.^-^ = (5.574) 



0^2 c ^ '^'^"^^ dra.dra^ 



which is of the form of an undamped anisotropic (temperature) wave equation. To obtain the dispersion 
relation, we substitute the travelling wave ansatz. 

AT oc e^(«-^^-'"*) (5.575) 

We get, 

TS'2 

^2^(<i-r-.i) - Yl X^LM.e^^'-'-'^'^ = (5.576) 



.2 _ 

c 



c 

CXICX2 



^' = XI Xaiaa^aife (5.577) 



a.\a2 



is the dispersion relation of the (anisotropic) undamped second sound (or temperture wave). We see 
that as long as only N processes occur, and the distribution is linearized, the above dispersion relation 
is the same for any order of anharmonicity. 

[Dissipative (i.e. with [/-processes) and Cubic Geometry] We take dissipative effects into 
account in this example, but we choose a simple (3D) cubic geometry so that all the tensors become 
scalars. We specialize by considering only the x-axis but there is no loss of generality in this context. 
Note that ^ ^ ^ and we will use the travelling wave ansatz, 

AT = AToe'^^^-'^*) (5.578) 
= noe'(«^-'^*) (5.579) 

and substitute them into the balance equations. The energy balance equation becomes, 

C{-iuj)ATo + TS{iq)uQ - fi{iqfATo = (5.580) 

The momentum balance equation becomes 

■uo (5.581) 
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Together, we write 



iqTS fiq^ — iuC 



Uo 



(5.582) 



Solutions exist when the determinant of the matrix of coefficients equals zero. 

{zqfTS' - {i.q' - zcoC) (^.q' - zux + ^(sp.ff ^(4p.) ) = » (5-583) 



cx V Cuj J \ x^ {k^^vK] + «;(4p/»));^a; 

Note that a; is real and q is complex. The imaginary part of q will cause damping to the second sound 
amplitude. Using the relation that intensity is the square of the amplitude, we define the absorption 
coefficient of second sound, Fn as follows, 

damping of intensity = ^e*^'^^^^^ (5.587) 

= e-2(»9)^ (5.588) 

= e"^""^ (5.589) 

where Tn = 2(3=g) (5.590) 

Denote the velocity of second sound as v\y = (which can be inspired from the previous example) 
and now we will calculate the lowest order terms of V\\. The relevant condition for light damping is 
sRg » Gg. 

In the first order where = ^q (which means there is no damping and so all imaginary terms 
vanish), we get, 

which is of course (see previous example) the dispersion relation of undamped second sound specialized 
to the cubic geometry. In the next order, we retain terms linear in Fn- 

q = ^q + i^q (5.592) 

= — + Jir„ (5.593) 
vii 2 

q- = {-\ + (5.594) 



viij 4 \viij 



— +M— Fn (5.595) 
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and we substitute it into the "coefficients" equation (j5.586p . 

(-n.)' = + + ) (5.596) 

I drop the small term 



U!^ + iujviiTii = uj^ [1 — , ^, TT^rr— g + io;'' h Q + , (5.598) 



^ 22 2/^^ 1^ \ f ^'^ f ^ \ \ 
lUJViiFii = - ^ ,„ , , TTTTT^Iig + 1" ^ + * Tii + — 



Take the imaginary part, 

= - (^(3p.) + ^(4p.))^ii (^) Til + + ^ + (^(3p.rf J4p.))^ (5-599) 

I estimate . , . ~ — which is small in the hydrodynamic regime 

(^f-i^pn) _|_ ^{ipti}^ 

_ 2 [ ^ \ TS^ 

The first term depends on frequency squared and the second term is a constant term. Now if we 
recall the condition of existence of second sound, 

» 9g (5.602) 

and ^q oc oj (5.603) 

with Qq oc Fn oc (5.604) 

we see that the condition can be violated when ui is sufficiently small or sufficiently large. 



5.6 Kinetic Theory: QKE Treatment (towards Quantum Phonon Hy- 
drodynamics) 

5.6.1 Recalling QKE 

Recall that we have 2 types of QKE theories: one is based on KB ansatz and the other one is based on 
GKB ansatz. Let's state again, what they mean. 

QKE based on KB ansatz is made up of NEGF + Wigner Coordinates + gradient expansion + 
(free spectral) KB ansatz. Gradient expansion is an expansion in correlations. The zeroth order term 
is a collision term with no particle correlations. The first order and higher terms are correlation terms. 
Causality is not obeyed. 

QKE based on GKB ansatz is made up of NEGF + GKB ansatz and Wigner coordinates + gardient 
expansion are optional. The improvement here is that causality is obeyedo 



However I did not manage to make it work for phonons in this thesis which I suspect has to do with the clash 
between causality and particle non-conservation. For the application to electrons, see the appendix. For the application 
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We recall the the QKE based on KB ansatz 

{'Sf + ( V'^iir ) ■ ^^^i) ^m,-" ) = ^--th + list (5.605) 

where, 

^-oth = ^ (Si;..(n^,,,-+C+tJ^)iV,,,-+(nt^) - S<,,(ria;^.^-+g (l + iV^.,,-.+ (rii+))) (5.606) 

J 19*1 

Free Spectral KB ansatz: 

Df,j,iru;qn+) = Sj,,,- - a;.^-+) - (5(a;i + a; .^^-.+)) Ar,,(rl^g +t+) (5.607) 

Dlnirm'-f^) = '5,i,.2^(^(^i-^ii^+)-<^('^i + '^,if+)) ^ (5-608) 



/ist will be shown explicitly in the next section. Now we will proceed to solve /zeroth for 3 self consistent 
self energies. 

5.6.2 Zeroth Order Gradient expansion Collision Integrals 
5.6.2.1 Term 

We use the (sign assigned) self consistent self energies. 

1 ^ f 

(^1*1^2*2) = -27^7 dq3dq4V}X%,{-Qi,Q3,-Q4,q2)D>jSQ^^^^ (5-609) 
^/u2 (^1*1^2*2) = 5Z J dq3dq4VjX%,{-qi,q3,-q4,q2)D<^^^^^ (5.610) 



J3J4 

Define , 



Wigner coordinates: = 5(^3 + 9*4) Inverse: q^ = q^ + ^q^ 
% = ftj - ?4 qA = q^ - \% 

So now we move over to Wigner coordinates then make a gradient expansion then extract the Fourier 
components. 

T.l^,{q,-t-,q,+tt) 



J3J4 



xD%jM~tlQ3^H)Sit^) (5.612) 
delta function in V^'^p^'^ gives 

-qi^ - i^r + 9*3^ + ^% - qt + \% + ?i - = ^ -gf + C = 

gradient expand V^^^^^ and keep the lowest order terms 
write into the Fourier form 



to electron-phonon interaction, see the respective chapter. 
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ih 

rs^ 

2 i 



X / rfr1,^|^e-^3--^'3-i(c..+u,3)trz^>^.^(f3^29-+t+)5(^3 (5.613) 
I use gg" = to evaluate j dq^ 

I add in the integral 27r / 

J 27r 

i3i4 

x27r| df3^^^e-^^r--3-ia.itr5(^, _ ^2 - u^)5{u:^)D>^S^^uj2qM) (5-614) 
I evaluate y doj^ 

^ / cira^^e-^r •''3-«..itr5(^, _ a;2)i:>>3,.,(r3C^2g3+i^) (5-615) 
The Fourier component is 

Sr...(-Wir) = -^'E/ ^^-'3^^^2S..(-«"'i^^3^-?3^^r) / ^|^^(a.,-a;.)i^>,,(.Wtr) 

(5.616) 

The Fourier component of the lesser self energy is 

(5.617) 

Now we can calculate the Izeroth collision integral based on this self energy. 
First term of the Collision Integral izeroth 

jlQi 



-i 1 h 



X / ^'^('^ji?-i+ ~ ^2)5jsM 2^^^ (^(^2 - a;^3q-+) - S{uj2 + Wj3g-3+)) (1 + Nj^{riUJ2q3^t+)) 
evaluate / duj2 and drop the 2nd term that gives the unphysical d{uj- -.+ +oj- -+) 



X5(a;.^.+ - '^,3?3+) (l + ^^3(^^^,3,-3+93+4)) 
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recall V^^^''^ = V^^'p'^^ 



24, 



UJUJUJUJ 



use the notation Nj^ifiUJ-^^+q^t^) = N.^^+{fit'[) 



Second term of the Collision Integral /zeroth 



2uj. 



Ms 



Thus we see that the collision integral is pure imaginary (the reader will eventually notice that odd 
numbers of anharmonic coefficients in the self energies give imaginary collision integrals and even num- 
bers of anharmonic coefficients in the self energies give real collision integrals) and physically it cannot 
be interpreted as the time rate of change of the distribution due to collisions. Nevertheless we check 
that it indeed satisfies the energy conservation sum rule. 

/-^ Jill 



- V V^'^P''^ (-a+ n+ -n+ n+) 



I rename 1 O 3 in the second term 

- L!^ V V^^'P^'^ (-a+ a+ -a+ a+) 

x^K.^,- - -.3.^) K.?,- (l + ^M,-)) (^M.- - ^M,-) (5.619) 
I use the delta function 

= (5.620) 
5.6.2.2 fCSp^*)' Term 

We recall the (sign assigned) self consistent self energies. 



1 ^ f 
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write £)?,-^(g6t2g4ii) = L'|,^(g4iig6i2) 
in 
27 



J dq3dq4d%dqQ 



We go over to Wigner coordinates. We need to define 2 sets of it. 

Wigner coordinates: = ^(?3 + ^5) Inverse: q^ = q^ + 

% = q3-% % = - 2% 

Wigner coordinates: q^ = ^(^4 + qe) Inverse: 5*4 = q^ + ^q^ 



(5.623) 



94 = 94 - qe q& = q^ - 



2 7 / dq^dq^dq^dq^ 

33343536 ' 



^^ShH^-^l - ^1 ' + ^3 ' q^^ + ^4 )'^jS6il(-^5^ + k"3 ' -^1^ + k"*4 > 9*1+ - k"*! ) 

><D>3M~tIq3^tt)D>^,{qiqq^tt) (5.624) 
we add the 2 delta functions from V^^p^^ and get + q^ — q^ = Q 
gradient expand V^^p^^ to the zeroth order 
write the Green's functions into Fourier form 

/ ^^"'3^^^"'4^e-^5V---3-i^i--r4g-ia.2tr-i'-3tri;>^^^ (5.625) 

use the earlier relation q^ = q{' — q^ to evaluate J dq^ 

~ j dq,^dq^dq,-V^Xl{-q,\q,\q^^^^^^ 

33343536 

X J drs^dn^e-'^s-ir3-r4)-n^--r4^-i{^.+u.3Kn^^^^ (5.626) 
evaluate J dq^ to get 5{r^ — f^) then evaluate j dr^^ 

33343536 

j dr3^^e-^'^'-'''^-'^'''^''''>'^D>j,i^^^^^ (5-627) 

I insert the integral 27r / 

J 27r 

i3i4i5i6 
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/ 



X dr. 



_ doji duj2 du}3 



e-m-rs-i-it^Sicj, -UJ2- CU3)I?>3iJr1,(^2gl5+t^)i^>,J^"'3'^3€t+i^) (5.628) 



27r 27r 27r- '^"^ "--Jsjsv ™J ^-j«6^ 

We extract the Fourier component and specialize the expression for the coUision integral 



2 i 



:/3 "^4 



27r 27r ■'i-^^-'* 



The other self energy term is 



J3:;4j6j6 



- - W3)i^/3j6(nw2g3^i^)-D<je(ria;3^/i]^; 
We will now calculate the collision integral. 
First term of collision integral /zeroth 

I insert the expression for and implement the Free spectral KB ansatz. 



-94 >9l ) 

(5.629) 
(5.630) 



27r- 



2lo 



(5.631) 



-^4 ,Qi 



3334,3^36 

-i27r 



I9l 

-i27r 



333& 



33% 



(6{, 



U2 — LO- 



5(^^2 + a;,3,-.+)) (1 + N^,{nuj2q^tt)) 



^^j^K 2uj. ^+ V ~ '^■'4«4+^ ~ '^^'^^ ^ ^J494+)j (1 + ^J4(na;3g4"^ii")) 



(5.632) 



34,14, 



evaluate / (ko2doj3 with leftover which cancels {2Tr)^ from KB ansatz 



(27r)2 



discard the non-physical delta function 6(00 , , „ , 

^ ^ 31^1 3313 3414 

2 delta functions add up due to indices 3,4 symmetry 

h 



2^0;. ^+U) ■ ^+0J 

31I1 33I3 34I4 



?4 j334 



X {^(-M^ - -.3^3- - -M/) (1 + ^.3^3^ (-"'l*^)) (1 + ^34l4^(^^^^t) 



11 



331: 



34I4 



(5.633) 



use identity Nj.in, -u-^^+q+tt) = - (l + ^,4^4+ (^"'i^^)) 



recau V/ -. „ ,^3 ,^4 J - Vm4>^ ^1 '^3 '^4 



31I1 3313 3414 



2tt 



3313 3414: 



X {'^-3.1^ -331^ -341-) (1 + ^3313-^^^^ (1 + ^341-^^^tt)) 
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+ --.3^3-^ {' + ^M.-(^^^'t)) ^M^^in't)) 



(5.634) 



Second term of collision integral /zeroth 



2uj 



insert the expression for and implement the Free spectral KB ansatz. 



2uj. 



27r 27r 



xS. 



J3J5 



xS. 



-i27r 
-i27r 



^2 -^,3^3+)- '^^'^2+^^,3,-3+ 



evaluate / diiJ2duj^ and 



1 



(27r)^ 



cancels (27r) 



discard the non-physical delta function 5iuj- -+ + u- -.+ + a; ■ -.+) 
2 delta functions add up due to indices 3,4 symmetry 

n 



J3«3' J4?4 



J3j4 



- ^.3.-3+ - W)^.3.-3+(^^l*^")^.4,-4+(^^^ 



use identity Nj^{ri,-uj.^^+q^t'l) 



(l+^.4^4-(-X)) 



JlQl JZ^Z J4,q4 



2tt 
'2ff 



J393"^j494+ 



+ 2<^K,- - '-,3,-3+ + '-.4.-4+)^.3r (^"'^^^^ (1 + %.-4-(^"'l*^ 



(5.635) 



(5.636) 



(5.637) 



(5.638) 



The total collision integral is /zeroth = First term - Second term, and we see that we exactly reproduce 
the 3-phonon collision integral /(^p^). Although nothing new is derived, it is now clear that QKE 
(based on KB ansatz) gives us a perturbative and diagrammatic method to calculate higher 3-phonon 
collision integrals. The next 3-phonon collision integral comes from the V^^^^^ term which we will 
briefly describe later. 

5.6.2.3 ^(4?/^)' Term 

We recall the (sign assigned) self consistent self energies. 
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-1 
"3! 



J dqsdq^dq^dqQdqjdqs 



write Lifg = D% and I?f4 = L*! 

"3r (7) / dq3dq4dq5dq6dq7dq8 

j-ijijsjejrjs 

^^iiSlis^"^!' ^t)^i7T8i6i2(~^7, -98, -96, q2)D%^-^.{q^tiq(it2)Df^.^{q2,tiq7t2^ 



We go over to Wigner coordinates. We need to define 3 sets of it. 

Wigner coordinates: q^ = ^(9*5 + 9*6) Inverse: 95 = 95^ + 5(75^ 
% =%-% 96 = 9*5^ - ^qi 

Wigner coordinates: 93^ = ^(93 + 9*7) Inverse: 9*3 = 93^ + ^93" /c com 

^- ^ ^ ^ ^+ 1 ^_ [o.o6\)) 

93 = 93 - 97 97 = 93 - 2^3 

Wigner coordinates: 94^ = ^(94 + 9*8) Inverse: 94 = 9*4^ + 59*4" 

C = 94-9*8 9*8 = 94"^ - 59*4" 



sj;.2(rir9*i+i^) 



(7) J2 J ^^J^^^J t^95^<^95 ^9*4^^^9*4 



333435363738 

X ^^5.6 (r *r9r *r )^f3.r (Cir9*3+i^ )i?j:,3 (C*r^4+it ) (5-64o) 

add the 2 delta functions in V^'^p'^^ to get ^3" + q^ + q^ = q{~ 
gradient expand V^^p^^ to zeroth order 



-1 fh^' 



3! \i 

3334,35363738 



XI J '^^^ dq^ d% dq^dq^^ 



><^f5.6(c*r9-*5+t^)i?i;i,(9T*r9i,+4)i)>,3(Cir9*4+i^) (5.641) 

write the Green's functions into Fourier form 



-1 fh-^ 



3! \i 



Yl J dq^ dq^ d% dq^dq^^ 



333435363738 

X 



X 



/ ^^^5^^"'''^"''^"^"^*^^i;.6(-"'5u;29-*5+t!) / dr3^e-C-^^3-3*ri^>^.^(f3^3^3+t+) 
/ ^^4^«"'''''''*'""'*^'^L8(^4<x^49*4+i|) (5.642) 



use the delta function q^ + q^ +9*5 = 9*1 to evaluate q^ 

dui 



insert the integral 27r , ^ 
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/djjj\ 



duj2 dujs duj^ 



X ^Ije i^^^2%-'tt)D>^^ irsUsq+tt)D>j^ {rAUJ^q^) (5.643) 
I evaluate J dq^ to get 5{f^ — r4) then evaluate j dr^ 

I evaluate j dq^ to get (^(ra — r^) then evaluate drs 
jajijsjejrja 

f duJiduj2doj2,duJi ^, , f 

X i)>^.^ {f,uj2%n+)D>j^ {f,uj3q+tt)D>j^ {uosm+ti) (5.644) 
The Fourier component of the self energy, specialized for the collision integral, is 



I 



^^^•^Ki^ - '^2 - a;3 - c^4)i^,„e('^i'^2g5^tr)^j3j7(^i^3g3^«r)^,,,3(ria;4Q/ir) 

(5.645) 



The lesser self energy can be immediately deduced to be 

2 



= 2T^(f) E. , /•^r'C*/^;SL^-^.^%^i^r)^^aL(-r.-f.^-r.«r 



/ 



J3J4J5J6:;7J8 

^^^'^Kig + - ^^2 - a;3 - uj4)D.^j^{nuj2q5^t+)Dj^j^{riUsq^nt)D.^^^^^^ 

(5.646) 



Now we can calculate the collision integral resulting from this self energy. We do it term by term. 
First term of collision integral Izeroth 

I substitute in the form of the self energy and the free spectral KB ansatz 



CHAPTER 5. ANHARMONICITY 



239 



/ 



duj2 doj^ doj^ 



y.5 



-i27r 



xS 



-i2Tr 



J337 



2uj 



x6 



2uj 













)(l + Ar,.,(ria;25-5+i+)) 




<5(a;3 + a;.3-+)^ 








) (l + iV,,(fiW4C^i+)) 



(5.648) 



^494' 



expansion gives 8 delta function terms and - — -17 cancels (27r)^ 

(27r)'^ 

the last delta fTinction term is dropped as it does not conserve energy 



-1 



J3%+Hq+M+ ^^"1 ^^^3 Ml, jsq. 



X J dw2di02,dwi5{u-_^^+ - a;2 - ^3 - ^i) vj^j'sf^j^ (-9i"^> 93^> 95"^) (7 delta terms) 
X (1 + Nj,ificosq,nt) ) (1 + Nj ,{nmq,nt)) [l + NjM^2%nt)) 



(5.649) 



recall that V^^'p^^ 



^4 



'_y{iph) 



1 Stt /* 

jags' jiQi'jBqs^ 
X ^iu5«5(-9"'i^'9T'^/'^T)r delta terms) 

X (1 + ^jslnc^s^Ytl)) (1 + N,,{nuj4q+tt)) (1 + N,,{nu;2%+tt)) 

I use pairwise symmetry of the indices 3, 4, 5 

I then 2 sets of 3 delta functions add up giving 3 types of terms 



(5.650) 



1 27r 



3! 



JSQa HUa J5?6 



-^^.5.- +'^.3.--3+ +^^.4.-)^.^^^^^ (l+^.5.-5-(^"'l^^)) 
--.W.- --.3f3- +-.4.-/) (l+^.3r(^^^^^)) ^.4^/(^"'l*^) (l+^.5f,-(^^l^^)) 

this step could be non-rigorous 

we adjust the signs in y(4p?i) g^^^,]^ ^^isX they follow the convention: 

if has a positive sign in the delta function, then is negative in j/^^p/i) 



27r 

^2 



E 



]3<1Z Jili 35<lz 



(-9l^,-^3"^ 



^494' 



xiv,3^.(nt|)iv,,,.(nt+) (1 + N^,.,intt)) iv,,,.(n4) 
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1 

3! 



(4pfe) 



''Zl ,93 ,94 >95 



+ — w . 



(5.651) 



Second term of collision integral /zeroth 



(5.652) 



the working is very similar to the first term 

we also drop the non-energy conserving delta function 

^iS?L(-«"'i^'^J^'«"'/'«5^)| (7 delta terms)Ar,3(rla;3gl5+t+)iV,,(fic^49/^^)^i5(na;295+i^ 
use pairwise symmetry of the indices 3, 4, 5 
then 2 sets of 3 delta functions add up giving 3 types of terms 
also use Nj{f, -a;,g +,t+) = -(1 + iVj(fwg+i+)) 
1 27r 



3,5(a;, -+ - w, -.+ + -+ + -+) fl + N, ^+(f^tt)] (l + N, ^+(fxtt)] N, ^+{ritt) 



this step could be non-rigorous =^ 

we adjust the signs in V^^'^^'^^ such that they follow the convention: 

if w •.-.+ has a positive sign in the delta function, then is negative in V^'^'^^^ 



(5.653) 



27r 



^393' ^494' ^595 



+ 



y(Aph) 



(-9*1+, -93+, -94+, 9*5+) - + + ^,,,-+) 



^hhuro^ 9i ,93 , 94 ,95 



nq-T J595^ m-i Hq4 



Xj 



1 

+ 3! 



„ . , — a; • -+ — a; ■ -+) 
i9i Jsq^' izq^ jiq^' 



^/52j5(-«"'i^' ^Ij"^' ^"'4*"' ^"'5+) ^^5+ - 

For completeness, we include the explicit expressions of the 8 delta function terms, 

+ 5{u2- Lo.^^^+)6iu3 - uj.,^^+)6iuj4 - u}^^^+ ) type 1 
- 5{U2 - u:.^g^+ )6{U3 - )5(u4 + ) type 2 



(5.654) 



(5.655) 
(5.656) 
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S{0J2 






-)d{uJ4 — 




) 


type 2 


(5.657) 


+ 


S{0J2 




)<5(c^3+a;.3-4 


)(5(W4 + 




) 


type 3 


(5.658) 




S{UJ2 




)d{u3 - a; .^-4 


)S{UJ4 — 




) 


type 2 


(5.659) 


+ 


S{UJ2 




)5(u;3-a;^3,-34 


)5(a;4 + 




) 


type 3 


(5.660) 


+ 


5{0J2 




)(5(a;3 + c^,3g-34 


)(5(a;4 — 




) 


type 3 


(5.661) 




5{U2 




)^i^3 + ^Ms' 


)5{i04 + 




) 


discarded 


(5.662) 



Total collision integral /zeroth in shorthand notation 1 = ji,q^ and 1 = ji, —q^ 
= First term — Second Term (5.663) 
'1 



3,4,5 



1,3,4,5 



5{UJI -iU5 + UJ3+ 004) {NiNsN^il + iVs) - (1 + iVi)(l + iV3)(l + iV4)iV5) 



"^9 1 



1 

2 I ' 1,3,4,5 



<5(a;i -UJ5-UJ3 + W4) (iVi(l + iV3)iV4(l + N5) - (1 + iVi)Ar3(l + iV4)iV5 



1 

+ 3! 



T/(4p/») 2 
1,3,4,5 



,5(a;i -U5-0J3- coi) {Ni{l + Ns){l + iV4)(l + N5) - (1 + Ni)NsN4N5) 



(5.664) 



This expression is the same as I^^p'^\ Again, nothing new is derived here, it is the framework that 
encompasses the traditional kinetic tlieory that we want to emphasize here. 

5.6.2.4 Discussion on other Self Energy Terms 

As noted earlier, self consistent self energies with odd numbers of anharmonic coefficients are going 
to give imaginary collision integrals (within this framework) which are, strictly speaking, unphysical. 
Thus, y{4p^) Typc-1,2,3 self energies are unphysical and will not be discusssed further. They 

may be make physical sense in other theories. 

Self consistent self energies with even numbers of anharmonic coefficients as going to give real 
collision integrals (within this framework), so V^^^^^ self energy is the next physical self energy for 
QKE and it represents the next higher order of 3-phonon collisions. It is actually a vertex correction. 
This thesis provides enough tools to carry out the calculation of the collision integral but there may 
be a hundred terms or so, therefore, we shall only outline the steps: apply Langreth's theorem to get 
the lesser and the greater component of the y(^P^) self consistent self energy, define 5 sets of Wigner 
coordinates, gradient expand to zeroth order, extract the Fourier component, substitute into /zeroth and 
dropping unphysical energy delta functions as necessary. 

One more point that could be discussed in this framework is about the breakdown of Matthiessen's 
rule of adding inverse relaxation times, i.e. adding resistivities. In this case, wc mean, at which order, 
is the collision integral of 3-phonon & 4-phonon interaction so mixed up that they cannot be written 
as a sum of 2 terms? I believe the answer is the y(3p^)V('^*'^)' self consistent self energy shown in 
the diagram. One can deduce that the collision integral is made up of the 4 anharmonic coefficients 
multiplied together hence making the term inseperable. By the way, it is made up of an even number 
of anharmonic coefficients. 

5.6.3 First Order Gradient expansion Collision Integrals 

We recall the first order (in gradient expansion) collision integral list- 



First Order Collision Integral list 
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Figure 5.20: Self consistent self energy that gives rise to a collision integral that violates Matthiessen's 
rule. 



1 

2iri jQ 



J3 



dw' Aj^j^{riJq+t+) , + ■ 

V I : ,l...^-^{riujiq^ t^} 



2tt 



OJl — UJ 



dJ Tj,j^{riJq+tt) < + , 

' / : '^jsjii^l^l^l % 



27r 



Wl — UJ 



GPB 



GPB ) Free spectral KB 



(5.665) 



We can simplfy list slightly by a partial implementation of the free spectral KB ansatzo 



V 



I 



du)' Aj^j^{riU!'q^tf 
27r uji — u' 



dco'Af^{co'q,+ )6,,,, 



V . 

2tt OJl — uj' 
where the free spectral function is implemented 



and the 27r cancels 



2tt uj\ — uj' 



V 



2tt uji — uj' 



1 



2uj, 



UJ7 — UJ^. 



The first order collision integral becomes, 



(5.666) 
(5.667) 

(5.668) 
(5.669) 



'1st 



2m 



duji 



2—2 — ' ^nh in^iQiH 



UJ7 — UJ 



GPB 



Free spectral KB 



duj' Tj,j.^{fiuj'q^^tf) 
2tt uji — uj' 



-i2TT 



2u} 



nil 



6{u}i - uj-^^+) - 5{uji+uj.^^+)\ Nj,{fiujiq+tj) 



GPB 



(5.670) 



Free spectral KB 



^''Do remember that uji and are independent until KB ansatz is applied. When KB ansatz is applied, uji will be 
replaced by and is related to via the dispersion relation. 
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1 r°° dwi 
i Jo 27r 



00^ -u^ ... '"^i^'i 



duji 



V 



27r LOi — cj' 



GPB 



Free spectral KB 



) 



GPB 



Free spectral KB 



(5.671) 



Now we are ready to work out explicitly 3 examples involving self energies of y(3p^)' and 

Y(4ph)\ This will give us QKEs with lowest order corrections in correlations. These QKEs are obviously 
unsolvable so we will just try to make physical sense out of them. 

5.6.3.1 F^^P'*) Term* 

The self energy in Wigner coordinates is, 

We work out the principal integral first. 



V 



y 27r uji — uj' 

r = i(s> -s<; 



recall that 

ih 

34jr, " 

I within free spectral KB, we have i{D'' — 
I rename — ;> 

jijs ^ 
Now we calculate the first order collision integral. 

First term of 7ist 



= -27E J ^^3+^;i4(-?1^93^-«3^ 91^)^7 ^^J^^ 

A^^^ and the principal integral was done earlier 

(5.673) 



1 2 



1 /"^ dwi 
i Jq 27r 

3A3Z 



GPB 



(5.674) 



Free spectral KB 



1 



^ JlQl 



■i27r 



expand the Poisson brackets 

• 1 -1 /»riri 



5{uii 



34Q4 



.) - ,5(a;i +0;.^-+)) Nj,ifiu;'q+4) 



5.675) 
GPB 
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X < 



dui uj\ — up 



+ V 



^ nil 



(5.676) 



only the first delta function is picked up, and use notation Nj^{r\oj-^^+q^t]l) = N-^^+(fit]^) 



J4'?4 

9 



^494^ Jl^i 



9i+ 



V 



Second Term of /ist 



2a;^.^ 2 i 



^494 







2 , ,2 



cjr — w 



(5.678) 



GPB 



expand the Poisson brackets 



:;494' 



X < 



J1J4J4J1 



(-3l ,9*4 , -C 



+ 



^ ^494+ 



only the first delta function is picked up 



1 1 h 



2uj. -.+ 2 i 
31Q1 



E 



y{4ph) ._^+ ^+ ^4 



d 



dN 



du- ff+ up. ^+ - up. ^+ 



5t+ 



(5.679) 



The last term may be interpreted as renormalizing the group velocity. 



Last term of /ist 



Jl9l 



:;4g4' 



write V-+ = (V-+a;.^.+) 



d 
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(5.681) 

Again, we have a pure imaginary collision integral for this case however it is not clear if they can be 
immediately deemed unphysical. These 4 terms are (spatial and temporal) correlation terms and are 
not collision terms as they do not have energy conserving delta functions. For example, in steady state, 
terms with vanish and thus temporal correlation terms vanish. A deeper look seems to indicate that 

the meaning of correlations is due to interbranch and intrabranch mixing of phonons within the phonon 
distribution function. There is also one term (the last term) that renormalizes the harmonic group 
velocity. Calling it a collision integral seems to be unsuitable however we will still call it a collision 
integral for a lack of better terminology. This illustrates how complicated things can be when dealing 
with non-equilibrium problems. I would suspect that phonon mixing collision integrals should be real 
to acquire a sensible meaning, so this collision integral should be deemed unphysical. 

5.6.3.2 y(3p'»)^ Term* 

The self energy in (Fourier transformed) Wigner coordinates is 

y,S{u, -UJ2- u:,)D%^^{nu2q^tt)Dl^^{nu^q+tt) (5.682) 
We work out the principal integral first. 

J 2lT UJl— Oj' 

dto' d{uj' — UJ2 — W3) 1 1 



/ 



we have V , ^ 

ZTT Ul — iO' ZTT OJl — U2 — OJs 

insert the free spectral KB ansatz for the 4 Green's functions 

1^ V / da+da+ [ ^^Yi3ph)(_ff+ _+.^(3p/i)._^+ i 

j3j4j5j6 

>«^i3i5 ^^-5,4,6^—— (5{u:2 - a;,3,-.+) - 5{uj2 + ^^,3,-+)) [5{uj^ - a;.^-+) - 5{uj^ + 0;^.^^-,+) 

X ( (1 + N,, {nu2q^+t+)) (1 + A^,, {fiu;3q+t+)) - N,, {riL^2%^t+)Nj, {nusq+t+)) (5.684) 
evaluate the 4 delta functions, and use N(—lu) = — (1 + A(w)) 



E 
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h 
'2 



E 



(3ph) , 



^494 



^494' 



2u- -.+2uj.^+ 



^393' 



1 ^ J3?3 J4«4 



The definition is to save some writing later. 

First Term of list 



1 



27r 



1 



WT — W 



,S<,,(riu;i9r«r) 



1 r°° doji 
i Jo 27r 



'2^2 7 



GPS 



Free spectral KB ansatz 



•'I'Jl J3J4J5J6<?3' 94 



GPS 



Free spectral KB 



insert free spectral KB ansatz for the Green's functions, all 27r cancels 
drop the 4th nonconserving delta function and use N{—uj) = — (1 + N{ui)) 



h 



POD 

•JO . ~~ _ 



—I 



—I 



2ijj ■ ^+ 2a; • ^+ 

^393 ^4^4^ 



t^T — W 



nil 



- a;,3,. + -,4^4-)^.3.-3-(-"'i*r) (1 + ^Mt^^^'t)) 

(ritt))N^^.,{f,tt)) 



l + N, 



GPB 



expand the Poisson brackets 



2a; • -+ 2a; • 
Ms+J4g+ ^3^3+ J454 



a^a;?-LL-. ) l^^Smi-^h",^, ^ (• • • 3 terms • • • ; 



JlQl 



+ V 



5i' a;? - a;2 



write 



^uS(-^"'i^' ^5^' ^4+) • (• • • 3 terms • • • ) 
-2a;i 



and evaluate / 

do-i a;f - o;^ ^+ (a;f - a;^ ^+ Jo 



dioi 



^iV,.(l+iV,Jand^ 

also, VriArj3(l + Nj^) and Vri(l + Nj^)Nj^ add up 



rename 3 -H- 4 and terms -^^Nj^{l + iVj^) and ^^(1 + ^j3)^j4 up 



(5.685) 
(5.686) 



/ 27r 27r J1JW4V '^s '^4 J'^jsjejiV ^3 > 

. . .-1- 



(5.687) 
(5.688) 



(5.689) 



(5.690) 
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33Q3 3i<lA 



2cj- =.+2a;- -.+ 



X < -- 



( 



JlQlJ 



_d_ 



^ J393 ^4^4 ' jiijj^ 



+2 V 



w • -+ + a; • 



JlQl 



(5.691) 



Second Term of /ist 
1 



2w, 



d^i [Enn {riUJiq^^ti), (^6{uji - - S{uji + % (ria;i^+t+)] ^^^5.692) 



expand the Poisson bracket 



duji 



UJ 



dNj^inuiq+tf) 



dt+ 



5(^1+0;^.^-+)) Nj^{riuiq^t\ 



att ye., (^^"^ 



(5.693) 



for 1st term, only the first delta is picked up 
for 2nd, 3rd and 4th term, use product rule of differentiation 
1 j dEj^j^ {fiLViq{^tl) dNj^ (nujiq^tf) 



Jo ^ duji 



L 



+ I duJi 



d'^Ej^j^{riUJiq^tf 
duidtf 



dtf 



Jill 



Nj,{nu:iq+tt) 



J 
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for 2nd term, integral limits vanishes 

assume cross derivatives "commute" then 5th and 7th term cancels 

+ ^. HIT + (^1*1 ) 



OJl=UI . ^4- 
Jill 



LOl=UI . ^4- 



+ • ((Vg-+-Eji,i(ria;igi+t^)) Arj^(fia;ig+f+ 

- ^ c^'^iV-+ • ((Vfi£;jiji(fiwig;+i^)) ((5(a;i - a;^.^-+) - (5(a;i + Arji(ria;ig +i+ 

(5.694) 

We have a real collision integral here, so it should be physical just like its zeroth order collision integral. 
We can see that the third term (V^+i?) • (Va A*"- -+) is related to a renormalization of the harmonic 
group velocity. Again the other terms do not look like collision terms as they do not have the energy 
conservation delta functions. We can probably interprete them as interbranch and intrabranch phonon 
mode mixing terms due to spatial (Vf^ terms) and temporal terms) correlations. 

5.6.3.3 Term* 

The self energy in (Fourier transformed) Wigner coordinates is 

Sj,,(na;ig+t+) 



/ 



3l<l:i J4q4 35% 36373S 



We work out the principal integral first but since the derivation is very similar to that for we 
try to omit steps here. 

p / du;'rj,j,ifiu'q+t+ 



2-K UJi — Ijj' 

2 



h(it U^A 3mt ' 

f dlU2dld3dW4 / f 

^ J 27r 27r 27r V J 



Jl93 ^4^4 JS^s 

du' 5{ijj' — UJ2 — COS — oj^] 



2lT UJl — Uj' 
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du' 5{ijo' — UJ2 — 0J3 — UJ4) 1 1 



note that V 



(5.695) 



27r ui — a;' 27r cji — a;2 — — 

then insert the free spectral KB ansatz for and D^, all 27r cancels 
there are 8 delta functions to evaluate & do not expand (1 + N){1 + N){1 + N) — NNN 
also use identity N{—uj) = — (1 + N{uj)) 

and we drop the (ritf) arguments in all distribution functions 



+1 
3 



E 



y{4ph) 

jijsjijs 



luj ■ -.+2uj ■ -+2lo ■ -+ 



X \ 



U)l — to 



.4,4 .5,6 



1 + A\ 







.0- 














J'>'i?, 







'^l -^.3,-3+ +w -^.5,-5+ 



.3,3' 



1 + A^ 



.4,4 



1 + A^, 



.5,5' 



1+^3^^ 



wi + a; 
(1 + ^.3,-3-) (1 + ^.. 



.3,3 
.4,4 



'^.494+ 



CJl — w 



.393 



.4,4 .596 



^.3,3+^.4,-4^ 



(1 + ^.5,-.-) -(1 + ^.3,-3-^ 



(1 + ^.3,-3-^ 



'^l +^.3,-3++ ^.4,-4+ -^^.5,-5+ 



^.4,-4^^.5,-5+ 



A^. 



.3,3' 



1 + A^, 



.4,4 



1 + ^.5,-5-^ 



■^.3,-3+ +^.4,-4+ +'^.5,-5+ 



AT, 



.3,3 



1 + AT, 



.4,4 



.5,5 



1 + A^, 



.3,3 



A^. 



.4,4' 



^l+'^.3,-3+ 



^.3,-3+^.4,-4+^.5,-.+ - (1 + ^.3,-3^ i} ^ ^ M^) i} ^ 3.^.-) \ 
^l+'^.3,-3++^.4^,+ +'^.5,-5+ 



where the definition of symbol Fj^j^ is simply to save writing later. 
First Term of hst 



1 



.1,1 



GPB 



free spectral KB 



(5.696) 
(5.697) 



(5.698) 



insert the self energy expression and then the free spectral KB ansatz 

8 delta functions obtained and the 8th one dropped as it does not conserve energy 

then expand the Poisson brackets 
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^^li Jsgg 



2oj ■ -+2uj ■ -+2lo ■ -+ 



d 



dull — ^4. 



Vm4.75^ 5i '^3 '^5 ; 



2 d 



(• • • 7 terms • • • ) 



+ V 



9l' Ljj-UJ- ^ 



2 



(4p/i) 



313334,35 



,•5 (-^1"^, C^, C^) • (• • • 7 terms 



write 



d 1 



-2a;i 



and evaluate 



f 

Jo 



we drop the {ritf) in the distribution functions 



-1 /h 
~3 



:;4g4 



c/c<;i 



y(4p/i) /_-.+ -.+ -.+ 



2a;. ~+2uj- -+2a;- -.+ 

J393 J4«4 



)2 \dtj •'3«3+ ■'■'«4 



2\uj- + a; • ^+ 



a; ■ -+ + u!- -.+ — a; ■ 



J393 



^494' 



ii^^J ( —N -+7V -+(1 + Ar 



^393"^ 



^494 



+ 0; 



JV,,.-+JV,-,-.(l + JV,^j.) 

) 



^393" 



+ 0; 



J4V 



■ w 



— cj- -+ — a;- 

J3?3^ J494^ :;5«5 



2\uj 



331Z 



■ W ■ -4- 



^i49-4+ 



■ U3 . 



5 



AT, {l + N, 



Qt+ i393 



^4^4 



■)( 



l + N, 



3^5 



■ CO 



35q^ 



33qz ^ 34q4 35q^ 



3iqi 



(5.699) 



+ V. 



rr^3sqs^^Uq.^^35qt 



+ V 



'^.39-3+ +'^^4.-4^ 



12 2 I • fv.l (1 + N . + ) 



+ V. 



' J393^ 



J434 ' 



Jill ) 



(l + N. A^. 

V 3iq4 J 35q^ J 
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+ V. 



1 



I jsgs^ ^ ^49/ jsgg^l jig; 

' JaQs JAq^ J595 I jigj^^ 



J3?3 Ji^i J5«5 ' Jig^^ y 

(5.700) 



a;i=aj. ^4. 



For the second term of /ist, we see that the self energy part is only in the principal integral, thus what 
we derived in l/^^^'*) is valid for this case and we simply need to replace E with F. 

Second Term of list 

(5.701) 

We have a real collision integral here. Again the term (V-+F) • (Vj^-^N- -.+) appears to be related to 
a renormalization of the harmonic group velocity. The other terms seem to look like phonon modes 
mixing terms and the mixing due to F^^*''*) appears to be even more complicated than that due to 

Y{3ph)\ 

[Contribution:] Here I will state briefly what this contribution of first order collision integrals is 
about. Recall that the exact Kadanoff-Baym equations have the following features: time reversibil- 
ity (causality) and quantum interactions (collisions and correlations) but the kinetic equations in the 
Boltzmann form (or in the form containing only zeroth order collision integrals) have only the collisional 
part of interactions. The first order collision integrals restore a large portion of the correlational part 
of interactions to the kinetic equations. It is important to consider correlations as, mentioned in Intro- 
duction (Chapter 2), phonon transport is semi-coherent in such small systems and it was never clear 
how correlations affect transport. Here, explicit expressions are given for various phonon-phonon inter- 
actions and some interpretation has been given which is probably not the whole story. The full kinetic 
equation with the zeroth and first order terms needs to be solved and the distribution solution can be 
compared with that solved without the first order terms. The effects of correlation on the evolution of 
the distribution can then be seen. The effects of correlation on other physical quantities are calculated 
in section 5.6.4. 



5.6.3.4 Discussion on other collision integrals 



The trend is the same as that for the zeroth order terms: self consistent self energies with odd numbers 
of anharmonic coefficients give rise to imaginary first order collision integrals and self consistent self 
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energies with even numbers of anharmonic coefficients give rise to real first order collision integrals. So, 
yiSph) yiiph) Xype-1,2,3 self energies give imaginary list and y^^P'^) self energy gives real list- 

It is obvious that the phonon mixing is going to get more complicated when higher orders of self 
consistent self energies are used. y^^P'^) self consistent self energy is a vertex term, and the first 
order collision integral derived from it will contain phonon mixing due to vertex corrections which is 
exceedingly complicated and physically unclear to me. 



5.6.4 Applications of QKE on top of BE (for second sound)* 

In summary, what QKE (NEGF + Wigner coordinates + gradient expansion + free spectral KB ansatz) 
has to offer is a framework that allows the inclusion of higher orders of 3-phonon and 4-phonon collisions 
and the inclusion of 3-phonon and 4-phonon correlations. The higher order collision terms are given 
by the zeroth order gradient terms of higher self consistent self energies with even numbers of coupling 
constants. The correlations are given by first order (and higher orders) gradient terms. can be 
included when is already included. The other way round is obviously nonsense. 

Our interest in this section is a specific discussion to see how QKE modifies the second sound 
description given by BE earlier. 

Recall that we defined 4 hydrodynamic variables and then rewrote BE into these variables to get the 
balance equations which are simply the "energy continuity equation" and the "momentum continuity 
equation". Now we turn the logic around. We will use that method of rewriting to turn QKE into 
balance equations and define the 4 hydrodynamic variables from them. 

The F(3p'i)^ QKE is used to illustrate the case, it is 

if + (^^.--..?.-) • (^^^^t) = eoti + llT' (5.702) 

By now, there are many hints that should be moved to LHS as it is unrelated to readjustments 

in particle distribution due to collisions. We will not need the explicit form of -^^ff^^ need these 

2 relations of I^l^^^. 



We write the QKE out, grouping similar terms. 



""^--^A — — "-^^H 

" ■ ^^.a- intt) ( 1 + iv,,,, (fit-) , 




^^In writing down a QKE, a first order gradient term of a particular self energy can only be included if the corresponding 

rbph) 

J 1 



zeroth order gradient term is already included. Example 



^*It turns out that the discussion here will be similar to the discussion of QKE on //-theorem in the NEGF chapter. 
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0J1=U! . ^4- 



+2 V 



I J3?3^ J4?4^l Jig; 

oo 



2a;. 



-'0 



= 4tU (5-704) 
For the energy balance equation, we multiply y^j^<j-+ and sum '^^ both sides of the QKE. 



Use Hi9;+^-eSh = and we get 



1l ^JlQl 

^ , ,, ^ T^^P^} = n and we cret 

Jill Jill 



= (5.705) 
The third term on LHS vanishes as it is a surface term in wave-vector space, giving 

+ V,-i J-"(fit+) = (5.706) 

with the "correlated" energy density e'^"''"' defined as 
e^°"(rit+) 

- t^EHwH^-.^-2^ Krt 



Jill 



+ (|.. T^^^^^ ,)A ^«'n (i + "../(n^f ))) ) (5.707) 

and the "correlated" energy current 3'^°^^ defined as 
J--(rit+) 
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For the momentum balance equation, we multiply yfi{q{^)ai and sum Xljig + both sides of the 
QKE. Use 



E ^(^"-1^)".= = E ^(^"*i^)".4Toiu (5-709) 



We get, 



dtt ^ dr. 



0.2 



1 Y: ^(«r)a.4riu (5-710) 



V 



with the "correlated" momentum density P^"'''' defined as 

+ 2 E 2a;. .+2a;. ((a;. .+)2-a;2 )2^.3.-3+(^i^i )^.4<r/(^i*i ) 



^1 J3q3 ^4^4 I jllfi 



.(rit+) (l + iV.^.+ (fii+)) j I (5.711) 



and the "correlated" momentum flux tensor G^" defined as. 



CC,'i(nt+) 



V 
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^ 11 Oi N 



"2 2a;, ..2a;,. V (a; . + a; . - o.^ . J ^.a-fa^^^^*! 



nil 



ii a;. -.+ - a;. -.+ p - a;^ / -^^^s 



a2 



n,,Antt) (l + ^.-(-"'i^^)) j I (5-712) 



But there is an extra term on LHS! I am unsure if this extra term could have the meaning of source/sink 
of momentum. All I can show is that at least in an isotropic solid (wave-vectors are orthogonal and 
equal in length) and in the regime of low temperature (where second sound can occur and isotropic 
Debye dispersion co = v\q'^\ can be used as an approximation), the extra term vanishes. 

Extra term on LHS 



use the product rule of differentiation 



(gl'^)ai 



X ((Vn£;,-i,-i(ria;ig +i+))^^ (,5(a;i - 0;^.^^-.+) - S{u;, + ^^.^^-,+)) Nj.inu^q+tt)) (5.713) 
first line vanishes as surface term in wave-vector space 



X ((Vn£^,iji(ria;ig +i+))^^ (5{ui - uj.^^+) - d{u;i + a;^.^-+)) Nj,{nuiq+tt)^ (5.714) 

= i ^-^EE ^ 

j,q+ "2 \ nq + 

X ((Vn^,m(nc^igi+4))„, ('^('^1 - ^j,q+) - ^i^i + ^j,q+)) %(na;ig +t+)) (5.715) 
I use the isotropic Debye dispersion = 'v\q^\ with v = ^V-+a;^.^-+^ 

= (5.716) 

Thus the correlations /mixing are (most reasonably) defined to be corrections to the 4 hydrodynamic 
variables, although we should note that the extra term in the momentum balance equation vanishes 
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only under certain conditions. 

We could push the calculation further by defining a "correlated" thermal conductivity ^^"■^■^ via the 
Fourier's law (in steady state) 

jcorr^^^) = (Vi.,r(ri)) (5.717) 

Finally we want to mention that in most of the second sound discussion earlier, the starting point 
was the use of the linearized drift distribution as an ansatz in the balance equations, so QKE does not 
seem to affect that discussion. Probably different effects will be seen when applying both QKE and BE 
in describing the evolution of an initial distribution to the drift distribution. 

[Contribution:] Here I will state briefly what this contribution is about. These expressions given 
here are physical quantities with correlation included. They can only be evaluated with the distribution 
function solved from the kinetic equations with zeroth and first order collision integrals. Especially 
relevant for this thesis is the energy current. In fact, comparing the energy current J (solved with 
distribution containing only zeroth order collision integrals) and the correlated energy current J^'^'^ 
(solved with distribution containing zeroth and first order collision integrals) will show clearly the 
effects of correlations on the energy current on top of collsional effects. 



Chapter 6 

Electron-Phonon Interaction 



[Chapter Introduction and Roadmap:] We enumerate this introduction for easy reading. 

1. The main aim of this chapter is to show that electron-phonon interaction has also been written 
into Hedin-Hke equations. This is done in the last section of the chapter. Recall that such a set 
of equations should generate conserving self energy approximations. 

2. The first part of the chapter is standard treatment of deriving electron-phonon interaction Hamilto- 
nian from the Hamiltonian of the solid. Then some phenomenological electron-phonon interaction 
Hamiltonians are discussed to indicate how the coupling constant can be chosen to fit a particular 
type of solid of interest. This is needed because electron-phonon interaction varies widely with 
the type of solid. 

3. Then with regards to the 3 transport related developments, we discuss the kinetic theory first. 
The standard Boltzmann theory is given then QKE is given and the full quantum theory turns 
the kinetic equation into a non-Markovian one with intra-collisional field effect built in. Linear 
response theory is very briefly mentioned and Landauer-like theory is not mentioned at all. 

6.1 General form of the electron-phonon interaction Hamiltonian 

We are continuing the theoretical developments after Born-Oppenheimer adiabatic decoupling has 
"seperated" the electronic and ionic problems. Here, we will consider how the electrons interact with 
the ions but do not forget the uncontrolled double counting problem! There is already electronic con- 
tribution in the effective inter-ionic potential $ (and hence in the phonon frequencies ojj^, now we 
are considering their interaction via W^^~^ which makes the contribution of electrons coming in twice. 
Nevertheless, we will just carry on with this usual way of treating electron-ion interaction until we 
discuss van-Leeuwen's method of deriving electron-phonon Hedin-like equations where we will bypass 
the adiabatic decoupling. 

In the section on Born-Oppenheimer adiabatic decoupling, we noted that if we make an expansion 
of W^^'^ about the equilibrium positions R^, we can perturbatively treat the electron-ion interaction. 




(6.1) 



il 




(6.2) 



il 




+ ■■■ 



(6.3) 



il 



il 
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We make some remarks at this point 

1. Note that the first term '^iiV{fi — R^) is the term that is usuahy retained in calculating the 
effective ion- ion potential (from first principles). 

2. The Hamiltonian terms T^^ + V{ri — R^) can be further approximated to represent non- 
interacting electrons in a periodic potential. The solutions are Bloch functions. 



3. The Hamiltonian terms 



r«i + w"^-"^ + - (6-4) 



il 



is usually further approximated by treating electrons as Coulomb-screened electrons in a periodic 
potential. 

4. The second term i^C'^'^P'^) = — ui ■ \7 ^V{'ri — Ri) ^ is called the electron-phonon interac- 
tion Hamiltonian. We shall assume that electron-photon interaction causes electronic interband 
transitions and that electron-phonon interaction does not. Thus in writing the second quantized 
form for the electrons, we exclude electronic interband transitions. 

We want to write into second quantized form for field theoretic calculations. First, Fourier 

transform V{fi — R^) 



k 



F(rl - i??) = (6-6) 

k 



The Hamiltonian is now 

H(^^-P^^ = ^EE(^'-^1^A:fe^^'''^)^"^'''^' (6-7) 
I insert the second quantized form of displacement 



jj{ei-ph) pg^j^ seen as an electronic one-point function and we need to write it into the (fermionic) 
second quantized form. "Second quantizing" a one-point function in (real space) fermionic field operators 



^The factor for displacement is usually \/ jaTN — ~- ^'"^ theories in the long wavelength approximation, we will write 



MN = pV and so the factor is \/ 2pvL - ■ consider a monoatomic solid here. 
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is simply done using the (real space) density tp^tp. 

i 

= Y.I rf^"'e*'->L(OV'na(r-) (6.9) 

no- 

I write in momentum space form tplifj{r) = — ^ e~^^^'^ZY*^ ^^^''^ ^^'^ hermitian conjugate 

= ^YY f dre<^+^'-^^)-''U\ {r)U {r)cK c r (6.10) 
I take the long wavelength approximation^ 

I = '^S ^-77 / drU*r (r)U r (r) 

V'ccii 

- EEEUL ^-Xg.(-1^n.^.(-l)%.M+/lg,.^ (6-11) 



evaluate the k2 sum 



= YYYtfI [ drU*ur ^{rp i; (r)] ^ ^cr (6.12) 

Z-^ /L^ /-^ Y \ L. n,k+ki+g'' ' nki"- ' ) n,k+ki+g,cr nkia ! 

na j:^ g ^-^^ccu / 

The Hamiltonian written completely in second quantized (momentum variables) representation is, 



xTAe<«^-^)-^?c"^ . . ^ c r {a\ „-.+ a,„-) (6.13) 

n,k+ki+g,a nkia \ ]~q '31) \ > 

I write Q^ii-^)'^^ = and combine the sum over g 



I 9 
evaluate the k sum and rGIlclIXlG clS Jv 



F E E E E (X c^) >/ 2^;!lr: (^^^^ ■ 



k n 9 



xT^-.jc"^ ^ - ^ c r (4 .-+070) (6-14) 

■^+3 n,q+k+g,a nka \ j-q ' JQ J ^ ' 

the general form of the interaction Hamiltonian can be written as 

VyVVM-.r. c"^ . cr (a\ -+a,„-') (6.15) 

jL^ jL^ jL^ jq,k,g,na nM+k+q,a nka \ J-q 31 J ^ ' 



',,q+k+g,cr nku \ j-q J' 

k n "■'^ 9 



The approximation is that if k is small, the wavelength 3> size of the unit cell and so the phase over one cell is esentially 
constant i.e. e'^'^'+'^i"'"^' '' « gHfe+'=i-'=2) fl -pj^g volume integral can then be approximated by a product of a one-cell 
integral and its constant phase factor and then sum over all cells. 

The notation X^g fc+fei+G' ^^ere G is a reciprocal space translation vector, is to remind us that the vectors are 
mapped back to the first Brillouin zone. 
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We note a few features; electron numbers are conserved since the electron number operator appears in 
the expression whereas phonon numbers are not conserved; momentum conservation is also explicit in 
the expression and the appearance of e- q indicates that only longitudinal modes contribute to electron- 
phonon interaction. The physical explanation is that, in longitudinal vibrations, compressions and 
rarefactions cause local ionic charge inhomogenity which couples to the electrons. 

6.1.1 Some Phenomenological Electron-Phonon Interaction Hamiltonians 

Electron-phonon interaction is very different in different types of solids, sometimes even new excitations 
such as polarons form, thus to model electron-phonon interaction for a particular material we need to 
model the coupling matrix M according to that material. Here we discuss some typical models. We 
foUow |Mahan2000) . 

6.1.1.1 Prolich Hamiltonian 

Electrons couple to strong E fields set up by LO vibrations and we work in the long wavelength 
limit where we can work with linear and homogenous material Maxwell's equations. The interaction 
Hamiltonian is defined as the coupling of the electron density with the scalar potential associated with 
the E field created by LO vibrations. 

^Frolich(e«-LO) ^ _g J drn{r)(l)LO (g_;Lg) 

where n(r) is the electron density and (/>^*^ is that scalar potential. We will determine (j)^^{r) and then 
write the Hamiltonian in second quantized form. Since there are no free charges in the crystal, the 
material Maxwell equation is 

V ■ D = 0^V ■ (eoE + P) =0 ^ E = -—P (6.17) 

Now we assume that the material polarization vector P is proportional to the amplitude of the LO 
vibrations. 

P ^ P = Fu^° (6.18) 

where -F is a proportionality constant and u^^ means 



(6.19) 



set uij^ = ui^P and tkaijo) = ||| (longitudinal) 

We absorb all factors into F and write the second quantized version of u^^ as 

P = Y.P{^f)^ [af^e-^'^-^^+afe^l-') (6.20) 

Note that in this interaction, only one branch j = LO is involved. The electric field is then 

^ = E («r^"^'-' + '^f^''-') (6-21) 
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The scalar potential (f)^'-^ is related hy E = — V</>^'^(r) which can be solved by 



E = 


-V</.^^(f) 








'=-iY,q<\^fi'^-'' 








:.-^q4>f = 






t^f = 


iq- Eg 






.q-Eg 




4>r = 


q^ 





We get for the scalar potential 



(6.22) 
(6.23) 

(6.24) 
(6.25) 

(6.26) 



(6.27) 



The interaction Hamiltonian is now, 
^Frolich(eZ-LO) = -e j drn{r)^^° (r) 

= I drn(f)^^F(a;f )i^ {-af^e-^'^-^ + afe 



(6.28) 
(6.29) 



write the electronic part into second quantized form 
there are no interband or spin flip transitions 
n(r) = 1 V y e^(^i-^2)-r^* (^vt^ ^ 

fcifc2 

use the long wavelength approximation, 



1 

V 

ei N 



N 

±9+9 17 



kik2 9 



\q\ 



drU% {r)U r if) 

nk2 ^ ' nki ^ ^ 



X ( aji^c^ ^ c r r ; ^ — ah^'^ c r r - 

1 nk2(T "^i*^ k2,ki+q+g q nk2CT ""^lO" k2,ki-Q+9 



.30) 



evaluate ko sum and then 

f^EEEEn<,^((4_,«; 



fc 9 



^ ^(f)^Y j(f) ) a^^c'^ . ^ c J 

fc+9+9 ' nk^ ' j q n,k+q+g,a nkcr 



drU* r Jf)U r(r) ) a^^^c^ . _^ c r 

n,k-q+g^ ' nk^ ' J q n,k-q+g,a ^ka 

The constant F (not calculated here, see [Mahan2000) equation (1.278)) is 



(6.31) 



2y \erioo) €riO) 



3.32) 



where er(c«) is the screening due to electrons and £,.(0) is the screening due to electrons and optical 
phonons. We can see that the general form of the interaction Hamiltonian is the same. The difference 
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is essentially in the coupling constant. 
6.1.1.2 Deformation Potential 

This is the most generic type of electron-phonon interaction where a local change in ionic charge density 
interacts with the (charged) electrons. Here we consider a particular form of deformation of the lattice 
(that creates a change in local ionic charge density), namely a hydrostatic strain which retains crystal 
symmetry though the volume of the unit cell changes. Essentially, the deformation is diagonal in strain. 
Define the deformation (scalar) potential as A(r), 

A(r) = + ^yy + ^zz (6.33) 

1 / dii dxi 
I recall that strain is defined as ~ ' 



2 \^ dX(X2 ^^oL\ 
dux duy duz 

= 77^ + ^ + ^ 6.34 
ox ay oz 

= Vp-u (6.35) 

The deformation results in a variation of the local ion density and couples to the local electron density 
n{r) via the deformation (scalar) potential. The divergence of displacement is related to longitudinal 
acoustic (LA) vibrations. The electron-phonon Hamiltonian can be defined as 

^deform(e;-LA) ^ j drn{f)CA{r) (6.36) 

where C is called the deformation constant. It simply remains to write the Hamiltonian into the second 
quantized form. For the phonon part, 

A(r) = Vp-u{r} (6.37) 
I insert the second quantized form for u 



31 



I the dot product e • q implies only pure longitudinal modes contribute 
I since we assume one atom per cell, the mode is LA 

I for longwavelength description, we write MN = total mass = density x volume = pV 




h 



The Hamiltonian is of the form, 



(6f'^-g)e^^^-(af:f +af) (6.40) 



^defor.(e.-LA) ^ ^^j drn{^ E \ (4^ ' ^1 ^^''^ + «f ) (6-41) 



- V '^P^'^a 
jq \ 1 

write the electronic part into second quantized form 
there are no interband or spin flip transitions 
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use the long wavelength approximation 



G 



k2,ki+Q+G nk20- nkia \ -q ' Q 

evaluate the ko sum and 
iCN 



(6.42) 



xc^ - - ^ c r fa^f + a^^) (6.43) 

n,k+q+G,(T nka \ -q ' Q J ^ ^ 

Finally we make a quick order of magnitude estimate of constant C by using the free electron approxi- 
mation. Recall the free electron Fermi energy, 

The deformation gives the fractional change in volume, ie A(r) = V,^ • u{r) = so variation of the 
free electron Fermi energy with respect to the variation of volume gives, 

Sep = ^^{2,n^N,f/^I^J^JV-^/HV (6.45) 

= -le,'-^ (6.46) 

= -^e,.A(r) (6.47) 

So this gives C k, — |ei?. 

6.1.1.3 Piezoelectric Interaction 

In some crystals, (external) strain causes electric polarization, the resulting internal electric field couples 
to the electron density. The Hamiltonian can thus be defined as, 

jjpieMei-ph) = -ej drn{r)(t>^'^^%r) (6.48) 

We assume that the dielectric constant e is isotropic and so the internal electric field is given by 

■^a\ ~ ~ / ^ Coijagaj eajag (6.49) 
£ ^ — ' 
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where eajasai is the piezoelectric tensor and 6^203 is the strain tensor, e^iaj = 5 §5^) • 

take the piezoelectric tensor to be symmetric Sajasai = 6030201 so that the strain tensor simplifies. 

-^ai — ~ ^ ^ 6^20301 ^ (6.50) 



insert the second quantized form of u 



jq 0203 



The scalar potential ^p'^^° is related to the field by ^ = — V(?!)P'^^° and so we solve it by the earlier 
formula <^p^"'° = i^. 



The full electron-phonon interaction Hamiltonian is now, 



write the electronic part into second quantized form 
there are no interband or spin flip transitions 



use the long wavelength approximation 

- [ dfe'(^i-^2+9l-r^* (^)^ t(r)-y"6r r / dfU* ^ if)U r (j 

y j nk2^ ' nki^ ' A;2,fci+g+fl y / nk2^ ' nki^ 



Q ' Kell 



^ ^^^^^ ^ ^2pVu.^ 

jq aiaaas "ct ^^^^ g r jq 



(I drU*^ (r)U - (r)\ la -c^ c - (5- - - + -c^ c - 5- - -1 
Jy nk2^ ' "fei^ ' J \ nfc2CT "^=1^ fe2,fei+9+G ^^jct "^lO- k2,ki-q+G J 



'Vcell 

evaluate k2 sum and rename fci as A; 



jq k 9 V ^ • 



+ ( f drU* r - /^(r)W r(f) ) 4 
\Jv 11 "fe^ ' J 3-q ; 



J' 9 n,k—q+g,a ^^'^ 



Again it is the same form but with a different coupling matrix 



3.54) 
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6.2 Kinetic Theory: Boltzmann Equation (BE) 
6.2.1 Full Collision Integral 

The electron-phonon interaction Hamiltonian is of the general form 

^{el-ph) 



kajq 



(6.55) 



The Golden Rule for transition rate is 



2tt 



f 



6{Ef - Ei) 



dft 



6.56) 
Note 



coll 



The collision integral is with respect to the electronic distribution of momentum k, i.e. 
that because in the interaction Hamiltonian, we labelled the electron annihilation operator with index 
/c, it seems as if the Hamiltonian only creates out-scattering from k. This is of course not true and the 
in-scattering (into /^) terms appear when we relabel ct^^— >• ct. It is just a matter of labelling, 



Wist (scatters out of fr 



27r 

T 



kjq 



ct Cr a^- ^ 

k+q,a kcr j,-q 



k+q 

5{e 

2 



k+q + ^n-H) 



f 



6{e 



k+q + ^n-H) 



(6.57) 
(6.58) 



use bosonic ladder relation a 



use fermionic ladder relations (see |Das2006] pg 78) 



kcr I k 

27r 



kl ' 



"k+q 



k+q 



1-/; 



k+q 



kjq 



3.59) 



Now we relabel the indices so that it represents in-scattering into The easiest way to understand 
the relabelling is to see that the out-scattering case can be represented by the diagram on the left and 
so the in-scattering case can be represented by the diagram on the right. 




Figure 6.1: Electron-phonon interaction diagrams (emission of phonon diagrams). Left: out-scattering 
from f^. Right: in-scattering into 



Wist (scatters into fr) 
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T 



Mr jcl Cr, a^.^ 

kjq ka k+q,(7 ]q 



5{e^ + f^jq 



^k+q> 



(6.60) 



CHAPTER 6. ELECTRON-PHONON INTERACTION 



266 



use the earlier mentioned ladder operator relations 



27r 



kjq 



2 more rate terms with respect to phonon absorption are calculated: 



W'ind (scatters out of /r) = 



27r 



f 



6ie 



k+q 



use bosonic ladder relation aj^\Nj^ 



use also the earlier fermionic ladder relations 
27r 2 

X ^kjq - fk+q^^j^i^k+q " " ^k) 



(6.61) 



(6.62) 



(6.63) 



Now we relabel the indices so that it represents in-scattering into f^. Again the diagrammatic way is 

the easiest way to understand. The out-scattering case can by represent by the diagram on the left and 
so the in-scattering case can be represented by the diagram on the right. 




Figure 6.2: Electron-phonon interaction diagrams (absorption of phonon diagrams). Left: out- scattering 
from fr. Right: in-scattering into /r. 



27r 



W2nd (scatters into /^) = — 



Mr ■ -ct cr , - a,- 



/ 



kjq ka k+q,a 3' 9 

use the earlier mentioned ladder relations 

27r 2 

T 



Mr.. 

kjq 



k'^'3q"\''k 



(6.64) 



(6.65) 



Recall the delta function relation, 5{a) = S{—a) and assign a negative sign to out-scattering terms 
and a positive sign to in-scattering terms. The collision integral is 



djk 

dt 
27r 



3.66) 



coll 



i E \^kjq\ [^iH+q-^k + H?) - m^q- 4(1 " h+q^q + ^)) 



jq<^ 



+^i'Uq- 'k - K.-) - fkmq + 1) - 4(1 - fUq)^n) 



(6.67) 
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6.2.2 Linearized Collision Integral 

We linearize the electron distribution and the phonon distribution according to H 



^11 + + ^)y^<f 



We linearize each term in the collision integral. 

Part of first term in collision integral (retain only to first order in y) 



3.68) 
3.69) 



5 (1 



k 



(6.70) 
(6.71) 



the equilibrium first term (with other 3 terms) makes the collision integral zero, we drop it first 



k+q' 



.73) 



From (part of) the first term of the collision integral, it is clear that the other 3 terms follow a pattern. 
We can simply write down the other 3 (partial) terms. 



Part of second term in collision integral (retain only to first order in y) 

- + 1) [^;h^-niq^Uq + (1 - 

use the explicit BE and FD distribution function and the energy delta function to get 
fJil - fJ MN'^l + 1) = (1 - fj)fj N':l 



jqyjq 



flliJk+q + ('^-ff)yk 



.74) 
.75) 



3.76) 



Part of third term in collision integral (retain only to first order in y) 

fuA^-k){N,q + l) 



'k+q 

k+q- •'h 70 ' iq^ll 



ffyk + i^-fl%)yk+q 



(6.77) 
(6.78) 



Part of fourth term in collision integral (retain only to first order in y) 

hil - fUq)^n (6-79) 

- CP^I [(^1 + ')y^^ - fuq^k+q + (1 - fr)yk] (6.80) 

use the explicit BE and FD distribution function and the energy delta function to get 

f;f'(i-fg^N;i = (i-f^)fgj^N;i + i) 



Here, we choose to label the electron distribution deviation function and the phonon distribution deviation function 
with the same symbol y. The indices in y should be clear enough which deviation function is being referred to. 
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3.81) 



The linearized collision integral is 

2tt 



3.82) 



6.2.3 Relaxation Time Approximation 

Assume the (electron distribution) relaxation time approximation for the electron-phonon collision in- 
tegral, 



dt 



coll 



(6.83) 



Substitute in the linearized distribution and the linearized collision integral expressions 



_{el-ph) 



(6.84) 



The explicit expression for the electron-phonon relaxation time is 



1 



_(el—ph) 



^j{el-ph) 
fl Z-^ I kjq 



neq 
2 /, 



k+q 



f- 
■'k 



eq 



+5(e,^+,-.-e,^-H^)(Ag| + i) 



^iH+q-^k + ^3<l)^l 

^-yn-Vk + Vk+q 



(yj^-Vk + yk+q 



yk 



yk 



(6.85) 



(6.86) 



We specialise to the single mode relaxation time (SMRT) case which means all the phonon modes are 
in equilibrium (yj^ = 0) and all other electron modes are in equilibrium (y^_|_^ = 0). Thus the SMRT is 



1 



_{el—ph) 



fl /-^ I kjq 



req 
■'k+q 



6.3 Kinetic Theory: Quantum Kinetic Equation (QKE) 



Here we follow section 10.5 in Haug2007l . We construct a constant i?, steady state and homogenous 
QKE for our discussion of the electron-phonon interaction. For LHS of QKE, we set = 0, drop 
and drop . 



LRS = -qE-V^f'^{p) 
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In constructing the RHS, we choose the full collision integral (for homogenous systems) and further 
impose the steady state condition by dropping t+ 



mt) 



/oo 
dhX{p + qE'f, -ts, it+ + lh)Y{p + qE'f,t3, ^4 + ^h) 
-oo 



dt3X{p + qE'f, -t3)Y{p + qE'-^,h) 



— oo 

with = S^G< + S<G^-G^S<-G<S^ 

^ Y^(GI)Rq{GI)< _^ Y,'yGI)<Q{GI)A _ q{GI)Ry^(GI)< _ q{GI)<y^{GI)A 



(6.89) 

(6.90) 

(6.91) 
(6.92) 



We also need to construct the matching GKB ansatz for RHS. We simply set i? = and drop r + to 
get the constant E, homogenous and steady state GKB ansatz. 



G(^^)<(p,tr) = iA{p,r,)f'^{p+\qE\t^\) 
G^^'>{p,q) = -iA{p,t-)(l-f^ip+lqE\t^ 



(6.93) 
(6.94) 

Finally for the electron-phonon interaction, we choose the self-energy to be in the Born approximation. 

|2 



m,nr2) = Gik-q,Ti,T2)D^''\q,n,T2) 



(6.95) 



We need components S''(= T,^'-'^^-') and 5]^(= T,^'-'^^^) and so we apply Langreth's theorem for this 
parallel multiplication case. 



S(G^)^(^,tl,t2) = iY,\M,fG^'''^^{k-q,h,t2)D^''^^iq,ti,t2) 

g 

I transform to Wigner time notation 

s(^^)?(fc,t-) = ij;|M,f G(^^)^(^-g,tr)^^°^^(Q,ir) 



(6.96) 
(6.97) 



The equilibrium phonon Green's functions are 



Teq-iujfft- 



req iuifft 



z)(o)<(g,r) = _ 

D^^>iq,t-) = - 
We will now insert all these expressions into RHS, 

m 

dU (^(GI)Rq(GI)< y.^GI)<q{GI)A _ q{GI)B.y^{GI)< _ Q{GI)<^iGI)j 



x{p+ \qEtz, -t3){p+ \qEh,h) 

recall that a retarded quantity has the relation C^ = 9{t){C^ — C^) 
recall that an advanced quantity has the relation = 9{—t)(C^ — C^] 



note also 



dtsOih) 



dU and 



dtsei-h) 



dU 



(6.98) 
(6.99) 



(6.100) 



'Note that the negative sign in |Haug2007| eqn (10.100) came from LHS. See |Haug2007| eqn (10.96) 
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(6.101) 



(6.102) 



J —oo J—oo 

J—oo J—oo 
X(p+ ig^t3,-t3)(p+ yEt3,t3) 
I 4 terms cancel pariwisc 

= /"° dt3 [e^^-^^G^^^X - s(^^)<G(^^)> - g(G/)>5](G^)< + g(G/)<5](G^)> 

J—oo 

x{p+ lqEt3,-t3){p+ \qEt3,h) 
I insert the expression for self-energy 

= r c?t3i^|Mgf 

_G^Gi)<^^^ yg^^ _ _t3)^(0)<(^-.^ _ts)G(^'>{p + ^qEts,h) 
-G^GI)>^^^ lg^i3,_t3)G(«^)<(p+ \qEH - q,ts)D(^^<iq,ts) 

+G(^^)<(#+ ^qEt^, -t3)G(^^)>(p+ ig^is - ?"',i3)^(°)>(5"',i3)] (6.103) 
I insert GKB ansatz 

/•O 

J-oo ^ 

X 'a{p+ \qEh - q, -ts) (l - f^{p+ yE\t3\ - g)) D(o>{q, -t3)A{p+ ^^3,13)/^ {p+ ^E^ 
-A{p+ \qEt3 - q, -t3)f^{p+ h^\t3\ - q)D(-^^<{q, -t3)A{p+ \qEt3,t3) (l - f^{p+ k^l^al)) 

-A{p+ kEt3,-t3) (1 - /^(#+ hmi)) Mp+ kEt3 - qM)f'^{p+ \qE\t3\ - q)D(^^<{q,t3) 



+A{p+ \qEt3, -i3)/^(p + \qE\t3\)A{p+ \qEt3 - qM) (l - /'^(#+ 1^^1*31 - q)) D^^>{q,t3) 
note ^("^^(g, -t') = D^'^^^{q,t-) 

note also A{p+ \qEt?, - q, -t^) = A*{p+ \qEh - ^,^3) 

recall that the distribution function is real (but not positive definite) 

/o 
dt3iJ2\Mg\ 
-00 ^ 

X 'a*{p+ \qEt3 - q,t3)A{p+ yEt3,t3)D(^^<{q,t3) (l - /^(#+ ig^|i3| - q)) /^(p+ ^9^1*31) 
-A*{p+ \qEt3 - qM)A{p+ lqEt3,t3)D(^>{q,t3) (l - /^(p+ ^^^1*31)) /^(p+ h^hl - q) 
~A*{p+ yEt3M)A{p+ yEt3 - q,t3)D(^)<{q,t3) (l - f''ip+ yE\t3\)) f'^{p+ - q) 

+A*{p+ lqEt3,t3)A{p+ \qEt3 - q,t3)D(^> ^3) (l - /^(p+ yE\t3\ - q)) /^(p+ ^9^1*3 
note that (iD^^'^^{q,t3)y = iD^^^^{q,t3) 

so, 1st line Sz 4th line , 2nd line & 3rd line are like z + z* = 2?R.{z) 
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J-oc ^ 

X [2^[a*{p+ lqEt3-q,h)A{p+ ^qEt3,h)iD('>^<{q,t3)} 
X (l - /^(P + - q)) f'^ip+ 

-2^[a*{p+ lqEt3,ts)A{p+ ^qEts-q,h)iD('^^<{q,t3)} 
X (l - /^(P + hE\t3\)) /^(p + ig^ltsl - q) 
The final QKE (after including LHS) is thus, 

-qE-Vj.f'^ip) = f (itsEl^-^/ 



(6.104) 



2^{a*{p+ IqEts - q,t3)A{p+ yEt3,h)iD(-0)<{q,t3)} 
X (l - /^(P + - q)) f'^ip+ '^qm\) 

2^[a*{p+ lqEt3,h)A{p+ \qEt3 - q,hW^<{q,h)] 
X (l - /^(P + \qEM)) f'^{p+ \qEU - c 



(6.105) 



which is eqn (10.101) in |Haug2007l . In this QKE, we see the usual quantum efi^ects; intracollisional 
field effect and non-Mar kovian integrals. 

We recover the Boltzmann equation (for homogenous systems in steady state condition) by setting 
E = and substituting free spectral functions into the collision integral, then we get the usual energy 
conserving delta functions. ( Equivalently, we can start with the zeroth order collision integral, use KB 
ansatz and substitute free spectral functions.) Here we will take a particular approximation where we 
take the spectral function of a single particle under the infiuence of a constant force, F = qE. 



A{p,t- 



' h \ ^P'' ^ 24m 



(6.106) 



The QKE becomes 



-qE-V^f'^ip) 

J —oo -f 



2R{e' 



24m 3/^ hy'-jS+qEt^/l 



t3- 



24m 3 



X ( 1 - /^(P + \qEU - ^] f'^iP+ kEhl) 



-2?fiW 



''^Si- 24m ^3 



"ftl '=p+9Bt3/2-9*3- 



iZ)W<(g,t3) 



X f 1 - /^(p + kmi)) f'^{p+ km\ 



recah that iD^°'><{q,t3) = (iV|^ + l)e*^?*^ + Nt'^e-'^^'f^^ 



(6.107) 
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I and actually the force terms in the spectral functions cancel 
I the real parts are the cosine terms 

= 2 / dh^\Mgf 

J -co ^ 

+ COS ((e,^+,^,3/2_,- W*3/2 - '^'r)*3) iVf ) (l - /^(P + - q)) /^(p + hmi) 

- (cos ((ep^+,^i3/2 - Wt3/2-? + ^9-)*3) {Nt' + l) 

(6.108) 

This is the equation (10.102) in |Haug2007] and is known as the Barker-Ferry equation. 



6.4 Perturbative Approach: Linear Response Treatment (Holstein's 
Formula) 

I am unaware of very extensive calculations of thermal conductivity renormalized by electron-phonon 
interaction, hence I shall briefly mention here for completeness, the results of electrical conductivity 
which have been renormalized to a very sophisticated form by phonon ladder vertices. 

This renormalized electrical conductivity formula is called the Holstein's formula and is derived in 
the famous article in |Holsteinl964j . A shorter derivation is seen in [Mahan2000j . The result is equation 
(8.235) in [Mahan200nj . 



6.5 Functional Derivative Approach: Electron-Phonon Hedin-like Equa- 
tions 

In this section, we describe Robert van Leeuwen's ( }Leeuwen2004 j ) derivation of self consistent Hedin-like 
equations for electron-phonon interaction. His derivation is an improvement over a previous derivation 
in |Hedinl970| . The previous derivation started from Born-Oppenheimer adiabatic decoupling and the 
uncontrolled double counting problem is therefore an unsatisfactory feature of the theory. 

Robert van Leeuwen managed to choose a body frame (and impose Eckart conditions) and derived 
the equations circumventing the Born-Oppenheimer approximation J^l 

^It is important to see that he has done such a general derivation that it should really be called the Hedin-like equations 
of the solid! Coulomb Hedin-like equations is a special case of his theory as shown in the appendix at the end of the thesis. 
I believe, that if an expansion about ionic equilibrium is done, the phonon Hedin-like equations should also be a special 
case of his theory! 
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6.5.1 Preliminaries 

[The Hamiltonian] The electron-ion (solid) Hamiltonian is the sum of these terms. 



E 

1=1 

E 

i=l 



2Mi 



V 



V 



Wr,. 



w,. 



1 

-y 



2me 



1 



■EE 



I 



=1 1=1 



(6.109) 
(6.110) 
(6.111) 

(6.112) 
(6.113) 



[Body Fixed Frame + Eckart Condition] H 

®The notation is slightly different from that in the introduction chapter. This is because we are following notation 
closer to that used by van Leeuwen. 

''A notational reminder: l,li,l2... indices denote sites for monoatomic solids or denote cells for polyatomic solids 
{k,ki,k2, ■ ■ ■ indices label the atoms in each cell), cartesian components are denoted by a, ai, 0:2, • • •• 

^Search Wikipedia under "Eckart Conditions" and it gives a good article! 
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Figure 6.3: The transformation to the (instantaneous) nuclear center of mass body frame. 
Define the (instaneous) center of mass of the nuclei. 



N„ , N, 



RcMN = t;^T.mA = - Y^MiRi (6.114) 

I 

We will proceed to transform the electronic coordinates and nuclear coordinates to the body fixed frame 
(with origin at -Rcmn) as follows, 

rt^n = n{ap-tWi - ^cmn) (6.115) 
Ri^R[ = n{ap-i){Ri - Rcmn) (6.116) 

where TZ^afSj) is the Euler Rotation matrix which will be given explicitly later. 

We use 2 conditions (which we call "Eckart conditions") to fix the coordinates such that they will 
minimize the coupling of rotational and vibrational motion. They are, 

1. MiR^'^ = is the equilibrium center of mass condition where the equilibrium position param- 
i 

eter R^'^ is fixed from Born-Oppenheimer adiabatic decoupling. This condition means that when 
all the ions are "frozen" in R^'^ , the body fixed frame is the principal axis frame or in other words, 
the nuclear inertia tensor is diagonal under R^'^ . 

2. = ^MiRl'' xR[ = ^MiRl'' x n{af3-f){Ri - Rcmn) gives 3 conditions to fix the Euler angles. 

I I 
So the Euler angles function of the nuclear coordinates. 



[Reminder on Euler Angles and Some Identities] We now recall some basic facts of body 
frame and Euler angles in Classical Dynamics. The rotation matrix and Euler angles in the so-called 
"y-convention (Classical Mechanics (3rd Edition), Herbert Goldstein, Charles Poole and John Safko 
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(Addison Wesley 2001) pg 601): 

7^(a/37) = 7^,(7)7^J,(a)7^,(/3) (6.117) 

- sin 7 sin f3 + cos a cos (3 cos 7 sin 7 cos /3 + cos a sin /3 cos 7 — cos 7 sin a 

- cos 7 sin /? — cos a cos f3 sin 7 cos 7 cos /3 — cos a sin /3 sin 7 sin 7 sin a 
sin a cos 7 sin a sin 7 cos a 

Denote the column vectors of this rotation matrix by e^^ , and and the matrix elements TZai 
can be written as 



as we can see from here 



n 



--Ol ^0:2 ^CK3 




^11 


^12 


^13 


^21 


^22 


7^23 


^31 


^32 


7^33 



and for example 7^23 



\ ■■■■■■ / 

. They are related to the angular velocity vectors by 



da 
d/3 

and the angular velocity vectors are defined as 



X (U;3 



5.118) 



.119) 



(6.120) 
(6.121) 
(6.122) 





/ sin 7 \ 






cos 7 






^ ) 





— sin a cos 7 \ 






sin Q sin 7 






cos a / 







.123) 



Recall that the Eckart choice of the body fixed frame says that all Euler angles depend on nuclear 
coordinates i?/. Then consider the expression, where chain rule is used, 



d{e. 



02 Ml 



d{ea2)ai da _^ d{ea2)aj__d^ _^ d {602)01 ^7 



da dRi^as d/3 dRi^^^ dRi^^a 
use the relations with angular velocity vectors 

then write (e^a X UJa,l3,-,)ai = ^ (^aia4a5iea2)a4{^a,l3,-f)c 



(6.124) 



where e is the antisymmetric tensor 
define O 



"0503 



da d(3 dj 



'dRi,, 



■dRi, 



03 



■dR, 



has 



^ ^ ^010405 (& 



a2 7a4^'a5a3 



0405 



®The reader may take the explicit expressions of TZ and uja.,B,j and check backwards. 



(6.125) 
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It will be shown in the appendix to this chapter that since a^j are invariant under translations of all 
Rl^ , we get a sum rule, 

N„ 

E ^^Ua = (6-126) 

li=i 

Prom above, recall that TZaia2 = {^a2)an we can immediately derive 



y ] ^010405^^04,02^0.503 (6.127) 



Now we define rotated electronic and nuclear coordinates, 

^iiai = ^^^0102^110:2 (6.128) 

02 

-^^loi ^ '^T^aiaiRho2 (6.129) 



02 



then we derive 



= ^010405 ^0402^0503 ''ii02 (6.131) 

02 0405 

= ^010405 ^"1104 ^0503 (6.132) 



04 05 



and 



^ = E(^^'.-+^«-i^) (6-133) 

= y ] I ^OlO2<^ili3'^0:2O3 + y ] ^010405^0402^0503-^^102 I (6.134) 
02 \ 0405 / 

= '^oi03<^ZiZ3 + ^010405-^^^104^0503 (6.135) 



Q4Q5 



which will be used in the appendix to this chapter. 

[Transformed Hamiltonian] The old and new wavefunctions in the Schrodinger equation are related 

by 

^old(^1 ...f%^,Rl... RnJ = ^ncw(ri . . . fjVe, -R'l • • • R'nJ = ^new(ri . . . Vn,, Ri ■ ■ ■ ^jv„)(6.136) 

and recall that fj is a function of rf and Ri and R'^ is a function of Ri so wc can write $ncw as if the 
independent variables are fi and i?/. However, one must not forget that variables Ri are "inside" fi. 
The term by term transformed Hamiltonian (which is taken to be acting on $new(n • • • tn^jRi . . . Rn„)) 
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IS, 



1=1 



-V 



2Mi Ri 
2Mi 



dRi \ V 



=1 " \ h 

take it to be acting on $new(rL • • • tn^-,Ri ■ ■ ■ Rn„) 



N„ 



= -E 



2M, 



add and subtract — > -— — 

^ 2M, Ri 



E 



2M, 



V, 



'1 ^ai?, '/ ^' 



Ri Ri 



(6.137) 

(6.138) 

(6.139) 



(6.140) 



-V 



^2me 



i=l 



I 



we have 



dR' 



(6.141) 

(6.142) 



' — and = bu-^ since lZ{a(5^) is a function of nuclear coordinates 



= -E 



V- 

2me 



Wnn is obviously unchanged under the transformation by direct substituition. 



2 ^ ff - 

1 ^= 

-Vi 

2 4^ k>-ii?. 



1 1 

= 2E^^U-3-;^ 

I magnitude of vectors is unchanged by rotation 

1 1 

2 ^ ri - Til 



(6.143) 



(6.144) 

(6.145) 
(6.146) 

(6.147) 
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and lastly for Wen 

Wen 



-EEi ? 

i=i 1=1 [R + i?cMN - Ri 
magnitude is unchanged by rotations, so we can multiply by Tt 



-EE 

i=l 1=1 



fi+n{ RcMN - Ri 
Zi 



N„ 



1 1=1 ITZ { Ri — RcMN 



so Wen is a Nn nuclei potential and a one-electron potential. 
The Hamiltonian is now, 



EEnj 



z, 



i=l 1=1 irt^ 



R',-u 



H = Hn+He+ TmpC + We^, 



where 



TmpC 



He 



Hri 



E 

1=1 

E 

i=l 

E 

1=1 

EE 



2Mi 
2me 
'2Mi 



V, 



dfi 



' idRi 
1 1 



V 



Ri 



\ 1 " 

E 



ZiZi 



i,h \Ri — Rh 



-z, 



TZ{a(3-f) ( Ri - RcMN 



Wen 

i=l 1=1 

In the appendix at the end of the chapter, Tmpc will be shown to be written as 

TmpC = Tmp + Tc 



(6.148) 

(6.149) 
(6.150) 



(6.151) 

(6.152) 
(6.153) 
(6.154) 

(6.155) 



(6.156) 



and Tmp (MP - Mass Polarization) is neglected since we are considering a solid and it is not negligible for 
small systems, Tc ( C - Coriolis) is neglected due to Eckart conditions!^ The approximated Hamiltonian 
is then 



H = Hn + He + We: 



(6.157) 



We have achieved what looks like the result of adiabatic decoupling but in a more rigorous and controlled 
manner. 



So for finite systems, the term Tmp is not negligible and it is worth investigating its role in nanosystems! 
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6.5.2 Derivation of Electron-Phonon Hedin-like Equations 

To cater for a field theoretic description, we go over to the (real space) second quantized representation. 
Both electronic coordinates and nuclear coordinates have been written in second quantized form. 



H = 



Hn + He + Wen 

Tn + Te + Wnn + Wee + Wen 



Wee = 



Wen = 



\^ j dri f c?f2V'i2(^2)V'ii(n)?/'ai(ri)^a2(^2)'i^(ri,f2) 

a I \ni^Ri- Rcmn) - f 



(6.158) 
(6.159) 

(6.160) 
(6.161) 
(6.162) 



Notice that Tl{Ra — -Rcmn) is made up of Nn nuclei terms so we need a Nn nuclear particle density 
operator, r(^i ■ ■ ■ R^^), to write its second quantized expression. It is explicitly, 



r{Ri---RN„ 



^ 4^ (ill) • • • </.t^^ {RNjcpa^^ {RnJ ■■■cPa, (Rl) 



(6.163) 



where index ai represents all the nuclear quantum numbers and the volume clement dV = dRi ■ ■ ■ dR^^ . 
Note that we do not have to assume the statistics of these nuclear operators. We only require that (p 
and (f>^ commutes with any operator that depends only on electronic coordinates. 
We define a potential operator 



(6.164) 



K(r-)= dV TiR^---RNjY^ 



Rl - RcMN ] - r 



and define a nuclear density operator (refer to Electrostatics) 
N{r) = ^VV„(r) 



/ dV T{Ri ■ ■ ■ RnJ J2 ^ - Rcym)) 



The electronic density is the usual expression 



Define a total density. 



and Wen can be written as 



p{r) = n{r) — N{r) 



Wen = - I d'r I dR 



n{r)N{R) 



f- R 



(6.165) 

(6.166) 

(6.167) 
(6.168) 
(6.169) 
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which we quickly check backwards 

= ■ 



\f- R 



J (fr(fR^i)l{f)i)^{r) 



N{R) 



r- R 



(6.170) 
(6.171) 



d^rd'R V'i(f)V^,(f) / dVT{Ri ...R^jY^ ^6 (r - n{R^ - i2cMN().172) 

d^rd^RYi^tir)Mr) / dVT{R, . . . i?^ J ^ - 
„ J — 1 r* 



a=l \r — TZ{Ra — RCMN 



Indeed. 

The final expression of the Hamiltonian is then, 



Hit) = Tn + Wnn-\j df^ i^U^^M^ + \ j dfidr2 Y < (n)< (^2)^.2 (^2)V'<xi {ri)w{n,f2 

a o"i(T2 

.3.-..3 5 n{r)N{R) 



- / d-'fd-'R 



f-R 



+ d rp{r)ip{ft) 



(6.174) 



where a time-dependent source term, ifift) is added for the functional derivative approach. 
Define the Heisenberg operator, 

^Pnirat) = V{t,toy%b{fato)V{t,to) 
where V{t2,ti) = Te^^ 



(6.175) 
(6.176) 



where H(t) is time-dependent since it contains the time-dependent source term f{rt). 

Now we want to write the equations of motion for the Green's function. This means we need the 
Heisenberg equations of motion for the field operators first. 



d 

ih—tpHirat) = [i'H{rat),HH{t)]_ 



(6.177) 



Note that we will use the assumption that ■ipni'f^f^'t) commutes with all nuclear operators. We carry 
out the commutator term by term. 



RHS = [^l^H{rcTt),HH{t)]_ 

RHS first term = [ipnirat), (Tn + Wnn)H\- 

= ([V'(r^Tt),r„ + VF„„]_)^ 

= 



(6.178) 
(6.179) 
(6.180) 
(6.181) 



RHS second term 



^The notation for the source term is J in other chapters. Here we follow van Leeuwen's notation. 



CHAPTER 6. ELECTRON-PHONON INTERACTION 



281 



i^H{r(Tt),]- I dndf2 V^lf(nait)V'|^(r2a2^)V'H(r2a20'i/'g(fiai^)w(fi,f2^ 



(Tl(T2 



(6.182) 



dfidf2 ^iJH{rat),'iljlj{fiait)iplj(f2cr2t) i^H{f2a2t)ipHiriait)w{fi,f2) (6.183) 

(T1IT2 

change commutators to anti-commutators using the identity [A, CD]_ = —C [D, A], + [C, A], D 



+ 



V'//(nO"lt), V'H(r(Tt) V'l/(^20-2t) 



^ f dfidf2^ (-ipljinait) 'ipl^{f2cr2t),'4'Hircrt 
X'ipH{r2cr2f)'iJJHiriait)w{fi,f2) 

^ y dfidf2 ^ (^-i/'Jj(ricrit)(5(r2 - r)<5o-20- + S{fi - r)<^aiCT'0ff(^2cr2t)) 

cri(T2 

X7pH{r2a2t)'4!H{riait)w{fi,f2) 

^ y cifiriij(rit)V'//(r(Tt)u;(fi,r) + ^ y dr2nH{r2t)tpH{r(Tt)w{f,f2) 
J drinH{fit)w{ri^r)i})H{rat) 



RHS third term = 



nircrt),- J d^fi J dR 



nH{fit)NH{Rt) 



ri-R 



= - / dVi / d3i?[^^(f(^t),„^(f^t)]_ 



NniRt) 



d^dR 



fi- R 



NniRt) 



fi-R 



(6.184) 

(6.185) 
(6.186) 

(6.187) 

(6.188) 
(6.189) 
(6.190) 



use the identity to change commutators to anti-commutators 



I dVi j d^RY^ [^l,(ric7it),Vif(mt)] ^^Hinait)^^^^ (6.191) 
j d^n j d^Rj2S{ri-r)6aaMriait) 



NniRt) 



fi-R 



r- R 



(6.192) 
(6.193) 



RHS fourth term 



= i^Hif(Tt),J d^fiPHifit)(pifit) (6.194) 

= J d^ri[iljHirat),nHifit)]_^ifit) (6.195) 

I this commutator is done in RHS third term, equals ^^(^(ri — r)6aaitpHiricrit) 

= ^irt)'tpHir(Tt) (6.196) 
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.-. ih—ipHirat) 



r — ri\ 

take the Hermitian conjugate on both sides 
d 

note that, — and V is anti-Hermitian 
dt 



(6.197) 



I note that, (p is real and p is Hermitian, we get 
= (-^v2 + <^(rt) + y"dVi^M^^t^(^^t) (6.198) 

The next step requires the equation of motion of the time-ordered function. This is defined as 

T {i^H{f(7t)ij\j{fiaiti)'^ = 9{t - ti)V'«(mt)V'L(riaiii) - e{ti - i)V'J^(fiaiti)^i/(rai) (6.199) 
Consider the action on the time-ordered function, {dt = ^) 

ihdt + ^V^ - ^ift)j T (i;Hif(Tt)^plj{fiaih)j 

and we work out each term seperately 

First term 
if 



(6.200) 



m + ^V^ - ^{ftyj [9{t - ti)^H{rat)^lj{fiaiti)) (6.201) 
ih6{t - ti)VH(rat)V'l^(fiaiii) + 9{t - h) (^(^(^ihdt + ^V^ - 99(ft)j i/jnirat)^ i^U^iaih) 
+i^H{r(Jt) (^ihdt + ^V^ - ifirt)^ V'k^i^i*!)) (6-202) 



ih6{t - ti)ipH{rat)'iplj{fiaiti) 



7 r-r2 J ri-r2 



Second term 



(6.203) 



(6.204) 



ih6{ti - t)ilj^^{riaiti)'4jH{rcrt) 



+e{h - 1) 



in - r2 



,3-. PHir2t) 



r - r2 



^ij(r(7t)(6.205) 



ihdt + ^V^ - ififtyj T (Vi?(rai)V'i^(fiaiii)) 
= ihSih - t) [^jj(r(7t), V^riaiii)] ^ + J d^fij^^^T (pH(rit)^/f(mt)^{^(fi(7iti))(6.206) 
= ih5{ti - t)Sa^,5{r- fi) + J d¥i T (^pH{rit)^H{rat)2plj{riaih)^ (6.207) 
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Now we will denote the Hamiltonian H{t) into the form, 

H{t) = Ho + i/int + J dVp(r)(^(Ft) (6.208) 
and the Green's function is defined as 

= (t (i;H{l)^U^'))) (6.209) 

TV (u{to - ihp,to)T (V'if(l)^L (!'))) 

= 1 }^ IZ. (Q 210) 

Tr {U {to -ihp, to)) ^ ■ ' 

where, U{to-ihp,to) = Te*si'*o"''"'''*^W (6.211) 

So note that I defined the interacting but equilibrium Green's function for this problem because the 
main interest here is to turn the interacting problem into a set a functional differential equations. Source 
field if is used as a mathematical device and will be set to zero at the end. Of course, an immediate 
extension is to work with non-equilibrium Green's functions. 

First we need to know the variation of the evolution operator. 

V{t2,ti) = re"s/t?''*^W =re"s//i''^*^o+-^-t+/(i3r=-p(fO^{r*t) (6.212) 

which is 

= -■^sgn(t2 - t^)Vit2,t,)pif3)V{ts,t,) (6.213) 
where t^ is between ti and t2- Otherwise = 0. Now we work out 

6V{to,ti) SV{ti,to) ran-iK^ 

= -^sgn(to - ti)V{to, t3)p(.r3)V{t3, ti)^V(ti,to) 

-^sgn{ti - to)V{to,ti)i^V{ti,ts)p{n)V{t3,to) (6.216) 

= IpHmnil) - '^i^H{l)PH{S) (6.217) 

= ^0{t3-ti)pH{S)iJH{l)-^e{ti-t3)^H{l)PH{S) (6.218) 
Now we can work out the numerator of the Green's function, 

Uito-ih(3,to)T (V'//(1)V'1^(2) 



5(^(3) 



= -^sgn(io - m - to)U{to - ihp,t3)p{r3)U{t3,to)T (V/f(l)V'k2)) 
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+U{to - i^PMj^ {0{ti - t2)VH(l)V'y2) + e{t2 - ti)Vl^(2)V//(l)) (6.220) 

+u{to - ihp, to)e{h - 12) (^^^^U^) + ^^(i)^^^) 

+U{to - in(3,to)eit2 - ti)— -V4(2)Vif(l) (6.221) 
I working the terms in the 2nd hne round brackets: 

I +0{t3 - t2)^H{l)pH{S)^U'^) - e{t2 - t3)^H{l)^U^)pH{S)) 

I the first hne takes into account ts> ti, t2 so we have 

= ^U{to-ih(3,to)T(^pH{S)ijH{l)^pU2)) (6.222) 

Now we work out the denominator of the Green's function which is simply the first term in the numer- 
ator. 

'""^^^f^"'^ = -,Uito - mto)PHiS) (6.223) 
So now we can take the functional derivative of the Green's function. 
SG{1,2) _ S Tr(u{to-ihl3,to)T(^^H{l)i^U^) 



M3) M3) Tr {U {to -ihp, to)) 

Tr (Uito - inp,to)T (pH{3)i;H{l)i^^Hi2) 



(6.224) 



I 



(6.225) 



h Tr {U {to -ihp, to)) 

i TV {U{to - ih^, to)pH{S)) ^ (^(^0 ~ ^o)^ {i'H{l)i^li{2) 
h Ti {U {to -ihl3, to)) TT{U{to-ihj3,to)) 

= ^(r(p^(3)V'if(l)Vk2)))-G(l,2)(p^(3)) (6.226) 

We go back to the equation of motion and take the statistical average so as to link it to the Green's 
function. 

(^ihdt + ^V'^ -<p{ft)^T(^^H{r(Tt)'iPlj{fiaiti)'^ = ih6{ti-t)5aaAr-ri) 

+ J d^rij^^^T(^pH{rit)i^H{rat)i;lj{fiaiti)^ 

I Multiply both sides by ——U{to — ihp, to) 

I then take trace on both sides 

I divide both sides by TrU{to — ih/3) 

replace the time-ordered 3 terms by 

dip 
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(^m, + - <^(riii)) ^ (r (^^(l)^t^(2))) = 5,,,,6{1 - 2) 

+ J dr^dhw{ritur^h) {ph{^)) G^^^^ (1, 2X6.227) 
[ihdt, + \v\-V{l)^G,,,,{l,2) = S,,,,Sil-2) + Jd3wintt,3)^-^^^^^.228) 

where V{1) = 93(1) + / dSw^l, 3) {pHi^i))- So V{1) corresponds to the external potential and the Hartree 
(time-local) potential due to the electronic and nuclear charge distributions. 

Now we relate the earlier equation to the self energy so that we can have a relation of self energy in 
terms of functional derivatives. We define the self energy, S based on the Dyson's equation. 

ihdt + ^V\-V{fiti)^ Gaia2iritlf2t2) = Saiai^in - f2)S{ti - t2) 

{fitif3t3)G 

C3C2 (r3i3f2t2) 

(6.229) 

Thus to relate the self energy to the functional derivatives, we need to define the inverse Green's 
function. 

I d2>C,,{l, 3)^-31,^(3, 2) = 5,,„,6{1 - 2) (6.230) 
and take the functional derivative with respect to (p{2>) 



y"d4^G,,,,(l,4)G-V^(4,2) = ^5,^,^5(1 - 2) (6.231) 

CT4 



/^4E%f^G-V.(4,2) + /d4G.,.,(l,4)^^i^ = (6.232) 

(74 

X J d2Gcr2<T5(2? 5) on both sides 

I d4d2^^g^G-;,,(4,2)G,,,,(2,5) = -| d4d2G,^,,(l,4)^^i^G,,,,(2,5) (6.233) 
use the inverse Green's function relation, 

^^^^ = -|d4cZ2^G.,.,(l,4)^^i^G.,.,(2,5) (6.234) 
I rename 2 -H- 5 

^^^glp = -|d4d5 5:G.,.,(l,4)^^^^G.,.,(5,2) (6.235) 
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Substituting this back to the RHS of the equation of motion, we get 

RHS of equation of motion 
= i J dSwint+fsh) J d4d5|^^G,,,,(l,4)^^^^^G,,,,(5,2)j (6.236) 

comparing with the RHS of Dyson's equation = J d3 ^^^^ Eo-^o-sll) 3)Gct30-2(3, 2) and we get an exact 
formal expression for self energy. 

/5G^^ f4 2) 
(13(14^ w{nttnt3)G^,„,{l, 4)^1^^ (6.237) 



(74 



Now we define a dielectric function e and a screened (renormalized) interaction W as follows, 

e-(l,2) = m (6.238) 

= S{l-2) + Jd3w{nhf3t3)^-^^ (6.239) 

and, W^(l,2) = J d3w{ritir3t3)€-^{2,3) (6.240) 

Note that it contains both changes in electronic and nuclear charge densities. We now try to seperate 
them. We define the electronic polarization as the electronic charge response due to the effective field 
V. 

where the electronic charge density is the diagonal of the Green's function 

(n(3)) = -iJ2G,,,,{rst3rstt) (6.242) 



0-3 



I use the inverse Green's function relation 



= [-/ H G^.asihS) ^ G.,.,(4,rit+)j (6.244) 

= iJ2 f dUA ^ (1, 3)G.,., (4, ntt) ^^jyf' (6.245) 
Define the vertex function V by 

r<.3.,(34,2) = -^^ii|lil (6.246) 
and we get the first Hedin's equation, 

^- = -^Y.j dMAG^,^, (1, ?.)Ga,a, (4, ?itt)Vasa, (34, 2) (6.247) 
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Recall the definition of self energy and use product rule to derive the second Hedin's equation, 



use the definition of T and W 



j dAdb ^ G^,„,{1, A)Wifift, 5)r<.4a2 (42, 5) 



(6.248) 
(6.249) 

(6.250) 



The third Hedin's equation follows from the definition of the vertex function. 
<^G-i (1,2) 



r'(Tl<T2 (12) 3) 



5V{?,) 



(6.251) 



we relate self energy to G ^ using the Dyson's equation 

{im, + \y\ - V{1)^ Gaia2(l,2) = 5^,^,5{l - 2) + y d3^E^,^3(l,3)G^3^,(3,2) 
xG~2CT^(2,4) from the right and / d2^^ to get, 
(im, + \vl - V{1)^ 6,,,Jil - 4) = G-^.,(l,4) + S.,.,(l,4) 



S , , . ..^ 5G^;^^(M) ^<5S<,,a,(l,4) 

X to get -SaiaJi^ - 4)5(1 - 5) = ^777^^ 1" 



SV{5) 

Sa.aJi^ - 2)6(1 - 3) + 



6V{5) 



SV{5) 



<^2(^ia2(l>2) 



(5y(3) 

use chain rule of functional derivatives 

- 2).(i - 3) . /«5 E 

use definition of and definition of F to write the third Hedin's equation 

= 6^,^,6(1 - 2)6(1 - 3) 



(6.252) 
(6.253) 



+ J d4dM6d7 



5^a^a,(h2) 
5G,,,,(4,5) 



Ga,a, (4, Q)Ga,a, (7, 5)r^,^, (67, 3) 



(6.254) 



Now we proceed to seperate the nuclear density which we can call it the "phonon part" . We start 
with the definition of W . 



W(l,2) = j d3w(nhnh)e-\2,3) 

6V(2) 



d3w(fitir2,t2,)- 



use 



6^(3) 

V(2) = ^(2) + j dAw(2A){PH(4)) 



(6.255) 
(6.256) 
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w{l, 2) + / dSdAwil, 3)wi2, 4) ^^^^^ (6.257) 
J oip{3) 

note that w{2,A) = w(4,2) 

wil,2)+ /d3d4u;(l,3)^^f^^u;(4,2) (6.258) 
split (ph) into the nuclear part and electronic part & use chain rule 
(1,2)./ .3«m, 3)M^^.(C 2, - / ,3.4m,3)«l.(4, 2) 



w 

use the definition of Pp and 



(1, 2) + / d4d5W^(l, 5)Pe(4, 5)i(;(4, 2) - / d3dAw{l, 3) '^^f w(4, 2) (6.259) 
J 7 0(^(3) 



We look at the last term in more detail. 
6{Nh{4)) S TT{U{to-ihl3)NH{4.)) 



(6.260) 



5^(3) 6ip{3) Tr {U{tQ - ih^) 

I recall the earlier results 

= -{T{pHi3)NHm + {NH{^)){PHm (6.261) 

= -0it3 - U) ((pif(3)iV^^(4))) - e{U - h) {{NH{^)pH{m + (Ar^(4))(p^^(3)) (6.262) 

I add and subtract the same term 

= -e{h - U) {{{pH{3)NHm - {ph{3)){Nh{^)) + {pH{3)){NHm - (p^^(3))(7Vh(4))) 
-e{U - h) mH{A)pH{3))) - {Nh{A)){ph{3)) + (iV^(4))(p^(3)) - (iV^(4))(p^^(3))) 

I define ph{3) — {ph{3)) = Ap//(3) and so on 

= -e{h-U){{^pH{3)^NH{m-0{U-h){{^NH{'i)^PH{3))) (6.263) 

= -{T{^Nh{^)^Ph{3))) (6.264) 

I recall that p = n — N 

= +{T {ANh{4.)ANh{3))) - {T (A7VH(4)Anjf(3))) (6.265) 

Since the term — ^ {T {ANh{4:)ANh{3))) represents nuclear desnity fluctuations correlation, we shall 
define this as the phonon-like Green's function. 

D{1, 2) = ~ {T {ANh{1)ANh{2))) (6.266) 

We want this term to be in Hedin's equations, so according to Schwinger's variational principle, we 
add another source term into the Hamiltonian. 

H2 = - J dRN{R)J{R, t) (6.267) 

RecaU the earlier relation, - ^^f^([f^ = ^{T {ANh{2)Aph{1))) and now we wiU calculate 

^^f^\}^ I deduce from only that Nh expressions are produced 
oJ{2)) dip 

= {T{NH{2)pHm-{NHm{PH{l)) (6.268) 

I we will add and subtract terms and we get the a similar expression 

= {T{ANh{2)Aph{1))) (6.269) 
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Comparing gives 

6{ph{1)) _ 6{Nh{2)) 

SJ{2) S(p{l) 

We further rewrite the LHS 

SjpHjl)) ^ HriHil)) S{Nh{1)) 
5J{2)) 6J{2)) 5J{2)) 



So this integral equation can be iterated and solved. Symbolically, the solution is 



W = W + WPeW + w{l- PeW)"'^ Dw (6.278) 

I define the electronic part of the screened interaction We as We = w{I — Pew)~^ 

W-WPeW = w + WeDw (6.279) 

W = W{I - PeW)-^ + WeDw{I - PeW)-^ (6.280) 

= We + WeDWe (6.281) 

W{1,2) = Weil,2) + J d3d4We{l,S)D{S,4)Wei4,2) (6.282) 



(6.270) 



(6.271) 



I for the second term, gives Nh, and so (NhNh) ~ D 

oJ(2) 

- ^('-^'-^ <^-^^^' 

I use chain rule 

I use chain rule again 

I use the explicit expression, y (3) = (/?(3) + j (i4'u;(3, 4)(p/j-(4)) 

= L>(l,2)+yd3d4^Pe(l,3)^3,4)^^^ (6.275) 



(6.276) 



which we insert into this earlier equation 

1^(1,2) ='u;(l, 2)+ I d4d5T^(l,5)Pe(4,5)u;(4,2) - I d3d4u;(l, 2)^^^^^u;(4, 2) (6.277) 
J J Oip{3) 

We get (symbolically), 
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The derivation of Hedin's equations is complete. We summarize the set of Hedin's equations here. 



Scti(T2(1) 2) 

W{1,2) 
where We 



(Tl(72 



;i2,3) 



d3d4j^G,,,3(l,3)t^(fit+ 4)r,3,,(32,4) 



.283) 



0-3 



We{l,2) + J d3d4We{l,3)D{3A)We{A,2) 

wil-PeWy^ 

-i^ j d3a!4^G,,,3(l,3)G,,,,(4,l)r,3,,(34,2) 

(Jl 0"3(T4 

d^,^,6{l-2)6{l-3) 

+ [dM5d6d7 V ^^^i>^2(l, 2) 6)G.,.3(7, 5)r.,<,,(67, 3) (6.287) 



(6.284) 

(6.285) 
(6.286) 



0-4,0-5 0-60-7 



A diagramatic representation is shown in 




W 



We = VWWWWV = 



r = 




6j: 


4 


SG 


— — 



Figure 6.4: The diagrammatic representation of the electron-phonon Hedin-like equations. From 
lLeeuwen2004l 

If we put D = which means there are no nuclear fluctuations or "frozen nuclei" then we obtain 
the usual Hedin's equations for Coulomb interaction. This is shown in the appendix for electrons. 

6.5.3 Appendix: General Form for the Coriolis &; Mass Polarisation Terms 

Recall the transformation made 



n{apj) \^f^^ - RcMN 

T^aia2 - RcMN 



«2 



5.288) 
5.289) 
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Recall that the old and the new wavefunctions are related by 

^old(^1 ...f%^,Ri... RnJ = ^new(ri ...fN,,R[... R'^J = ^new(ri . . . Vn,, Ri ■ ■ ■ i?jv„ )(6.290) 
and the Hamiltonian is acting on the last wavefunction. Now we work out an identity, 



dri 



dR 



■I3013 



E 



012 



dR 



■has 



i\a2 



RcMN,a2) — 



dRcMN 



dR, 



hois 



(6.291) 



XI { X ^010405 ^a4a2^aBa3 {^iia2 ~ RcMN,a2) ~ ^^^^^'q^ ./^ 292) 



OC2 \a;40;5 



a2 



Ml, 



03 



Ml, 



(6.293) 
(6.294) 



Then differentiating the wavefunction gives, 

new 



dR, 



iscts 



9Rl,a3 

recall that $new is the rightmost wavefunction stated above 

new 

dRlsas 04=1 14=1 ^"^'30:3 9^14014 

/ o 3 JVe 



Si?, 



'303 



a4 = l M = l ^^'303 5^404^ 

use the earlier identity for '^"4 



(6.295) 

(6.296) 
(6.297) 



dR 



■I3C13 



a4 fe4 \0c5ae 



Ca4aBQ;6^fe40!B^Q;|a3 ^0403 



^fc3 



dr, 



/C40:4 



5 



'/a as 



-'EE 



040505 fe4 



^£060406^0603'"A;405 



^404 I -'"nuc 

04K4 



A;404 



note that e. 
d 



dR 



■is 03 



' X ^"603 I ^ X 



9 



?'fc4 X 



06 



A;4 



fe4 



0403 



06 



^E 

k4 



d 



dr, 



k40L4 



define angular momentum LP = —i r^^ 



9 



fe4 



define total electronic momentum P^ = —i — — 

^-^ Fir, 



k4 



drk4 



dR, 



(303 



•_£^^'0603-^06 * » J- / , ^^0403-^04 I 
-'►^nuc „ / 
06 04 / 



(6.298) 
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We now recall the kinetic energy operator 



TmpC 



TmpC + Tn 



E 

/i=i 



2Mu 



recall that T„ 



dRi 



V 



(6.299) 



E— — — and use the above expression 
h 



d 



dRi, 



"3 



-"^nuc „ 

"6 "4 



(6.300) 



Note that r„ term cancels with 



and TmpC can be split as Tmpc = ^MP + Tq. Tmp is the 



mass polarisation term (which involves P^) and Tq is the Coriolis term (which involves L^). There are 
8 terms left in the expression, we expand them all symbolically 

{Tmpc + 7n) <I>new 



dR 



a(f]L^«>new) 



E 



^ ^ dR 



dR 
dR 



^ dR 



Y E ^^^T'U^^new -EE T^T^P'P'^n 



The first term cancels T„ as mentioned above. The second term is related to Tq. The third term is 
related to Tmp- The fourth term is related to Tq- The fifth term is related to Tq- The sixth term is 
zero since L*^ and are perpendicularly. The seventh term is related to Tmp. The eighth term is zero 
since and P"^ are perpendicularly. The ninth term is related to Tmp. Thus we can write 



Tmpc 



Tmp + Tc 



E 



ai 



2 N„ 3 



2Mn 



E E 



ORi, 



Ct2 



^ ( T> ^ 



pe 



^2 3 
E o/\/f2 E "^'1 E ^"3^5 '^0405 Pc 



04 



(6.301) 



+E 



a2 
3 



dR, 



t 



d 



02 



LI 



+ E E 2M; E ^0305^040:5 -^03-^ 

0304^1=1 ^ 



e 

04 



.302) 



So if we define 



Tmp = E(/^°i + E /5"304T'o3^o 



01 



0304 



am not very sure about it 
am not very sure about it 



(6.303) 
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e 

a4 



(6.304) 



0:304 



We can identify 



.2 iVn 3 



2Mn 



/i=i 02 



012 



0:30:4 



2M„ 



2ML 



-PJl nuclear momentum in body fixed frame 



0305 



0405 



(6.305) 

(6.306) 
(6.307) 



/i=l as 



note that M^^ = Mnuc and use ortlionormality in tlie second factor 
li=i 



-'0304 



2Mn 



02 



o; 



0304 



Zi=l '1 02=1 
N„ -2 3 

2M, ^ "0305 "0504 
Zi=l '1 05=1 



(6.308) 
(6.309) 

(6.310) 



6.5.4 Appendix: Explicit Form of the Corolis Term in the Eckart Frame 

Now we further evaluate v^^ and a^^a^ in the Eckart frame to show that the Coriolis terms are negligible 
in the Eckart frame. This justifies the choice that the Eckart frame is a suitable choice that seperates 
the "internal motions" and the "external motions" as much as possible. 
Recall the Eckart conditions (condition 2): 



= 5^ M,,47 X 7^(a;37) (4 - i?cMAr) (6.311) 
/i=i 

I take condition 1, = ^ My^R^^ cross with 7?.-Rcmn to get = ^ Mi^W^^ x Ttia^i^^RoM^ 

(6.312) 



ii=l 



/i=l 



= J] M^^^ff X 7^(a/37)i^^l 
/i=i 

We now calculate the angular velocity vectors ^^^a^- First we get a relation by differentiating the 
Eckart conditions with respect to Ri^. Denote R[ = TZRi. 



d 



dR 



02 



(6.313) 



(1 0102 



Rf^^ is constant in differentiation 
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EE^^'i^-i-^la.a^ (6-314) 

dR[' 

use identity from preliminaries section for ^ ^ 



dR, 



^h^aaia2Rllai [ ^ ^a2a3a4-^hQ;3^a4ao + ^a2ao^(/i 1 (6.315) 
aia2 \a3a4 / 



OL2 

= ^ M^e«„,„,i^;=^^7^„,„„ + ^h^ZAia^Uao - E Ml.RZrKar^U (6-316) 
Q2Q2 hai Ziai 

= aLoa-E-^^^i^Uo (6-317) 



ai 



where 

"Loa ^ X] Af/eaaja2-^^ai''^°2ao (6.318) 

aia2 

I recall that T^oc2oco ~ (^ao)c«2 

= X e„„)^ (6.319) 

j«„,(i!") = ^M,,(47.i?;;5,,„-i?^7^^it;;;„) (6.320) 

For J{R^'^), it is the inertia tensor and it is diagonal. Writing the above as a symbolic matrix 
equation, we manipulate 

= a-J-n^Q = J-^-a (6.321) 

3 3 

^aia2 ~ '^"i'^3'^"3"2 ~ '^aia3'^a2a3 (6.322) 
03 az 

With this expression, we can check a relation, by summing over all sites Z, 

3 

E^U = E^m«3E"Ua3 (6-323) 

I 03 I 

3 

= EE^'(^''^^"'"2)a3 (6.324) 
03 / 

I note that ^ MiR^"^ = is condition 1 

= indeed (6.325) 

Now we carry out the main line of calculation in this appendix to evaluate the Coriolis terms, We start 
with aaia2 



a 



aia2 



E ^ E ^a.aAa2 (6-326) 
h=l a3=l 
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I then we use the above equation for Q to get 

^ X/ 2M; ^ ^ •^0104*^0304 X/ '^02a5'^a305 (6.327) 
^ 03 04 05 

\ ^ — \ ^ \ ^ T\/r. ^ I? \ ^ fl/T. ^ 'D 

0903 



note that ^a^^^^^^^^^ =^Y1 ^h^c.^aearR'l^ae'^c.vc.S Yl ^h^^iC^sc^^Rhas^^ 
03 03 0607 O8O9 

now use ^ ^ ^0703^0903 ~ '^0709 ^ ^ £040607^050807 ~ '^0406'^0608 '^0408'^i 

03 07 

we get Y.<o..<a, =Y.K<aM-. - MlRllRZ 



104 

03 06 



= E ^ E [T.KRllRllMo'. - MlRllRll, ) (6-328) 



^2M, 

note ^ (M;,i?f^« • - M,,i?,7„^i?^7^^) = Ja,a,(i2^^) = /a405(i2^^^ 

^2 



2 



"^0104-^0404 (-^'')<^0204 (6.329) 

04 

writing in matrix form 

2 L' 



J-\R )I{R'^)J-\R ) (6.330) 



01 02 



Since J(^) = J(-R + a) then we translate a = —TZRcmn 



J-\R')I{R^)J-\R') 



— 

so OLci^a2 — "2" 

Coriohs term. 



J{R ) = J{R -URcmn) (6.331) 

= J{n{R-RcMN)) (6.332) 

= J{R!) (6.333) 

. Finally, we need an explicit form for the operator in the 

0102 



;i=i '1 02 

;i=i '1 0203 'i'^^ 
I use the explicit form of 00203 

— E E "'^aios ^030405 -^ifa4^0502^^ (6.336) 

il=l 02030405 

= -f E-^^-iU^ (6-337) 
03 
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where L 



is defined as the vibrational angular momentum of the nuclei, 




(6.338) 



If R' 



R""! then a, 



is diagonal and inversely proportional to the diagonal elements of the inertia 



tensor, z^^j is similarly inversely proportional to the diagonal elements of the inertia tensor. The 
diagonal elements of the inertia tensor is related to the total mass of the system, thus these 2 quantities 
are small when the system is large. 

We close by mentioning that the subsequent developments are (a) the development of normal modes 
in the body-fixed frame and (b) the development of phonon-induced effective electron-electron interac- 
tion which are covered in |Leeuwen2004j . 

Development (a) of normal modes becomes very rigorous because internal and external degrees of 
freedom have been "seperated" in a rigorous way. Typically in solid state physics, external degrees of 
freedom ( 3 translations and 3 rotations) are simply ignored and normal modes (phonons) are developed. 

Development (b) would also be a more rigorous look at the formation of Cooper pairs and therefore 
superconductivity. The usual Cooper instability theory was all developed under the umbrella of Born- 
Oppenheimer adiabatic decoupling approximation. 



Chapter 7 

Disordered Systems 



[Chapter Introduction and Roadmap:] We enumerate this introduction for easy reading. 

1. This chapter aims to treat transport in high concentrations of disorder in systems. The key phrase 
here is "high concentration" because it is easy to reach high concentrations of disorder due to the 
smaller number of particles in small systems. 

2. Throughout the whole chapter, we will deal with binary disorder. The host atoms are labelled as 
A with concentration ca_ and the defect atoms are labelled as B with concentration cb- There are 
4 types of disorder associated with a lattice of atoms. 

(a) Diagonal disorder. This disorder is due to a substitution of atoms of different masses in the 
lattice. All other parameters, such as force constants, are unchanged. This could happen if 
the substitution is by isotopes of the host. Since only single sites are involved, it is "diagonal" 
in the sense of lattice sites. 

(b) Off Diagonal disorder. This is essentially the first model but taking into account changes 
in force constants due to the fact that different types of atoms creates different interatomic 
potentials. As the force constants involve neighbouring sites, it is "off diagonal" in the sense 
of lattice sites. 

(c) Environmental disorder. There should be no excitations when the whole disordered solid is 
translated (i.e. this means translational invariance). This is taken into account by enforcing 
the force constant sum rule in the theory i.e. = — Yli'^i ^ii' where I' are the neighbouring 
sites to Z0 

(d) Short Range Order (SRO). This is the effect that the defect sites could affect the occupancy 
of nearby sites. 

3. The key difficulty in dealing with disorder theory is how to calculate the configurational average of 
physical quantities. There are simply too many configurations to average! These configurationally 
averaged quantities are the ones that can be compared to experiments. H The main physical 
quantities to calculate in this chapter are the configurational averaged 1-particle and 2-particle 
Green's functions. The different theories presented in this chapter are simply various ways of 
approximating the configurational average. 

^You may call this the "Newton's first law" of lattice dynamics. Such a sum rule does not exist for disordered electronic 
systems. 

^Here, I can give a simple high school math example. In a factory that makes light bulbs, to determine the lifetime 
of the bulbs, a good experimentalist will have to draw samples (which represents different configurations) and determine 
their lifetime and make a statistical claim of the lifetime. This statistical claim is the configurational averaged lifetime. 
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4. Firstly, we show simple examples of one-configuration-disorder theory to guide us through some 
physics of disordered systems. This gives us physical intuition to interprete the complicated 
theories that follow. 

5. Secondly, with regards to the 3 transport related developments, the kinetic theory is presented for 
mass disorder is given. Linear response theory for mass and force constant disorder is then briefly 
mentioned. 

6. Thirdly, for Landauer-like theory, we found that it works perfectly with the most powerful ap- 
proximation for mass disordered systems, the CPA. The resulting publication is |NiMLL2011j . 

7. We also supply 3 derivations for CPA because the subsequent generalized theories are all inspired 
by 1 of the 3 derivations. 

8. The subsequent generalized theories are meant to handle 2 types of disorder: mass and force 
constant disorder. Well, this is simply because only mass disorder in a system is somewhat 
artificial. We present 4 such theories. We hope to investigate which of these theories is suitable 
to describe (disordered) finite systems numerically. H 

7.1 Simple but Exact Examples for Illustration: 
7.1.1 ID Chain with 1 Mass Impurity 

Theories that assume low concentrations of impurities are classified as "old theories of disorder" . Al- 
though these theories may be somewhat outdated, they actually allow the physics of disordered systems 
to be clearly exhibited. Thus it is worthwhile spending the first section discussing the one impurity 
problem. We will only mention some very good review articles covering these old theories. They are 
|Maradudinl958] . [Mar adudin 1965] . [Beni972j . |Maradudinl966] and |Maradudinl967l . 

For the 1 mass impurity problem, we follow |Ennsl969] . The problem is described by the following 
diagram. The impurity atom with mass Mq is at / = 0. M is the mass of the host atom. All force 




Figure 7.1: Setup for the ID chain, 1 mass impurity problem. 

constants are that of the host, denoted by <I>. Considering only nearest neighbour interactions, the 
equations of motion are, 

For//0 Mill = {2ui - ui_i - ui+i) (7.1) 

For / = MqUo = (2mo - u^i - ui) (7.2) 

We can combine both equations into the form 

Mill + <^> {2ui - ui-i - ui+i) = 6io{M-Mo)ilo (7.3) 



^Unfortunately, my fellow group member graduated before she can carry out the numerical investigations. 



CHAPTER 7. DISORDERED SYSTEMS 



299 



Denote oj^^ la = ^ Fourier transform to the frequency domain using ui(t) = J '^"^ui{uj) and 
we get 

-UJ Ul + -CJ^ax LA i^ui - Ul-i - Ul+i) = -Sio — — — w Uo (7.4) 

Note that we do not have space translational invariance but we are stih going to perform normal mode 
transformation and use the host normal coordinates as the basis. The normal coordinates are 



/N 

The normal component of the equation is 



-a;2Q,(a;) + -a;^^LA(2-e-^^"-e^'^'^)Q,(a;) = _^Y,5^^M^y-^'"' (7-6) 

-^^QgM + ^'^maxLA(2-2cosM)Qg(a;) = - J^^ u^uoiu) (7.7) 

-a;^Q,(a;)+a.i3.LAsm^(f)Q,H = -^^^^c.^^) (7.8) 



1 2 -2 /Q0'\ 

denote la sm ) = 



1 M-Mq , ,2..(, ,\ 



Q.(-) = ^,f_,2 ' (7-9) 
Use the inverse normal mode transform, 

q 1 

A self consistent condition is that at Z = 0, uq{(jj) on LHS and uq{uj) on RHS must be the same. This 
implies the assumption that the impurity atom has a non-zero vibrational amplitude {uq ^ 0). We set 
Z = to get 

M - Mq 1 ^ ^2 

9 9 



1 - M-Mo J_^ g;^ 

9 9 

= ^ (713) 

5 9 

Let /(w^) = Yliq J^-J^ which is of degree N and thus has N solutions. The intersections of /(w^) 
and the line J^^j^^ gives the vibrational frequencies of the 1 impurity ID chain. 

• Case where < Mq < M. The impurity is lighter than the host atoms. The frequencies are 
shifted slightly upwards. An additional frequency is higher than the band. This is the localized 
mode. We can infer that when there are more impurity atoms, a band of localized modes will 
form. 
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for line with < < M 



for line with Mg < 
j2 ^, (not physical) 



for line with Mq > M 



max LA 



Figure 7.2: Schematic plot of the self consistent condition in the ID 1 mass impurity problem. The 
crosses mark the frequencies of the disordered system. 

• Case where Mq > M. The impurity is heavier than the host. The frequencies are shifted down- 
wards (unevenly). There are no locahzed modes. Due to the uneven shift, a resonance is created 
where the density of states (DOS) within the band is enhanced somewhere within the band. 

Finally, note that the ordered chain has a uj = solution which does not appear here. This is due to 
the lack of space translational invariance in this system. For systems with more than one atom per unit 
cell, the localized mode may appear between the acoustic and optical branches or above the optical 
branch. 
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7.1.2 3D Solid with 1 Mass Impurity 

Here we follow the same reference [Ennsl969] . The impurity has mass Mq and is at position vector 
Ri=o. The host atoms have mass M each and all force constants are that of the host. Each unit cell is 
taken to be monoatomic for simplicity. The equations of motion are, 



For//0 Milio, = -^^-ia/iai-U/iai (7.14) 

hai 

For Z = Moiloa = - ^ ^'Oahai^hoi (7.15) 



hai 

We combine both equations into, 

Milla + ^lahaj^Ul^a:, = (5oa ( - Mo)iioa (7.16) 

Fourier transform to frequency domain, 

[-UJ^M6ii,6c,ai + ^^/lai = SlO^^^iM - Mo)uoa (7.17) 

hai 

We will use the host normal coordinates for the discussion but we will carry out the derivation in a 
slightly different way. This derivation is more in the spirit of the Green's function approach. 
Define the matrices, 

= UJ^M6u,6aai-^lahai (7.18) 

6Li^l,aA.l^^) = -(5;o<5/io5aai(M-Mo)u;2 (7.19) 

The equation of motion in matrix form is then 

^ ^host ^§L^u = (7.20) 

We seek the inverse of L^°^^ which is defined through 

T.^lXa'i^'Kall,a,i^') = ^u^S^a, (7.21) 
hai 

This is carried out in normal coordinates. The spring constant matrix in normal coordinates is 

^lahai=<^aaAl-h) = ^ ^ ^^^'^^^^i (^'^l^l/'"^'"'^^ (7-22) 

jq 

Thus the normal component of L^°^^ is 

LjS^t = Mco'^-Moj]^ (7.23) 
And so the normal component of the inverse is 
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Take the inverse normal mode transform, 

jg jq 

Solve the (matrix) equation of motion using 

(^L^'°'' + 5L^ u = (7.26) 

^host-i ^ J^^host + 52.) u = (7.27) 

l + L^ost~^^L)u = (7.28) 



I ^Ih^aa^ + Llaha!^^^haiha2 I "^hai " (7.29) 

Ula + Y^Y.^'^Xar Hh0h0Ka,{M - Mo)uj^)ui,^, = (7.30) 
hai I2012 

ui^ + Y,Ltt-\Mo-M)oj\oa, = (7.31) 



If we further assume that the defect site has cubic or tetrahedral symmetry, the cartesian directions are 
orthogonal and it is nonvanishing when ai = a. 

jq jg 

Following the earlier section on the ID chain, the self consistent condition is obtained by setting / = 
and assuming uia / 0, we thus get a very similar result. 

' = -1^n22z;^^J'M\ (7.34) 

jq jq 

Thus we can make similar conclusions to that for a ID chain. For a light impurity {Mq < M), there is 
a localized mode above the band. For a heavy impurity (Mq > M), we do not have localized modes. 
However we may have resonance (enhanced DOS) within the band. 

7.2 Mass Disorder: Boltzmann Treatment 
7.2.1 Mass Difference Scattering: Full Collision Integral 

Here we want to derive the full collision integral for mass difference scattering in the solid. We follow 
|Srivastaval990] section 6.2.1. 

We start with the Hamiltonian of the solid with randomly distributed mass impurities in the har- 
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monic approximation. The force constants are assumed to be that of the host. 

la lo. liO-i 

I define average mass per unit cell M = caMa + cbMb = J^^^l 

I 

I and we split the Hamiltonian as follows 

= l^^lc - Jl l^^fa + + \Y.Y. ^^"/iai««a^/iai (7-36) 

lOi loi lo. lot licxi 

= E l^^'la + IYY1 '^laha.UiaUi.a, + I ^ 1(M; - M)ul J (7.37) 
\ la la hai I \ la / 

I define the unperturbed Hamiltonian Hq = -Muf^ + - ^lahaiUiaUi^^ai 



define the mass difference perturbation Hamiltonian -ffj^t^ = ^ T^i^l ~ M)^'ia 



la la lia\ 

] 

2' 



la 

= Ho + H^^^ (7.38) 
Write H-^^^ into second quantized form before we substitute it into the Golden Rule. 



ttMD 



J2liMi-M)ul (7.39) 



la 

use the second quantized form of uia according to the above Hq 



I recall the harmonic solutions aHojigi(0 = ^ a|i-(jjj^-^(*) = 

' iim i2'f2 V ^lyi J2y2 



rename q2 -q2, so ojj^_q'^ ujj^j^^ and e{j2, -$2) = e*{j2q2) 



jiQi h<i2 I 



X 



I define the "coupling constant" M^- g-^ = " M)e'^^^-^^>^ 

I 

ii<?i i2<?2 

X I at ^ at -. — ot -. a,„ _o-„ — a,-, at -. + a,-, a,„ _a-, ) (7.42) 

Although there are 4 terms in the interaction Hamiltonian, the first and the last term do not conserve 
energy. We drop these 2 terms. The remaining 2 terms represent in-scattering and out-scattering with 
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respect to a 
Rule is 



reference state and we proceed to calculate their Golden Rule transition rates. The Golden 

W,^f = ^ |(, ji^M^I 5{Ef - E,) (7.43) 



The reference state is chosen to be jiqi so the collision integral is written as = ^^^"^ 
Wi^f 1st term 



coll 



2 ^^^iigi^?': 

h 167V2M2 



use identity 5{ax) = |^(5(x) and the ladder relations 

«i2,-?2l/) = \/^l^i2?2 - 1) and aj^ I/) = V^fi + + 1) 



|2 ^^jiqi^_j2q2 
^292 

= scatters into jigi 



(7.44) 



Wi^f 2nd term 



2vr I , , 



^|-9l92i igJV2M2 
^292 



- (e(jigi) • e (J2g2)) 



/ 



K^hqi - ^j2q2, 



(7.45) 



use identity 5(aa:;) = -^6(x) and the ladder relations 

\a\ 

4m\f) = v/Afj-M-, + llJVjrf, + 1) and aj.^J/) = /iV-;"|iVj,f, - 1) 



E 



I 2 ^^il9l^i292 



«192| 87V2M2 

^292 

= scatters out of jiqi 
The collision integral is 

tMD _ ^^nfi 



- ^^292) i^UiQi) ■ (J2^2))^ iVjigi (^jagb + 1) (7-46) 



dt 



coll 



= Wi^f 1st term — Wi^j 2nd term 



- \^U/f 1 2 T^^jiqi^ 32(12 

- 2^V^'q^q2\ M2 



- '^j29-2) (eOWi) • e*(i2^2))^ 



^292 
X 



+ 1) ^.2.-2 - ^^1.1 (^^292+)] 



I 1 2 

Wc need to further rewrite My-^y'^ so that we can bring in the experimental parameters 
concentration ca and impurity concentration cb- 



WqM 



^(Mii - M)e*(«i-«2)-h 



^(M;, - M){Mi^ - M)e*(«i-«2)-(Zi-i2) 

lxl2 



{7A7) 

(7.48) 
(7.49) 

(7.50) 
of host 

(7.51) 
(7.52) 
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I assume that the impurities are distributed randomly 
I so the 2nd term averages to zero due to isotropy 



(7.53) 



(7.54) 



recall the single site average ^ Mi^ = NM = N{caMa + cbMb) = N'^^ OmM„ 



(7.55) 



The collision integral becomes 



dt 



coll 



EE 

define r--.^c.(^-l)' 

7TJ, ^ ' 



MD 



(7.56) 



(7.57) 



E -^^^h'll^hq2^(^jiqi - ^^292) • e^{hQ2) f + l) ^^^292 " ^jigi (^i2?2+)] 



J2q2 



MD 



J2?2 



(7.58) 



Which is our final full mass-difference collision integral. 



[Checking energy conservation] We quickly digress to show that this collision integral conserves 
energy as expected. This is done by checking 



3iqi 



jiqi 



jiqi 



dt 







(7.59) 



coll 



"jiqi 



dt 



jiqi 



coll 



vrr 



MD 



^EE~8f:r^^'^'^^^^^^^^^'^^ ~ '^^^^^'^ (e(ji^i) • ^{j2Q2)f [(iVjig- + 1) Nj^^^ - Nj^^^ (^^j292+)] 



Jiqi J2q2 



in 2nd term, rename jiqi j2g2 and use 6{ax) = -p- |5(x) 
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= "EE 



vrr 



MD 



8N 



^292 



nil 32q2 



\ 2 

['*^iigi'*"J2q2 \^\Ji.Hl) <- ^J2q2^Jiqi 

in 2nd term, g2 — >^ —9*2 and ^1 — > — gi 

only polarization vectors are affected 6^^292) — >■ e*(i2^2) and e*(jigi) — > ^{jiQi) 



8N 

Jiqi 32q2 

use the delta function 




^292 



^j2q2'^J 



(7.60) 



ial7.61) 



7.2.2 Mass Difference Scattering: Linearized Collision Integral 

The standard expression for the linearized distribution is defined to be of the form 



Jim V Jill J 



<?i 



and we substitute it into the collision integral to get the linearized collision integral. 



(7.62) 



MD 



AI 

OAT ^hqi^32q2^\^j 



^j2q2){KMl)-^{hq2)f 



8N 



X [(1 + n;^^ + n;^^ {n;^^.^ + 1) (a^^ + at-, (at-. + 1) 

expand and keep only up to 1st order in y 



(7.63) 



^ 8N 

2 

[ 



^292 
X 



^hqi^j2q2^i.^hqi " ^^292) iKhQi) ' ^{32^2)) 

-1 + f 1 + NT.. 1 f AT^^ f NT.. + 1 



1 + ^nq.) ^ + + ^^i:^ j l^^i2S. I^^i2^. + ^ j « 



-AT^^- f 1 + iV^5 ^ _ AT^''. N^'i^ ( Ar^«. + l") - f 1 + iV^«. Ar^«. f iV'^*- + l) 1 (7.64) 

Jiqi \ J2?2y ^292 \ 3212 ) >'32q2 y J2?2/ Jigi \ / fJl9lJ V / 

the terms f 1 + Ar''% ) A^''''-. - N^.^ f 1 + AT'^^.. = using BE distribution and delta function 

using BE distribution and delta function we rewrite ( 1 + N^?. I NTf; = A'"'^'^-. ( 1 + N^?. ) 

V ■'i^i y J2?2 jiqi \ j2«2 y 

E 



vrr 



'^jigi^j2g2'^(^ji?i - '^^292) (elii^i) • e*(i2^2))^ 



8N 



32q2 
X 



I 3iqi V J2g2y \ ^292 J t'32q2 y 3212) 3iqi 3iqi''^ 



3iqi 32q2 
8N 



''^.71 01 ^.7202 r\7202 ^ ^ ^3 



(7.65) 



- '^^29-2) (e(ii?i) • 02^2))^ iVj^^g- (1 + iVj^'^g.J (yj29-2 - (7-66) 



^292 
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AI 



MD 



7rr 



MD 



8N ^'^'^^ 



(7.67) 

which is the final result of the linearized (in distribution) mass difference collision integral. 

7.2.3 Mass Difference Scattering: Relcixation Time Approximation 

A further simplification is to impose the relaxation time approximation. We equate the linearized 
collision integral to the relaxation time form. This definition defines the relaxation time itself. 



AI 



MD 



^MD 



^MD 
J 191 



(7.68) 



insert A^.,„-, ^ + (n^% + y,-,.-. 



jiqi V nqi 



l) Vjiqi 



^MD 

hqi 

^jMD 



N^l^ ( N^^^ + l) y 



(7.69) 
(7.70) 



qi 



E ^'^.i.i'-.2.-2<^K.i - ^.2,-2) i^jm) ■ nm? ^^^^^2^^-^(7.71) 



Vjiqi 



This form is actually still too difficult to handle. Further specialise to the single mode relaxation time 
(SMRT) by setting yj^^^^ = 0. This means that only the reference state is out of equilibrium, the other 
states are all in equilibrium. 



I ^-pMD N':'^^ + 1 

ZMD = E -^'^hqi^hq2Si^jiqi " ^^2) i^UlQl) ' ^ ihQ2)f ^^eq' ^ 
J j292 



(7.72) 



We can make further approximations to get an order of magnitude estimate for t^P. 

~ E ^^^hqi^j2q2Si^hqi " ^^292) i^JlQl) " ^ {hQ2)f 



jiqi 



8N 



J2q2 



92 



use Debye approximation ioj^^^ = Vj^q2 

~8N~^ J "^^'^^^s %ji9-i-^j29-2)(e(ji«i)-e (J2g2)) J^ehz^ 



32 



jiqi 



change / dq2 = — / 
J J 



duj 



J292 



8A^ 



iV"'?. + 1 



(7.73) 

(7.74) 

(7.75) 
(7.76) 

(7.77) 



E / ^^.292 (eUm) ■ r{nq2)f <^(a;,,,i - c,,,-,) (7.78) 

j2 i"^ Ji9i 
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evaluate the delta function and so — = 1 (7.79) 

2^ -3 ^.1.1 (7.80) 

i2 J2 



This is the famous Rayleigh-Klemens scattering where —mit oc uj^. This result tells us that at low 

'^ii9i 

temperatures, where only low energy (small oj) phonons exists, the relaxation time is large. This means 
point defect scattering is rare at small T. 

7.3 Mass Disorder: Linear Response Treatment (Hardy Energy Cur- 
rent Operators) 

We follow Hardy in |Hardyl963| section 4. Mass at each site is a (binomial) random variable. The force 
constant is that of the host. The disordered harmonic Hamiltonian is 

^ = + ^ Yl ^lo^^har (7.81) 

la lahai 

I define the ion momentum pia = Miiiia 

= E^ + ^ E '^l^hc^^lc^^ha^ (7.82) 
la laliai 

1 I f M\ 1/ M\ If Ml- M 

write — — = — — =— + — =— — 1 



2Mi 2M\MiJ 2M \ Mi J 2M \ Mi 

I where M is some nonrandom mass parameter 
I which could be M = M = caMa + cbMb ot M = Ma 
I but we need not specify M for this derivation 

1 1 M; - M 2 , , 

= E ^ + 2 E '^i^h'^.^i^^h^i - 5m E -i^pi'^ (7-83) 

la laliai la 

Looking at the Hamiltonian, we are going to carry out the following substitution into Hardy's energy 
current operator formula. 

«■ ^ after which, u.e J, = (l - = - (7.84) 



Mi^ Ml ' Ml M \ Ml J M M Mi 

V{ri,) Vt^' = ]^Y. ^i^hc^uic^ui,^, (7.85) 

al\a\ 

The splitting of allows the current to be split into the harmonic part and the mass disorder (MD) 
part. This is somewhat different from the usual usage of Hardy's formula because the "perturbation" 
enters through the kinetic term rather than the potential term! 

Also, as in the harmonic current operator section, r is treated as the equilibrium position of the 
ion, i.e. r — > R'^'^ and r;^ is the displaced position, so the displacement vector is ui-^ = r*;^ — R'^'^ and 

rh - ri2 = ui, - ui^ + 47 - Rl^- 



CHAPTER 7. DISORDERED SYSTEMS 



309 



Hardy's current operator for mass disorder now looks like, 



I / I1I2 



2Mi' '2 



+ h.c. (7.86) 



1 1^ 1 1 _2 1 



2V 



use 



use 



E 



I 



1 1 



'2 ^ ih 2Mi^ 



-.2 T^har 



+ h.c. 



I _ 1 I Mi-M 
Wi'm' M Ml 

II /I lMi-M\fl lMi-M\_l I Mi-M\{Mi+M) 



Mi2Mi \M M Ml J \2M 2M Mi 



M 2M M2 
1 1 



M2M' 



eg 

^■^'m2M 



-2 T^har 



Mf 



+ I1.C. 



1 f^ M,-Mi(M,+M) 1 ^^-^ gT.har 



21^ 



+ Y^{ui,-ui,+R^^-R^'' 
hh 



I M Ml 

1 1 Mi-M 



'1 '2 ^ ih 2M Ml 



-.2 TAhar 
Ph ' '^i2 



+ h.c. 



(7.87) 



The first line is simply J^'^'^ which was treated in Chapter 1. The second line is Hardy's equation (4.17) 
in |Hardyl963| which is the mass disorder contribution to energy current. 



J 



MD 



-{y 

2V I ^ 



Mi-M UMi + M) ^ ^2 I Mi-M 



M2 



PiPi + 



M Ml 



-m 



har 



H > [uu — uu + R, — it, ) 



-'2 T^har 

Ph ' '^;2 



+ h.c. 



hh 



(7.88) 



(7.89) 



We do not proceed further as this is not the main approach of the thesis. The main aim is only to 
write an (operator) expression of current in terms of phonon operators. The subsequent calculation of 
thermal conductivity using this current operator will follow the receipe mentioned in Chapter 1. 

Finally, we just want to note that for force constant disorder, the "perturbation potential" is of the 
form, 



V, 



FC = 1 ^FC 



(7.90) 



ahcti 



which means its contribution to energy current is similar to Vj^'^^ with a different "coupling constant". 
So its calculation follows that of V^^'^ in Chapter 1. 
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7.4 Mass Disorder : Coherent Potential Mean Field Approximation 
(CPA) 

[Literature] The first paper (on phonons) is |Taylorl967| . Three comprehensive review articles are 
|Yonezawal973j . [Eniottl974j and [Matsubaral982] . A very comprehensive numerical work is found in 
[Dean 19 72]. Our published work on the application of CPA vertex corrections to thermal transport is 
[NiMLL2nilj . 

7.4.1 3 Ways to Derive CPA 

The coherent potential approximation (CPA) is the best method in handling diagonal disorder. Elec- 
trons (in tight binding form), phonons, excitons and magnons have similar forms of disordered Hamilto- 
nian, so CPA applies to all these systems. Here we use it on phonons, particularly on phonon transport. 
We show 3 derivations in great detail. The effective medium derivation gives the complete CPA theory 
for the calculation of (configurationally averaged) 1-particle Green's function and 2-particle Transmis- 
sion coefficient. The diagrammatic derivation shows that in CPA, almost all possible diagrams are 
summed, justifying its position as the best diagonal disorder theory. The locator derivation is given 
to prepare for the generalization to theories with both mass and force constant disorder. The first 2 
derivations also prepare the reader for the generalization in the subsequent sections. 

7.4.1.1 Effective Medium Derivation 

7.4.1.1.1 [Configurational Average of the 1-Particle Green's function] We essentially follow 
this |Velickyl969| in this whole section. As standard in this chapter, we work at the level of harmonic 
approximation and the mass disordered solid is a monoatomic lattice 0. The Hamiltonian is, 

^=IY1 ^IT.Y1 '^lal'a'UlaUlW (7.91) 

la W aa' 

where is the mass random variable at site I. 

We define the time-ordered displacement-displacement thermal Green's function with the harmonic 
(random) Hamiltonian as the 1-particle quantity to calculate. 

Diai'a'it) = -^ ^J.^H ^ {e-^''T {uia{t)wa'm) (7.92) 

where /3 = and T is the (equilibrium) temperature of the disordered solid. The aim of this section 
is to calculate the configuration averaged Green's function in an approximate way using CPA. We start 
with the equation of motion 

cP 

- M[-^Dial'a'{t) = 27r6it)6aa'6u' + ^^laha^Di^a^l'a'it) (7.93) 

Fourier transform to frequency domain, 

'^{M'iUj'^6aai^lh - '^lahai) Di-^ail'a'{(^) = hl'^aa' (7.94) 
Ziai 

''We specialise to the monatomic case for the sake of a less complicated notation. There should be no loss in generality. 
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Writing in (Cartesian) matrix form and we perform symbolic manipulations. 

Ai'H = {MluH-<S>a,y^ (7.95) 
I separate out the host and the impurity part 

= {{MaujH - - MiLoHy^ (7.96) 
I where the inner bracket is the inverse Green's function of the host, D^'^^~^ 

= [Dl^^-'-Vuy' (7.97) 

where the random variable Mi takes on the values 

f / = atom A ,„ 

= [m^-Ms / = atomB ^^-^S) 

Manipulate to get a Dyson equation. 

D = D^^'^ + D^^^VD (7.99) 
We introduce an effective medium mean field TF'^^{uj) and add and subtract it to the Green's function. 

Du,{u) = {M^ujH-^u' -^^^^{'-J)- MiujH + Tp^^iu))'^ (7.100) 
I define Df^F^iuj) = M'^uH - - Tp^^{u) 
I define -Vi = -MiuH + S^^^(w) 

= {D^r\u)-V)-' (7.101) 
Again we manipulate it into a Dyson equation and then into a scattering equation, 

D = D^^^ + D^^^VD (7.102) 

Du'ico) = D'iir\u) + Y,D'il^{u)Vi,Di,,{u) (7.103) 

h 

I iterate it into a scattering equation 

= ^CPA ^ ^CPA^^CPA ^ ^CPA^^CPA^^CPA ^ . . . (7 -^q^) 

= DCPA ^ ^CPA^ (^CPA ^ ^CPA^^CPA ^ . . . ) ^^ -^O^) 

I sum the infinite geometric progression 

= ^""^ + ^"'^^r^^ (7-106) 

V 

I define the scattering T-matrix, T = 



1 _ y£)CPA 

= ^CPA ^ ^CPA2.^CPA (7 -^Q7) 

Note that V is diagonal in I so we can take the inverse on either side of D^^^. Now we take the 
configuration average represented by the notation (• • • )c- All the random variables are only in T, and 

so we get, 

{D)c = D^^^ + D^^^{T)^D^^^ (7.108) 

We shall choose a physical condition to fix S*-"^^. It turns out that by doing this, we actually get a 
self consistent condition as well. The physical condition is that we assume the mean field results in an 
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effective medium that has no scattering on average, i.e. 

{T)c = (7.109) 

This gives a simple approximation for the (exact) configuration averaged Green's function. 

(L>)c = D^^^ (7.110) 

However, the condition (T)c = is still not tractable. We need further approximations. We start by 
defining the single site i-matrix. 

_ Vi Vi 

^ 1 - y^z^cpA = i_vii)CPA(^) (7-111) 

since Z?^^^ multiplying the diagonal V/ would only involve the diagonal elements of D'^^^. 
We write an identity 

Vi = ti-tiDf^\oj)Vi (7.112) 

which is substituted into the Dyson equation and iterated. 

Du,{u) = Z)C''^(a;) + ^A?^(a;)(i,,-i,,DCPA(a;)F,,)DCPA(a;) (7.113) 

h 

I iterate D and Vi 

= + Z^^lh ^h^hl' + 2^ ^ih ^h^hh ^h^hl' (7.114) 

When we compare with the scattering equation 

D = LfCPA + ^CPA^^^CPA (7 

we get, 

T = Y.th+ E thD?l^tl, + --- (7.116) 
h hM¥=h) 
I take configuration average 

{T)c = E {thD^:l\,)c + ■■■ (7.117) 

I assume sites to be independent and decouple the averages 
I this is known as the "Single Site Approximation" (SSA) 

^ E(*'i)c+ E ^th)cD?l^ith)c + --- (7.118) 

From the CPA condition, (T)c = 0, we can now further approximate (reasonably) {ti)c = 0. This single 
site average is simple to evaluate: {ti)c = CAtA + CBts- 

recall -Vi = -MiuH + tP'^^{uj), so = - Tp^^ and Vb = {Ma - Mb)ujH - Tp'^^ \ 
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■^CPA 



CA-- 



1 + SCPA^^CPA 
The set of self consistent CPA equations is, 



+ CB 



{Ma - MbW - S 



CPA 



1 - {{Ma - Mb)lo^ - SCPA) i)CPA 



^CPA 



= CA 



+ CB 



{Ma - Mb)oj^ 



^CPA 



1 + SCPA/^CPA ' 1 _ (^^Ma - MbW - S^PA) DCPA 



D 



CPA 



[Maoj^ - 



^CPA 



(7.119) 
(7.120) 



E'^P'^ and D^^^ are solved self consistently and {D)c = D^^^ under CPA gives the required configura- 
tion averaged 1-particle Green's function. 

7.4.1.1.2 [CPA — ^ Virtual Crystal Approximation (VCA) limit] Take the CPA equation and 
write as it a single fraction. (We drop the CPA superscript in the first line to fit it to the page.) 



-caS(1 - {Ma - Mb)uj^D + SZ?) + {cb{Ma - Mb)oj^ - cbS)(1 + ED) 



(1 + SD)(1 - {Ma - Mb)u;^D + SL>) 



CA^CPA + ca{Ma - MB)oj''Ty''^D 



2vCPA nCPA 



+cb{Ma - Mb)oj'' - cbTP^^ + cb{Ma - Mb^T^^'^D' 



2v^CPA nCPA 



caE 



CPA^^CPA 
CPA^^CPA 



recall that ca + cb = ^ 



^CPA 



+ {Ma - MB)a;2sCPA^CPA 



^CPA^ nCPA 



I)^^^ + cb(Ma-Mb)6 



(7.121) 



(7.122) 



(7.123) 



Now we invoke the physics of VCA, which states that the isotopes are very similar to the host atoms 
thus implying Ma — Mb — )• small and the Green's function D^^^ = {Maoj'^ — — Tp^^)~^ is similar 
to the host's Green's function, i.e. D'^^^ ~ D^^\ so S*-'P'^ — )• small. We then only retain the "largest" 
terms, which are the first and last terms at the LHS of the above equation. 



tP^^ + cb{Ma-MbW 

^CPA 

so, Z?CP^ 





cb{Ma- Mb)u}'^ 

{Malo'^ - - cb{Ma - MbWY^ 
use 1 — cb = CA 

{{caMa + cbMbW - ^iv)~^ 

define average mass M = caMa + cbMb 



Moo' 



-1 



D 



VCA 



(7.124) 
(7.125) 
(7.126) 

(7.127) 

(7.128) 
(7.129) 



VCA is mentioned in the diagrammatic derivation and the reader can check that the expressions are 
exactly the same. 



7.4.1.1.3 [Configurational Average of a 2-Particle Quantity (Vertex Corrections)]* In 

general, the calculation of transport coefficients require 2-particle functions of the form DTDT to be 
evaluated H. For disordered systems, we need the configuration average of such quantities i.e. {DTDT)c. 
Such averages are calculated in terms of the averaged Green's functions, {D)c, and we get corrections 
between the 2 Green's functions which are called (impurity) vertex corrections. We will use the Caroli 



^An electronic version can be seen in |Ke2008j . 
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formula as the example in calculating an approximate configuration averaged 2-particle quantity. The 
approximation is done in the same spirit as CPA. (Recall that the superscripts (R) and (L) refers to 
the right lead and the left lead respectively. The superscripts R and A denotes a retarded quantity and 
an advanced quantity respectively.) 

(r)c = Tv{D^r^^'>D^r^^^)c (7.130) 

I recall D = D^^^ + D^^^TD^^^ so under CPA, {D)^ = D^^^, 

I we can write D = {D)c + {D)cT{D)c which we substitute into the Caroli formula 

= TV (((Z)^)e + (D«)er«(z)^)e) F^^) {{D^), + (z)^),r^ (z^^),) r(^)) (7.131) 

I expand and 2 terms vanish due to {T'^)c = = {T^)c 

= Tr((L»^)cr(^)(L»^)cr(-^)) +Tr((L>^)c(r^(£'^)cr(^)(D^)cT^) (L>^)cr(^)) (7.132) 

I define n = (t^{D^)J:^^^ {D^)cT^) 

= Tr ((L'^)cr(^)(D^)cr(-^)) + TV {{D^) ^^{D^) j:^^^^ (7.133) 

Although we have achieved some simplification with the CPA condition and it is now reduced to solving 
Q = {T^\D^)cT'^^\D'^)cT'^)^, it is still difficuh to evaluate the average. Thus we will further expand 
Q and insert the CPA condition to further simplify the problem. 
We start by rewriting the full T-matrix. 



V 



(7.134) 



So, 



1 _ y£)CPA 

I numerator is diagonal so we can write on left or right 

= (1-F£»CPA^~V (7.135) 

= V + VD^^^T (7.136) 

= ^Vi{l + D^^^T) (7.137) 

I write D^P^ = {D)c 

= Y,Vi{l + {D),T) (7.138) 

i 

= (7-139) 



Qi = Vi{l + {D),T) (7.140) 
= Vi\l + {D),J2Qh] (7-141) 



= V, 1 + {D),Qi + Qh (7.142) 

(1 - Vi{D),)Qi = I 1 + (D)e Yl Qh I (7.143) 
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Qi = il-Vi{D)crWiil + {D)c^ Qi, 
I recall the definition of ti 
= tAl + {D), J2 Qh 



(7.144) 



(7.145) 



Take transpose on both sides of the equation and since Qi is diagonal, = Q and the averaged Green's 
function has (site) translational symmetry, so (-D)^ = {D)c- We get 



Qi = I 1+ E <5h(^)c) 

'1(7^0 



And insert it into CI. 

n = (t^{d^)j:^^\d^)cT^ 



(7.146) 

(7.147) 
(7.148) 



We bring in the SSA 



(7.150) 



And we expect (tf^t^) to be non-zero and we keep only terms where li = I2 and denote the approximate 
n by J^CPA 



n 



CPA 



{^ + {D\ E {D\r(^HD\ 1+ E QtiD\ DO (7.151) 



CPA 



note, Qi = ti\l + ^ Ql ^ iQl)c = iWc 1 + {D'')c ^ (^^i)- ' ^= « 

V hm J V '1(^0 

then we expand the average in the middle 

{■■■)c = ({D\r(^HD\ + {D\ E QfAD\r(''\D^)c 

H¥^h) Ht^Ii) hii^h) 

middle 2 terms vanish because of {Qi)c 
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+ (^/^(^^)c E E {Qf^iD\r(^HD\Qi)jD\A (7.152) 
recall = E {Qhi^^) c^'-^Hd^) cQt) and Q*^^^ is the site diagonal version 



CPA 

h 



I we approximate by keeping the site diagonal part of the 2nd term 

I E E {Q^.---Qfs)c- E (^^••Qit>c= E 

= j:{tll{D\r(^HD\tt)^+U{D\ E ^fJ'^iD^tA (7.153) 

Finally we need to solve for ^^^^ explicitly to complete the calculation of the configuration averaged 
transmission coefficient. We will take a linear algebra approach. 

Note that since and are (site) disgonal, the contribution of the matrix, [D^) cT^^'^ {D^) c, is 
only from its diagonal, which we denote by 



ill = 



(Z?«)er(«)(L»^)el (7.155) 



So, 



I recall a single site average is explicitly {Vi)c = caVa + cbVb 
= E^-*^^Wi^it + E^*/^ ((^'')cE^^''^(l-<^'^'i)(^^)c) it (7-157) 
I define wi^ = E Cmtf^tf^ 

m 

= ^hihh+T.'^h{D\,Hhi^-6i,i,){D\,i,i,nf/^ (7.158) 
h 

I define Xhh = {D^)c,hh (1 - ^hh ) {D^)c,hh 

= y^hihh+Y.'^hXhi.^?^'' (7.159) 
h 

We symbolically solve for fi^^'^. 

J^CPA ^ ^w + wx^^^^ (7.160) 

(l-wx)0°^^ = ^u; (7.161) 

j^CPA ^ (1 - «;;^^)-l (7.162) 
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S^w commute as they are (site) diagonal 

(7.163) 

^/T^ = yJ{^-'-xy']..Ci,i, (7.164) 

(7.165) 

So finally, the 2-particle quantity can be written explicitly with vertex corrections which is approximated 
in the spirit of CPA. 



{w ^ -x) 












-X)-'] 






h 


-xr] 




\dR)j:^R){d^)^ 





{r)c 



Tr ((L»^)cr(^)(L»^)cr(^)j + Tr \^{D^)cn{D'^)j:^^^ 



(7.166) 
(7.167) 



-1 



Tr ((I)^),r(^)(I)^),r(^)j + Tt [w 
use trace cyclicity on the second term 
Tr f (L'^)er(^)(L'^)cr(^)) + Tr \ {D"^) JP'^^'' {D^ 



X 



-1 /ni?^ 



(i)^%r(^)(i)^)e(i)^>cr(^) 17.168) 



(r)c = Tr ((D^)cr(^)(Z)^)cr(^)) +Tr ^{D^)cT^^^D^) 



[w 



x) '(I?^)er(^\Z?^)c](7.169) 
(7.170) 



[Contribution:] Here I will briefly state what this contribution is about. Previously, CPA vertex 
corrections for linear response theory has been calculated and is well known. This contribution simply 
carries out a very similar derivation for the Caroli formula (or Landauer transmission formula). The 
physical implications in this case is different: high concentrations of mass disorder in a ballistic system 
is being investigated in contrast to the literature where (low) concentration is a perturbation parameter 
for disordered ballistic systems. In |NiMLL2011] . it is shown that high mass disorder has a gradual 
effect on suppressing ballistic transport though it does not really result in diffusive transport. This 
contribution is also a step towards calculating vertex corrections for high concentrations of mass & 
force constant disorder which is more realistic. 

7.4.1.1.4 [CPA is a ^-Derivable Conserving Approximation] Recall Baym's conserving con- 
dition (written in site indices here) 



6Di^^{uj2) 5Di^i^{u:i) 
In CPA, we have a (site) diagonal theory so we have (almost) trivial equality. 

5Eg>^^^E|>0 
6D^l^{u,) 6Dfl\u:,) 



(7.171) 



(7.172) 



Now we will check this equality explicitly. First we rewrite the CPA equation for easier functional 
differentiation. We start with the expression. 



^CPA 
_5.CPA 



I -[Ma- MbWd''''^ + tP^^d''^'') + cb{Ma - Mb) 








(7.173) 
(7.174) 



E^f (a;i)(l-(M^-Ms)u;?A^f (^i) + S,^i;^(u;i)A^r(a;i)) = cb{Ma-Mb) 
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Note that there is no sum over sites because all matrices here are diagonal. Differentiate on both sides 
with 6/6D^XHu:2). 

-SCPA(c^i) (M^ - MB)a;2 - sCPA(a;i)) - ^2)5«,/, (7.175) 
It should be obvious that if we relabel the indices and redo the differentiation, we get 



5Dfl\uj,) I -{Ma- MbP^D^XH^^) + 2i:fX^^{u2)DX{^2) 



5{u;2 - uji)6i,i, (7.177) 



Due to the delta functions, the equality is satisfied and CPA is thus a ^-derivable conserving approxi- 
mation. 

Finally we shall deduce the <I> diagrams that gives us the conserving CPA self energy diagrams. The 
definition of self energy from $ is 

which in diagrammatic language is (roughly speaking) "remove a D^^^ line (denoted by a double line 
here) from a $ diagram and we get a S'-'PA diagram". We reverse it and so closing a S*^^^ diagram 
with a double line, we get a $ diagram. The $ diagrams (from |Leathl970j figure 5 which he calls them 
the "wagon-wheel diagrams") associated with CPA (with the correct weights) are. 




Figure 7.3: <I> diagrams that give the (conserving) CPA self energy diagrams. 



CHAPTER 7. DISORDERED SYSTEMS 



319 



7.4.1.2 Diagrammatic Derivation 

Here we follow |Leatlil970j and |Nolting2009| Chapter 4. As mentioned earlier, the objective of this 
derivation is to show why CPA is the best single site approximation. As we will see, CPA is made up 
of the sum of a huge number of diagrams which is as many as one could possibly sum. 
Recall the the Dyson equation, 

Du'iio) = {MAioH-<^u,-Miu;H)'' (7.179) 

= (^Dlf-'-ViY' (7.180) 

I multiply out to get the form of Dyson equation 

I Dl^\u;) + Y,Di^\u)Vi,Di,i,ico) 
h 

I iterate on the right side 

= d\^\u^) + Y,Dl^l\u)Vi,DlSi'^) + Y.Dl^\u)Vi,Dl^l{u;)Vi,DlfJ{u) + • • {7.181) 

h I1I2 
I configuration average both sides, only Vi is random 

{Du'{u)), = Di^\u^)+ {Vi,)cDlfJ{Lo) + Y,Dl;l\u;)Di^l{u)Dl^}{^^^^^ 

'''' 

where we recall that Vi = MiujH with Mi = when I = A and Mi = Ma - Mb when I = B. 
We take sites to be independent (SSA), 

= ^hh{yil)c + {i-si,i,m,)i (7.184) 

We want to pick out (irreducible/proper) self energy terms for the Dyson equation. 

{D{u:)), = I)(^)(^) + Z)(^)s(I)(a;)), (7.185) 
Now we assign diagrammatic rules for the (impurity) diagrams. 
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I 


► 






► 





X/ 



n lines 



Figure 7.4: Diagram rules for impurity scattering. 

Note that the last 2 rules are single site averages which are easy to calculate, i.e. (V^")c = caV^ + 
Based on the iterated Dyson equation above, we recognise these (irreducible) self energy diagrams, 



1 = 



► ► 



1^' and 7^ order 



Z"^ order 



+ /-y + 



+ 
+ 



X X ,X 

+ /K 



'X X' 



>4''' order 



Figure 7.5: Irreducible (impurity) self energy diagrams. 
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Now we run through 5 known approximations where we will progressively sum more and more 
diagrams, ending with CPA. We will evaluate the configuration averaged Green's function for each case. 

[(a) Virtual Crystal Approximation] Only the first (irreducible) self energy term is included. 

^VCA _ 



Figure 7.6: Self energy in Virtual Crystal Approximation (VCA) 

{Div{u^))T^ = Di^\u) + J2DiC\^){VlMDM{u;))^''^ (7.186) 

h 

I recall {Vi,)c = caVa + cbVb = caOu^ + cb{Ma - Mb)co^ 

= dI^\u) + cb{Ma-Mb)u'^dI^\Di,i,)^^^ (7.187) 

h 

I manipulate (D)^^^ to be the subject symbolically to get 

(D)yCA ^ (i-cb{Ma-Mb)oj^D'^-^A'^ D^'^'^ (7.188) 



= (^D^^^-^ - cb{Ma - Mb)uj'^^ ^ (7.189) 

= {MAu;^-^ii'-CBiMA-MB)co'')~'' (7.190) 
I recall 1 — cb = ca and the definition of average mass M = caMa + cbMb 

= {Moj^-^u'T' (7-191) 

This is a simple but very crude approximation. The disordered solid is simply treated as if it is a perfect 
lattice with a mass M at each site. This is valid when the mass of the defect atom is very close to that 
of the host. It does imply a low defect concentration approximation. 

[(b) Single Site Approximation] We take into account this set of diagrams. 



■SSA _ /""k + /^'^^ ■ -^'^^ 



► 



Figure 7.7: Self energy in Single Site Approximation (SSA) 

= (F^,)c + I?{;l^(^)(V^,^)e + <t(^)I){;l](^)(V^z^)c + --- (7.192) 
I recall the standard single site average {Vi^)c = cb{Ma — Mb)"^;^" 
= cb{Ma- Mb)uj'^ (i + D^^\Ma- Mb)!^"^ + {D^^\Ma- Mb)!^"^)"^ + ---^ (7.193) 
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= cb(Ma - MbW 77T- (7.194) 

The configuration averaged Green's function is simply obtained by substituting S^^^ into the Dyson 
equation. 

[(c) Modified Propagator Method (MPM)] This is simply the self consistent version of SSA. We 
simply replace the host Green's function D^^^ with the "full" Green's function {D)c- 




Figure 7.8: Self energy in Modified Propagator Method (MPM) 
So the result for S^^*^ is immediate. 

V.MPM ^ CBjMA - Mb)u'' 

l-(M^-MB)a;2(L>„(a;))™ 

and 



(7.196) 



(^)"™ = ^(^)-r_sMPM (7-197) 
Note that in this approximation, certain 4th order diagrams are not included, eg 

,X. ,X 

Figure 7.9: Diagram not included in MPM. 



[(d) Average T-matrix Approximation] This approximation is simply SSA with multiple counting 

corrections. This is called "multiple occupancy corrections" in the literature. 

To see why such corrections are needed, we give an example of counting error in SSA. Consider this 
diagram in SSA which appears when we iterate the first (irreducible) self energy diagram in the Dyson 
equation. 

When h = I2, the expression becomes 

E <^ (^) (^)c<! i^)Dlfi! (CO) (7.198) 



which is incorrect. The correct diagram and expression is 
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= jD!,yai)D!;^\ai)D<,f{ai){v,^) 



The correct counting would then require subtracting the diagram from the self energy. 



We tabulate all these corrections, 



1st 


column 


2"'' column 




3^'' column 


(correction column) 


(correction column) 


+ 


X /j 






+ 


.,x/i 


_X/: 

k. 






r 


r 




+ 








xA xA 






xA 


























+ 







Figure 7.10: Self energy diagrams and multiple occupancy corrections in ATA. See Fig 9 of lElliottl974]l 
for an extended tabulation. 



CHAPTER 7. DISORDERED SYSTEMS 



324 



1st column sums to S^^^ as was done earlier 

1st column sum = S^SA = c^(M^ - M^)c^^ 

2nd column contains diagrams that can be severed by cutting one L>(^) line. There are 2 irreducible 
parts and we treat them as corrected irreducible parts so they sum to the result we want, E^^^. The 
2nd column sums to, 

2nd column sum = T.^^^D\fl (a;)S^'^^ (7.200) 

Similarly, the 3rd column sums to, 

3rd column sum = sATA^(.4)^ata^(A)^ata 2OI) 

= SATAj^^(A)j.ATA^2 ^^^^^^^ 

The nth column sum is, 

nth column sum = ^^^^ [plfl^^^^Y^^ (7.203) 

We can write a self consistent equation for the self energy 

j^ATA _ -j^g^ column sum — 2nd column sum — 3rd column sum — • • • (7.204) 

00 

^ 5.SSA _ 5.ATA £ (^^(A) (^)5^ATA j " (7 205) 

n=l 

I sum the infinite geometric progression 

00 

= ESSA + S^TA _ sATA ^ (^^(A) (^)sATA j " (7 206) 

n=0 

= SSSA_sATA(^i_^(^^)(^)5^ATA^-^ (7207) 
VSSA 

S^TA ^ (7.208) 

1 + SSSa4^)(^) 

and the averaged Green's function is the usual expression, 

(^)c^^ = ^(A)-iUata (7-209) 

[(e) Coherent Potential Approximation (CPA)] This is the final and the only obvious improve- 
ment left. This approximation is essentially the self consistent version of ATA or the "multiple occupancy 

corrected" version of MPM. 

An example of a diagram that is included in this approximation is this nested diagram. 



CHAPTER 7. DISORDERED SYSTEMS 



325 



.■■•■'..x/j-.,. 



Figure 7.11: Nested Diagram included in CPA. 



We tabulate the terms to sum up and their corresponding "mutiple occupancy corrections" . 



1st 


column 


2"'' column 
(correction column) 


"if^ column 
(correction column) 


4* column 
(correction column) 


+ 


X 








+ 


A. 




_xA 






r 




r 




+ 


/X.^i 




_ ydi 


x/i 


xA xA xA 

► ^ ► ' 








xA 
















+ 









Figure 7.12: Self energy diagrams and multiple occupancy corrections in CPA. See Fig 11 of lElliottl 974^ 
for an extended tabulation. The same table will be used for calculating the renormalized locator a in the 
next section. 



1st column sum is simply J]'^^^ 

^ cb{Ma - MbW r7 9in^ 

1-{Ma-MbW{Du)c ^ ' 

The 2nd column is made up of one irreducible part with all possible insertions "inside". To pick 
out all these terms, we use a trick. First, define and denote the usual self energy as a functional of its 
internal propagator. 



CHAPTER 7. DISORDERED SYSTEMS 



326 



Figure 7.13: Defining the self energy as a functional of its internal propagator. 

In simple terms, the functional argument of S represents what that "line" in the diagram is made 
up of. With that, we can now define self energy diagrams with self energy diagrams inserted into its 
"line". Define 



s[ro] = (z?)c + (i^)cS[ro](L')c + (^)cS[ro](L')c5][ro](L')c + --- = s 



Li-s[ro](i^), 



(7.211) 



So S[(D)c] represents self energy diagrams with no insertions and 'S[Tq] represents self energy diagrams 
with all possible insertions (including no insertions). The 2nd column sum is over all diagrams with all 
possible insertions, which is thus 

2nd column sum = T.[To] - T,[{D)c\ (7.212) 

From the 3rd column onwards, it is just like in ATA but the self energy to use is T,[Tq] which has 
all possible insertions (including no insertions), 

3rd column sum = T,[ro]{D)c^To] (7.213) 

The nth column sum is 

nth column sum = E[ro] ((i:>)cS[ro])''"^ (7.214) 

Again, we treat terms from 2nd column onwards as corrected terms, we can write a self consistent 
equation of the quantity we want to solve 

eCpa = = S[ro]L„ (7.215) 

S^PA = E[(L')e] (7.216) 
= 1st column sum — 2nd column sum — 3rd column sum — • • • (7.217) 

oo 

= s™-s[ro] + s[(i^)e]-s[ro]^((i))cS[ro])" (7.218) 

n=l 

00 

= s^^P^^-E[ro] + s[ro]-s[ro]^((i))cS[ro])" (7.219) 



n=0 



= S™ (7-220) 

vMPM 

I substitute in the explicit expression of S^^^^ and recall = 1 — cs 
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i-s[ro](i))cJ 



^CPA 



1-ca{Ma-Mb)oj^D)c 

cb{Ma - Mb)uj^ 
1-ca{Ma-MbW{D), 

to get S[(D)c] = TP^^, transform {D)^ 

cb{Ma- Mb)u'^ 
1-ca{Ma-MbWj^^ 
now we can write the self energy as S 

cb{Ma - Mb)u}^ 
1 - ca{Ma - Ms)a;2__(g>c^ 



CPA 



(7.222) 
(7.223) 

(7.224) 
(7.225) 



^CPA 



ca^'^^^-ca{Ma-Mb){D), 



ca{Ma-Mb){D), 



1 + SCPA(D)^ 



caSCPA(i + SCPA(D),) - ca(M^ - MB)(U)cS^P^a; 
1 + SCPA(D)^ 
c^SCPA^l + SCPA(£,)^ _ (Ma - MB)a;2^D)e 



1 + SCPA(D)^ 



CPA 



1 + ECPA(i))^ 



cb{Ma- Mb)uj'^ (7.226) 
write eCPA = casCPA + cbSCPA 

CB(MA-Ms)a;^-csS°P^ (7.227) 
cb{Ma- Mb)u'^ - cbTP^^ 

cb{Ma-MbW -cbTP^^ 

{Ma - MbW - S^^^ 
I -{Ma- Mb)co^{D), + ECPA(i))^ 

(7.230) 



(7.228) 
(7.229) 



CB 



which is indeed the CPA equation and the averaged Green's function is solved by 

{D)c ^ 



(7.231) 



- eCpa 

which is indeed the same as that derived using effective medium method when we identify {D)c = D^^^. 
7.4.1.3 Locator Derivation 

Recall the equation of motion of the harmonic disordered lattice in frequency domain. 



Prom here we carry out a locator expansion. Define the site diagonal locator du 



(7.232) 



(7.233) 
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Now we write the equation of motion in terms of du as matrices in Cartesian indices. Note that the 
random variable is only in du. 



I X du on both sides 
Du'{u) = duSuf + du ^ ^u-,Di-^i>{uj) 



iterate and take configurational average 

{du)Ai' + {dii^ii'di'i')c + ^ {du^u^di^h^i^i^di'i')c -\ 



(7.234) 
(7.235) 
(7.236) 



'1(7^0 



We can again assume site independence and assign diagrammatic rules for the above expansion. 



X/ X/ X/ 



XXX X X 



Figure 7.14: Locator expansion in terms of diagrams. 

We will now renormalize the locator d, and the interactor In the end, we will show that this 
renormalized theory is the same as CPA. Denote 



a = renormalized d 
U = renormalized $ 



(7.237) 
(7.238) 



The diagrams for the renormalized quantities are, 



X 

a=\\ u = 
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The expansion of the configuration averaged Green's function can now be rewritten in the renor- 
maHzed form. 



x/ 


xl 




xl xU xV 




+ Ii 




+ Ii II II + 


a 




o 


o <X>o<X>o 


X 


/ xl 




M 


a= = 












d 


Uji d dUjidUi^ 








X XX 


u= — 






+ 1 + Ml + 



(p <7 cp cp a (p <7 cp 



Figure 7.15: Renormalized locator expansion in terms of diagrams. 
Now we will derive some equations relating these quantities. These are Dyson-like equations. 



{D)c = a + a^a + a^a^a H = a + {a + a^a H ) = a + a^{D)c (7.239) 

U = ^ + $(7$ + $(T$C7$ H = $ + $ ((7 + C7$(7 H ) $ = $ + ^{D)c^ (7.240) 

a = {d + dUud + dUudUiid + ---)^ = {d + dUua)^ (7.241) 

I or, 

= {d{l + Uud + UudUud + ---))^ (7.242) 

= (d{l-Uiid)-^)^ (7.243) 

where Uu denotes the (site) diagonal part of U. Use the first 2 equations to get rid of $ and we get, 

{D), = a + a^{D), (7.244) 

= a~\{D),-a){D)-'=a-'-{D)-' (7.245) 

U = <^ + <^{D)c<^ (7.246) 

= a-' - {D)-' + {a-' - {D)-') {D), {a'' - {D)-') (7.247) 
I expand and cancel terms 

= a-'^{D)c(T-'^ -a-^ (7.248) 



Now we carry out multiple occupancy corrections for a. As usual, the first column are the diagrams 
that we sum for renormalization and subsequent columns are corrections to the renormalization. In 
fact, due to the way the diagrams are defined, the table of corrections are exactly the same as in CPA in 
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Fig 8.12 (but recall that the double line here represents the renormalized inter actor U and for cr, there 
is an overall configuration average). 

1st column sum = {du + duUudu H )^ (7.249) 

We sum the correction columns using the trick used in CPA. We simply translate the result over. 

E[(i))J = E"™ + E|(D)d - J— (7.251) 

where = i-a[!pQ\Un ' solve it in the same way. 



du \ 



use the inverse transform Uu 



= 00 



1 + aUii 

a[Uu] = . (7.254) 

I note that only du is a random quantity, the rest are averaged quantities 
I denote (t[C/;;] as a 

S = \^(c (7.255) 
\l-ct>'odii/ ^ 
cr \ / du 



'^-<t>'Qdu/^ \l-(t>Qdu 
du - 0" 
1 - (l^'odii 

use (j)Q 



(7.256) 

' / c 

= (r^^^) (7.257) 
Un 



1 + aUu 



(du-a){l + aUu) \ , . 

l-{du-a)Uu A ^'-'''^ 
drop the non-zero (and non-random) factor (1 -|- all) 

^ A TI^-^Tt) (7-259) 



l-{du-a)Uu/^ \l-{du-a)Un 
which we now need to solve ( jup^pr^^f/^/ seperately. We start from 



= (t^^J 

I multiply by -Uu 
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I add and subtract 1 in the numerator 
I then note (l)c = ca + cb = ^ 

- ^-( i-W.-.)^,. ) 



So, 



now use the diagonal of U = a~^{D)c(T~^ — ^ XJu = a~'^{Dii)c — a"^ 



(7.264) 



I divide a on both sides and divide du in numerator and denominator 



1 



1 - i^'' - da') (A 



(7.267) 



ll/c 



Finally, we shall relate a ^ and d^^ to Vi and S'-'^^ to complete the derivation of CPA equations 
from the locator expansion. We achieve that by comparing their definitions. 

recall, {D)^ = (M^o;^ - - S^^"^) (7.268) 

= [Maco' - - ^wmo - S^P^) = (7.269) 

recall, {D)^ = {(t'^ - ^wn^i'))'' (7.270) 

so, (7"^ = Maw^ - $H - (7.271) 

recall, d'^ = M[u? - (where M[ = Ma if Z = ^ and M[ = Mb HI = B) (7.272) 
recah, Vi = Miuu'^ - S^^^ (where = if Z = ^ and = Ma - Ms if / = 5X7.273) 

so, d-^ = Mau? - Miuj'^ - (7.274) 

= MaoJ" -Vi-TP^^-^u (7.275) 

so, a-^-dli^ = Vi (7.276) 



where 



_5]CPA I ^ ^ 

^ = ^ (MA-MB)a;2-SCPA ^ = 5 (7-277) 



Finally we will subsitute a — d^ = Vi and show that it becomes the CPA equation. 

1 

1 - Vi{Du)c 



(7.278) 
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l-Vi{Dii)c 
l-Vi{Da)J \l-Vi{Du)c 



(7.279) 



I drop the non-zero (and non-random) factor {Dii)c 

' = {t^Ww) ^'-'"'^ 

-SCPA (Ma - Mb)u:^ - SCPA 

- '^1 + SCPA(I)^^)^+^^1_((Ma-Mb)u;2-SCPA)(Z),)^ (^-283) 

which is precisely the CPA equation. 
7.4.2 Discussion on Localization 

No discussion of disorder is complete without a discussion of localization. This is because disorder 
scattering typically is not phase breaking and so constructive or destructive superposition of waves 
plays a part. However the scope of this topic is large and I do not know much about this topic and the 
results for phonon localization are somewhat more confusing than that for electrons. Thus here we will 
only state some basic facts and go through some literature. First we mention 4 references that introduce 
this topic. |Kramerl993) is a readable review article though it is for electron localization. Introductory 
literature for phonon localization can be found at |Vollhardtl987| . |Singhl990] and |Sheng2006] . 



[Phonon Weak Localization] Weak localization is where coherent backscattering is taken into ac- 
count. Coherent backscattering is a constructive superposition between the forward scattering path 
and its time reversed path. This means that the backscattering amplitude is enhanced. In terms of 
transport, the weak localization correction to conductivity is negative but have different forms in differ- 
ent dimensions. Rayleigh-Klemens scattering relation (see section on Boltzmann treatment) -^td oc 

shows that at low temperature {u is small), the mass defect scattering time r^^^ is large and the prob- 
ability of mass defect scattering is low, thus the probability of backscattering is negligible, so we may 
conclude that the weak localization correction to phonon transport is negligible. Note that for electrons 
in metal, transport involves a small energy window around the Fermi level, so localization effects on 
electron transport are more dramatic and more important. 

The backscattering correction to transport (2-particle quantity) is calculated by summing the max- 
imally crossed (Cooperon) diagrams. These diagrams represent backscattering because they include 
interactions (crossed lines) of q (forward) and —q (backward) scattering. 

There is far less literature on theoretical calculations of phonon weak localization. I mention some 
references that I found. |Jacklel981j discusses the experimental possibility of observing phonon local- 
ization. |Johnl983] followed the electronic case and used a nonlinear a model (continuum field theory) 
to calculate quantities related to localization such as the mobility edge. [Polishchukl997) and |Chul988] 
applied the self consistent method to calculate phonon weak localization corrections. [Akkermansl985] 
considers phonon weak localization with anharmonicity to see how the anharmonic-modified spectrum 
affects the mobility edge. 



[Phonon Strong Localization] Strong localization is where there is such a large amount of disorder 
that the superposition of waves is almost random and could result in complete localization resulting in 
the formation of an insulator. We can visualize this by imagining that the mobility edge goes down 
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towards w = as disorder increases. When the mobihty edge is at w = i.e. all states are localized, 
we get an insulator. This is called Anderson transition. Analytical work on the Anderson transition 
for phonons is not conclusive, so the favorite method of dealing phonon strong localization is by using 
numerical methods. 



[Numerical Work on Phonon Localization] Numerical work can only be done on finite systems 
and so bulk properties are deduced by working out the asymptotic limit of the numerical results. 
Typically the numerical work is done on ID systems and there is huge controversy (in ID) on the 
exponent in the expression J 

^ yucxponcnt whcrc J IS the current through the disordered chain and TV is 
the number of particles in the chain. Due to the large amount of literature making various claims, we 
will not make any stand, we will only state some of the more prominent literature|j 

The original literature that started the argument are the following: [ O'Connor 1974] . 
|(:;asherl971) . |Rubinl971j . |Matsudal97n] . |Ishiil973j and |Visscherl97l] . 

Some recent follow-up literature are: |Chaudhuri2010j . [Dhar200T| . 

|Likhachev2nn6] . |Livi2nn3] . |Lepril998| and |Lepri2003| . 



7.5 Mass Sz. Force Constant Disorder : Blackman, Esterling and Beck 
(BEE) Theory 

[Literature] The main references are [Ester lingl975| and |Blackmanl971] . Reference |Katayamal978| 
accounts for the force constant sum rule. References [Gonisl977) and |Koepernikl998| follow up on its 
mathematical properties and its applications. 

Now the force constant matrix is random and is associated with neighboring sites so the randomness 
is now (site) off-diagonal. 

We will use projection operators so that we can "consolidate" the randomness in them. They are 
defined as 

xi = i-m = ll (7-284) 



^0 ifl = B 

with the (defining) properties, 

xf = xi, yf = yi, xiyi = 0, {xi)c = ca, {yi)c = cb (7.285) 

For the disordered harmonic Green's function, we denote its various projections 

Al^a' = XiDio^l'a'Xv (7.286) 

= xiDi^i,^,yi, (7.287) 

AaFa' = yiDlaVa'Xu (7.288) 

Dfaf'a' = yiDlal'a'Vl' (7.289) 



^Personally, I think the expression J ~ jv°>'p°'"i"t physically justified. However, there is a huge amount of literature 
that defines a thermal conductivity k out of that expression. I feel that it is highly objectional to do that. I believe that 
the physics of disorder is not enough to provide the physics that k contains. A lot of literature even tried to check Fourier's 
law using disorder physics. I choose to ignore such literature. In fact, the original literature [Casherl971] knew of such 
problems and explicitly avoided defining k! 
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So the Green's function in terms of its projected components is 

Dlal'a' = XiDial'a'Xl' + XiDial'a'Vl' + VlDial'a'Xl' + VlDial'a'Vl' (7.290) 

= ^kd'a' + ^kxf'a' + ^UA'a' + ^Faf'a' (7.291) 

I taking configuration average 

{Dlal'a')c = {D^f'a')c + (Alfa')c + (Aara')c + {Dfcd'a')c (7.292) 

So we need 4 "components" to construct the desired configuration averaged Green's function. Note an 
important implied consistency relationship. When 1 = 1', 

Df3^,=xiDiMyi = ^ and D^J^, = (7.293) 

The physical meaning is that A and B cannot be at the same site. 

We define similar notations for the various projections of the force constant matrix. 

^fai'a' = Xi^i^Vo.'Xv (7.294) 

^li'oc' = xi^i^v^,yv (7.295) 

^Zal^a' = yi^lal'a'Xv (7.296) 

'^Faf'a' = yi'^lal'a'Vl' (7.297) 



Define the locatorjll 



d-^]^, = Mico^6^^^ (7.298) 
d;7^ = Mioj'^ (7.299) 

= (7.300) 



since it is site diagonal, there are only 2 projections, 

dii = xidii + yidii (7.301) 

= xidti+yidfi (7.303) 

{du)c = {xid^)c + {yidE)c (7.304) 
- + ^^ 

Recall the locator expansion, (in Cartesian matrices) 



+T?^ (7-305) 



Az' = dii6w + dn ^ii,Di,i, (7.306) 
'1(7^0 

I write in projected form 

= dii5ii'+dii ^ ixi^ii^xi^+xi^ii^yi^+yi^u^xi^+yi^ii^yi^)Di^ii (7.307) 



^1(7^0 

use = and yf = yi 



^ Note that following Esterling in |Esterlingl975| , we have set ^laia' = in the definition of the locator. This breaks 
the force constant sum rule. However, the algebra is easier to handle later. 
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= duSii, + du J2 {^i^uSi + xi^i^Vh + yi^FiSi + yi^FhVh) Di,v (7.308) 

^1(7^0 

Project out the 4 components of the expansion by multiplying projection operators on the left and on 
the right. Firstly, 

xiDivxv = xiduSu'Xi' +xidii ^ {xi^fifxi^+xi^fi^yi^) Di^i'Xi' (7.309) 

DiA = xidiSu'+xid{lY.[^"'DfJ + ^i^D^j) (7.310) 

^1(7^0 

Secondly, multiply xi on the left and yi' on the right, 

xiD^yif = xidiidiiiyr +xidu^ {xi^fi^xi^+xi^fi^yi^) Di^i>yii (7.311) 

'1(7^0 

'1(7^0 

In a similar way, the other 2 equations are 

dFv^ = yidfi E i^^I'h^ + ^''I'hv) (7.313) 

Df/ = yidiSa^+yidEY^i^l^^hF + ^r^DfJ) (7.314) 

These 4 "components" can be written into a "defect matrix" form. 



j^AA ]jAB 
jjBA j^BB 

/ lal'a' 

xd"^ 
yd^ . , , , 



(7.315) 

kv^aa' (7.316) 



+ 2^ 2^ i yd^ ), , I i, , I D^^ D^^ , „ , ^^■^^^> 

So we can define a "defect matrix" locator expansion where "defect matrices" are denoted by quantities 
with a over them. 

Aa/'a' = diaiaiSii'Sagi + ^ dlalg^ E ^ia^iai Aiai/'a' (7.318) 

We can rewrite as 

Aq/'o' = dj'^i^,6ii'5aa' - ^lal'a' (7.319) 

where the inverse here is really the 2x2 block matrix inverse. 

Although we started off with the locator expansion, the BEB method is really about defining effective 
medium quantities and fixing the effective medium by the condition that the averaged single site t-matrix 
is zero. 

We define the effective medium Green's function. Here we label it D^^^ instead of D^^^ to use 
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notation in line with the respective theory. 

AaFa^' = MA0J^6u,d^ad-t^^J' -i>i^i,^, (7.320) 
MaCo' \ , , / ^BEBiAA) BEB(AB) \ . aA ^AB 

\ Si Si \ rvrv' rvrv' I i 



So, 



Aal'a' = 4aL'^««''^aa' + Aa™^^ + (7.322) 

= Aa™"'-(^A0;V<5aa'i-draL'-^^™^ (7-323) 

Just as in effective medium theory of CPA, we wih write the equation into a T-matrix form, then take 
configuration average and set the condition (r)c = 0. Then define the single site i-matrix and set its 
average to zero. This gives us the self consistent equations of the theory. We carry it out symbolicallylf] 

b = ^BEB ^ ^BEB^^BEB (7 325) 

{D), = D^^+^I^EB^^^^^BEB (7_32g) 



If we set (T)c = 0, we get 



^™ (7.327) 



but as before, {T)c = is not a tractable expression so we define the (defect matrix) single site t-matrix. 

1 - VaOr'') ''Vu=(v,'- Dfr) (7.328) 



where the inverse is a 2 x 2 block matrix inverse and D^^^ is the (site) diagonal part of D^P^ which 
is the same as that in CPA theory. For the sake of a simpler notation, we define 

Note that we used the physical condition that /)BEB(A_b) _ q _ jjBEB{ba) ^^^j^ earlier rule that 
= = '5^^. (Again, one may worry about the violation of the force constant sum rule.) 
We will work out i before averaging it. First we need an expression for V^^. 

Vii = MaujH - dJi^ - S^™ (7.330) 

Mau' \_^-l_f SBEB(AA) j^BEBiAB) X 

MaUJ^ J V SBEB(BA) 5^BEB(BB) j i^-^-^^J 

I multiply d from the left 

^^y _ ^ ( MaCO^ \ ^ ,f SBEB(AA) 5.BEB(Ai.) X 

(^^11 - MaUj'^ J - ^BEB{BA) j^BEB{BB) J U-=i-i^J 

I take inverse on both sides 



^Configuration averaging a "defect matrix" means configuration averaging each matrix element. This can be seen by 
the fact that each matrix element is a component of a quantity. The quantity is the sum of the 4 components. 
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d 







l-d 



V, 



-1 



Maoj"^ 
multiply d from the right 



5]BEB(S^) ^BEB(SS) 
j]BEB(AA) j]BEB(AB) 



n -1 



M^w^ 



j^BEB(ylA) ^BEB(AB) 
5^BEB(BA) 2BEB(SB) 



5]BEB(_BA) ^BEB(BB) 

xd^ 
yd^ 

XC?^ 

yd^ 

l-xd^(M^a;2_5.BEB(AA) ^^Aj^bebcab) - -i 



1 
1 



(7.333) 

(7.334) 
-1 -1 



xd^ 



yd^ 



(7.335) 



7.336) 



Use the 2x2 block matrix inverse, 
C D 



{A~ BD-^C)-^ -{DB-^A-C)-^ 
-{AC-^D-B)-^ {D -CA-^B)-^ 



(7.337) 



We evaluate each block of the square matrix seperately. 
Upper left block of square matrix 



-1 



(1 - xd^iMALo' - SBEB(^^))) - xd^S^™(^^)(l - yd^'iMAU^ - j:^mBB)-^^-ly^Bj.BEBiBA) 

(7.338) 



2nd term is zero due to xy = 
1 



1 - xd^iMAOJ^ - SBEB(AA)) 

Upper right block of square matrix 
= _ "(1 _ yd^iMAu;'' - sB'^B(^^)))(xd^sBEB(^^))-i(l - xd^iMACv'' - s^e^CAA))) 

_y^B5.BEB(iJA)J-l 
I use xy = in numerator 



/ 1 - yd^jMAu' - £BEB(BB)) _ ^gA^MAU;' _ j^BEBjAA)^ ,ByBEBiBA)\ 
\ a.jAsBEB(AB) y« ^ j 

second term is zero when we combine fraction and get xy = 

a;dA^BEB(AB) 

1 - yd^iMACO^ - EBEB(BB)) _ xd^{MAOJ^ - EBEB(AA)) 



-1 



(7.339) 



Very similarly, 



Lower left block of square matrix 

y^Bj^BEB{BA) 



1 - yd^{MAU^ - EBEB(ss)) _ xd^{MACo^ - SBEB(aa)-) 



(7.340) 



Lower right block of square matrix 



l-?/(iS(MAw2_5]BEB(BB)) 



(7.341) 
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V,; 



The t-matrix is thus 



xd^ 

l-xd'4{MAw2-SBEB(AA)) 







ydB 

l-?/dS(M,4w2_sBEB(BB)) 



(7.342) 



ti 



..jA 



xd_ 







l-l;rfS(Af^^2_sBEB(SS)) 



7A 
7B 



-1 



take 2x2 block inverse which is trivial here 



a:d^-7A-7Aa;d'*(MACj2-EBEB{AA)) 





ydB -fBydB (A/a^^^ -SBEB(ss) ) 
recall 7A = (M^a;^ - j:^mAA)yl ^ (^^^2 _ ^BEBiBB)yl 

I l-»/dg(MA^^-SBEB(BB)) I 



(7.343) 
(7.344) 

(7.345) 

(7.346) 



Now employ the effective medium condition (ti)^ = 0. 



x I xa-\MAUJ- - '■■-'') \ ) +{y\ yd^iMALo"^ - S^™^^^)) ) 

7A 7A J/c \ IB J 



1 1 



recall dA 



1 



and 



1 



ca( Mau;=^-SBEB(aa) \ ^/ M^u;^ - sBEB(bb) 
7A r Macu2 j^7B\^ MBa;2 



7A Mau;2 + 1 Mbw2 



We like to suggest this scenerio to satisfy the condition {ti)c = 0, 

CA CB CB CA 







7A IB IB lA 



(7.347) 



(7.348) 



Sol 





5]BEB(AA) 


CB _ 


jnBEB(AA) 


7B 

= -Mbu?— + (Ma - MB)a;2 

7A 


5.BEB(BB) _ (^^^2 


Maw2 
- Mija;2) 


7B 

CA _ 


_, jnBEB(BB) 


Mbw2 




7A 



(7.349) 
(7.350) 



And to solve for yP>^^{AB) ^^^^ j-;BEB(_ba) conditions 



p,BEB(A_B) _ p. _ p,BEB(BA) 



(7.351) 



'Somehow the final self consistent equations here is diflterent from |Esterlingl975| eqn (43a) and eqn (43b) though the 
form of equations is similar. 
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The configuration averaged Green's function in this theory is calculated with 



^BEB(AA) ^BEB(AB) p,BEB{_BA) ^BEB(BB) 



(7.352) 



7.6 Mass &; Force constant Disorder : Kaplan &; Mostoller (K&M) 
Theory 



The main reference is |Kaplanl974| . We shall state the essential ideas of the theory before we carry out 
the derivation. K&M follows the analogy that CPA is a site diagonal theory, it is a "cluster diagonal" 
theory. Here we will assume the cluster to be the nearest neighbors of a particular site I. Following 
K&M, site indices s denotes nearest neighbor sites around the particular site I. 

The model is the (standard) harmonic and disordered (in mass and in force constant disorder) Hamil- 
tonian. The aim is to calculate the (one-particle) configuration averaged displacement-displacement 
Green's function. We start with the equation of motion in frequency domain for the Green's function is 



(7.353) 



(lai 



where Mi and ^lahai are both random, single out the host quantities 
^ {Mau;^5^^,6u, - (Ma - M{)u:H^o.Ah " ^tia, " {^ic^ho., - ^tia,)) Di,a, 



I'a' 



hai 



define the host Green's function D^^ = MA^j'^Saai^ih — ^i^^ai 



sAA 



(7.354) 



To proceed further, we need to restrict ^lahai ~^h^j^ai *° ^ particular model so that it is more tractable. 
In this theory, the additive model is used. 



laliai 



AA 
lahai 



AA 



where we wrote it as Cartesian matrices 



f 




I 


= A,h 


= A 






I 


= A,h 


= B 






I 


= B,h 


= A 






I 


= B,h 


= B 



(7.355) 



(7.356) 



assume an additive relationship <^^^ = <^fif = ^ {^^f + ^fi^) 



^BB 



-2 (V 



l = AM=A 
= l = AM = B 
Hf)^-/^ l = B,h = A 
-2A l = B,li = B 



(7.357) 



We want to use these conditions together with a cluster description. Let I be the site at the "center of 
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the cluster" . We now assume these conditions, 



3 I = A l,li = any atom 

i=B l = AM=B 

l<''-<^^-2A i=B l = B,h = B 



So if the center of the cluster is the host atom, we assume no force constant changes. Force constant 
changes only when the center of the cluster is a defect atom. These rules are only for I For I = li, 
we will use the force constant sum rule = — ^^j(--^;),j>jj • 

The remaining derivation is in line with CPA only that we are dealing with cluster quantities instead 
of site diagonal scalar quantities. So we put this force constant model back into the equation of motion. 



all clusters 



Sw = J2\^D^;'-{MA-Mi)iv^5u,- ^ (7.359) 

= E(|<"'-E((^^-^f)^'<^«i<^« + <)j^W' (7-360) 
I define = [Ma - M^) uHu, + 



We can rearrange it to the form of a Dyson equation. 



or 



DlV = Dw + Y.KT.^LDm (7.362) 

hh I 

, Dw = \D^-'~Y.^n (7.363) 



Just like in the effective medium derivation of CPA, we define the effective medium Green's function 
and self energy. We label them with a superscript "K&M" . 

^K&M ^ _ ^.K&M j (7_3g4) 

As usual, we eliminate D^~^. We carry it out symbolically using a rewritten expression from above 

For the sake of reinforcing the cluster description and to follow K&M, we will now denote nearest 
neighbor sites with indices s. Define 

= EE<sA,s.^A',s.^i (7-367) 

I S1S2 
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so, D = |^L>K&M_^(^^f_5.fjj (7 3gg) 

We write it into the T-matrix form using the single cluster t-matrix expression. 

i Sl«2 

I take configuration average 
(A/')c - Dii, +{2^2^Di^,^+its,s,D^^^ii,) (7.371) 

\ / SlS2 / „ 

* c 

Then, again, the self consistency condition is where we impose the full configuration averaged T-matrix 
to be zero so that (A/')c = Df'^^ and, again, it is not tractable, so we assume that the clusters are 
independent which we may call this the "Single Cluster Approximation" in analogy to SSA in CPA. 
Then we set the single cluster configuration averaged f-matrix to zero instead. 



= (7.372) 

= CAti=J^+CBtj, (7.373) 

I write as matrices in cluster (or nearest neighbors) space 

= CAt^=^ + CBt^^^ (7.374) 

I recall V''^^ = 0, S'^"^ = S'^^ = S since it is an effective medium quantity. 

= ca(-s) (i - L>K&M(_5.)^ -1 ^ i^yi=B - e) (i - D"^^^ (f^=^ - ^)) ~' ('^•^^^) 

= -caS (i + D^&Mj.^ _ C5 - y'=^) (l + L>^^^ (s - y'=^) ) (7.376) 



-caS (i + D^^^s) ' - CB (s - y'=^) (i + L>^^^ (s - y'=^)) ' = 



(7.377) 



Just as in CPA, together with the Dyson equation D^^^ = {Da-i — S^^^)^^,^ forms the set of self 
consistent equations to calculate D^^M 

[ID Disordered Chain Example] We want to illustrate the cluster matrices explicitly for a ID 
disordered chain with 2 nearest neighbors. The cluster matrices are 3 x 3 in size. 



- 1 


i 


i+1 




[- 1 


i 


/ + 1 












f A 


-A 








{Ma - MbW 





h::i 


-A 


2A 


-A 








I 




V 


-A 


A 



V^-^ = i I {Ma- MbW I + [ I -A 2A -A I (7.378) 


The elements in the form (row, column), 

(/ - 1, 0, ([, [ - 1), (f, [ + 1), {i + 1, = -A (7.379) 
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are due to the rules of the force constant model. The elements, 

= A and (M'') = 2A (7.380) 

are due to the force constant sum rule. 

The cluster effective medium self energy is of the form, 



/ - 1 


/ 


/ + 1 


a 




7 




6 




7 


/3 


a 



S = / \ p 6 p \ (7.381) 

7 P a J 

based on general symmetry considerations. Thus the 4 unknowns, a, /?, 7 and 6 have to be solved self 
consistently. 

7.7 Mass & Force constant Disorder: Gruewald Theory 

The main reference is |Gruewaldl976] . The mass disorder is defined as usual with M{1) being the mass 
random variable at site I. We define the force constant disorder model with A being a fitting parameter 
of the theory. 

$„;3(/,0 = A/<I>^^(/-/')V (7.382) 
Random variable A; takes on these values, 

Xi = l\ '^t ! (7.383) 
\ A if B IS at / ^ ^ 

We immediately get some relations which shows that we are modelling the disordered force constant as 
the geometric mean of the 2 ordered spring constants. 



$fj^(M') = A2^.^/(M') (7.384) 
AB 



= (7.385) 



Again, the concern here is to calculate the configuration averaged (harmonic and disordered) Green's 
function. This theory requires identities coming from other Green's functions, so we define 4 Green's 
functions for this theory. 

displacement-displacement:Z)Qa'(^ = ~T{Tua{l,t)ua'{l' ,0)) (7.387) 



displacement-momentum:iJQ,Q,' (/,/', i) = — — {Tua{l,t)pa'{l',0)) (7.388) 

momentum-displacement:-ffao'(^ ^'i = —^{Tpa{l,t)ua'{l',0)) (7.389) 
momentum-momentumiFacf/ (/,/', i) = —T{'^Pail,t)pa'{l',0)) (7.390) 



where T is the usual time ordering operator (not temperature). 

The equations of motion for all 4 Green's functions (after Fourier transforming to the frequency 
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domain) are, 

M{l)io'^Daa'{l,l',<^) = Saa'Sw + ^^aai{l,l2)Da,a'{l2,l',<^) (7.391) 

^20:1 

M{l)J^H^^,{l,l',u) = iu;M{l)Saa'Sll' + ^^aaAhl2)Ha,a'{l2,l',0j) (7.392) 

(20:1 

U;'^Haa'{l,l',(^) = -iujSaa'Sll' + V'^Qai(^^2) , A . Haia'{h,l',i^) (7.393) 

CO^F^^r{l,l',u;) = $aa'(Z,0 + I]*aai(/,^2)^^i^aia'(^2,/',a;) (7.394) 

(20:1 

We redefine the last equation to put it into a more comparable form with respect to the other 3 Green's 
functions. 

F^^, {I, I') = F^^, {I, I') + M{l)Saa'Sii' (7.395) 

and its equation of motion is 

co'f;^^,{1,1',u) = M{l)u;H^^,du, + Y,^aaAlJi)j^fUa'ih,l',u;) (7.396) 

^201 

We emphasize that the quantity of interest is the configuration averaged displacement-displacement 
Green's function. The other Green's functions are only used to supply some self-consistent relations to 
close the theory. The locator method is used to carry out perturbation expansion, renomalization and 
multiple occupancy corrections. 

Start by inserting the force constant disorder model into the equation of motion. 

,u) = Saa'^W + ^aaiiiJ)Daia'{l,f'' + ^aai{l'j2)Daia'il2-il','^) 

I insert (Z, ^2) = A;*^^^ A^^ 
I writing as matrices of Cartesian indices 
{M{l)coH-^l,l))D{l,l',u) = I6ii> + Xi J2 ^^^i^-^2)KD{l2,l',uj) (7.397) 

I divide by M{1) 



D{l,l',oj) 



Si 



{M{l)ujH-^{l,l)) 



'2(7^0 
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Define the locator d{l)~^ = M{l)coH - I) and iterate D. 

D{l,l',u) = d{l)dw + Xld{l) ^ ^^^{l-l2)Xl,d{l2)di,i, + ... 

= d{l)5w + d{l)\i ^^^(^ - - 5i,i)d{h)k,6i,v + ... 



(7.400) 
(7.401) 



= d{l)5u, + d{l)\i^^\l - - 5iv)d{l')\v 

+ Y,d{l)Xi^^\l - l2){l - 5u,)d{h)\l^^\l2 - m - 5i,v)d{l')\v + ... (7.402) 

h 

I define on the left, dL{l) = d{l)Xi 

I define on the right, dji^l) = d{l)Xi 

I define in the middle, d{l) = d{l)X^ 

I and define $'(Z - I') = $^^(Z - - Sii>) 

= d{l)5iv+dLm'{l - l')dR{l') + ^dL(/)$'(/ - l2)d{l2W{l2 - l')dR{l') + ..(7.403) 

h 

There are 4 locators di, d^, d and d and the random variables are all contained in the locators. 
One can think of it as a "transfer" of randomness from the force constant to the locator via A/ . In the 

spirit of the locator CPA method, we shall use the following Dyson equations to define the approximate 
expression for the configuration averaged Green's function. ((. . .)c stands for configuration averaging.) 



{D{l,l',uj))c = adii, + aLU{l,l')aR 

U{Ul') = ^'{l-l') + Y,^'{l-h)D{hMW{h-l') 

D{l,l') = ~a5u,+Y,^^'{l-h)D{l2,l') 
h 



(7.404) 
(7.405) 

(7.406) 



where U{1, 1') is the renormalised interactor and a, gl, ctr and a are the renormalized locators of d, di, 
dR and d respectively. 



00 

d(l) 



o 

dL(l) 





dR(l) 



d(l) 



Figure 7.16: Assignment of diagrams for the (unrenormalized) locators d, di, dR and d. 
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Figure 7.17: Assignment of diagrams for the (rcnormalizcd) locators a, aL, an and a. 
^=^= - Renormalized diagonal interactor U,, 



- Multiple counting/occupancy corrections 




Figure 7.18: Multiple occupancy corrections. We define ij-r{1) = dji{l) — and fi{l) = d{l) — a. 
The explicit expressions for tfie re-summation are, 



a = {d{l) +dLUii^iR + dLUuflUufiR + ...) (7.407) 

= {d{l) + dL{I + Uufi + ...)UiifiR) (7.408) 

= {dil) + dLmi-Uufi)-'Uu^iR) (7.409) 

(TL = {dL{l)+dL{l)Uuil{l)+dL{l)Uiifl{l)Uiiii{l) + ...) (7.410) 

= {dL{m + Uuil{l) + Uuiimiifi{l) + ■■■)) (7-411) 

= {dL{l){l-Uiiii{l)r') (7.412) 

Similarly for aR and a, we get the results, 

CTR = {dR{l)+d{l){I-Uufi{l))-^UiifXR{l)) (7.413) 

a = {dm-Uiifi{l))-') (7.414) 



where Uu is the diagonal part of U{l,l'). We eliminate U in favour of D (writing in matrices of II' and 



CHAPTER 7. DISORDERED SYSTEMS 



346 



aa'), 

U = + (7.415) 

D = a + a^'D (7.416) 

I make the subject 

$' = a-^{D-a)D-^ (7.417) 

= a-^-D-'^ (7.418) 

I substitute into the first equation, 

U = {a-^ - D-^) + {a-^ - D-^)D{a-^ - D-^) (7.419) 

= a-^Da-^ - CT-i (7.420) 

U{l,l') = a-\l)b{l,l')a-\l)-a-\l)5u, (7.421) 

^Uu = a-^Dua-^-a-^ (7.422) 

where Du is the diagonal of D{l,l'). Insert the expression of Uu into a 

a = {d{l){I-a-^Diiafl + a-^i2)-^)c (7.423) 
I use fi = (d — a) = d — I 

= {{-a-^Dua-^ + a-^Dud-^ + a-Y^)c (7.424) 

= {a{I + Duid-^-a-'))-^)c (7.425) 
I we can take a out since it is an averaged quantity. 

= a{iI + Dii{d-' -a-^))-^)^ (7.426) 

= {{I + Duid-' -a-'))-')c (7.427) 
I let r]{l) = {I + Duid-^-a-^))-^ 

= m)c (7.428) 

= CAVA + CBrjB (7.429) 

Similarly for the other 3 renormalized locators, we get, 

a = (dL(0(i-'(/)r/(/)A/J-nO'^R(0)-((^L(0<^~"'(0'?(0)(Ai-^)(r?^(0(^"'(0(^ij(0>c (7.430) 

CTL = {dL{l)d-\l)rj{l))ca (7.431) 

an = a{vHl)d-Hl)dR{l))c (7.432) 



Now we can substitute all 4 expressions back to calculate {D{l,l' ,uj)) 



Cl 



{D{l,l',u))c = a{l)Su, + aL{l)U{l,l')aR{l') (7.433) 

= (r{l)Su, + UL{l)a-\l)I){l, l')a-\l')aR{l') - aL(.l)a-\l)Su>aR{l') (7.434) 

I let dL{l)d~\l) = ULil) = ^ 

I let d-\l)dR{l) = aR{l) = ^ 

= {aL{l)il{l)DuaR{l))c5w - {adlM)) c{Du - ^){vHI>r{1'))cSii' 

+ {aL{l)v{l))cD{l, 1'W{1>r{1'))c - {aL{lHl))MvHl>R{l'))cSii' (7.435) 

I the 2 a terms cancel. 

= {aL{lHl)DiiaRil))cSu' + {aL{lHl))cDil,l')il - lSu>){vHl>Ril'))c (7.436) 
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Since now they are single site averages, we can calculate them explicitly. Right now, we still need to 
solve for 2 quantities, D and rj before we can evaluate {D)^. 
First we tackle D{l,l'). We recall the earlier equation 

D{1, 1') = u5u' + ^{iWil - h)D{l2,l') (7.437) 
h 

We want to write it into another form that relates it to the host lattice Green's function. In matrix 
form, 

b = a + a + a^'b (7.438) 

{a-'^-^')b = I (7.439) 

b = (a-i-#')"^ (7.440) 

Add and subtract M^a;^ and write out = $^^(1 — Sw) 

b = {Mauj"^ -Malo^ + io-^ -^^^{l-l'){l-6w))-^ (7.441) 

I define D^{1, Z')"^ = Mau^ - ^"^"^{l - I') 

I define S = Mauj'^ - ^>il^ - a"^ 

= (L>^(Z,r)-^ -e)~^ (7.442) 

I normal decompose with respect to the host lattice A 

= —Y eJjq)ea'(jq)e'^-^^-^'^ (7.443) 

N " Maco^ - MAUj\{jq) - S ^ ' 

= ^Il^e.{jq)ea'{jq)e''-^'-''^D{jq,u:) (7.444) 
jg 

The Green's function of the host lattice, D^ is assumed to be known. We can derive a self-consistent 
equation for S based on the knowledge of the host lattice. First wc simplify by assuming a cubic 
symmetry with which ^"^^(1,1) is proportional to the unit matrix. We also need the diagonal quantity. 



_ /(^) 



Ma 



(7.447) 



Explicitly, 



I define e 



2 



Macj 

May - (7 449) 
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The normal mode component of the configuration averaged Green's function is, 



{D{jq,uj))c 

{aL{lHl)aR{l))cDu + {aL{lMl))c{D{jq,u) - Du){v\l')aRil'))c 
substitute Dn = f{u))/MA and aL{l) = t- = aR{l) 



= (vil) 



i-77(0^ {D{jq,u;)-f{u)/MA)(^^r^il': 



take the single site averages 

use the relation to eliminate r]A, {r])c = 1 ca^a + cbtib = 1 =^ cava = 1 — cbtjb 



(7.450) 
(7.451) 



(7.452) 



^1 - CBrjB + 
/(^ 



CBVB \ /(^ 



{-, /I -, 



M 

Ma 



Ma 

M 

Ma 



, , CBTJB / 1 T 

1 - CBllB + ( 1 + CBVE 



+ D{jq,u) 1 + CBr]B 



Ma ~ (^Br]B)cBVB [j-^^ + D{jq,u:) ^1 + cbtjb " ^ 
let T> = CBrjB 
1 



Ma 



^aUq) 



(7.453) 

2 

(7.454) 
(7.455) 

(7.456) 



So this final equation has 2 unknowns, e and P. We will determine these 2 unknowns by using 
identities from 2 other Green's functions, namely H and F'. 

[Derivation of equations to solve e and T>] We start by deriving an exact relation from the 
equation of motion of H and from the force constant sum-rule. Recall the equation of motion of H, 



I sum over I and use the sum-rule ^aa'(^! — 

I 



I take configuration average 

UJ 

I realise that this is g = Fourier component. 



{Haa'{q = 0,Uj))^ = Saa' 



(7.457) 



(7.458) 



(7.459) 



(7.460) 



Now we repeat the calculation that was done for the displacement-displacement Green's function in 
order to obtain an explicit expression for the left hand side of the above equation. We start by writing 
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the equation of motion into the locator form. 



(7.461) 



writing as matrices of Cartesian indices, 

(u;H-^\H{l,l',uj) = -iu;ISu' + \i ^ ^^^{l - h)j^^m2,l' (7.462) 

again, multiply by M{1) and divide by M{1)ujH — 

From this expression, it is now clear that the details of the subsequent derivation is the same, the 
only difference lies in the definition of the locators d, d^, dn and d which we can now define for H from 
the above equation, 

d{l) = -iujM{l)(M{l)uH~^u)-^ (7.464) 

dUl) = M{l)Xi{M{l)LoH-^u)-^ (7.465) 

dnil) = -iioXiiM{l)ojH-<^u)-^ (7.466) 

d{l) = Xf{M{l)LoH-^u)-^ (7.467) 

and subsequently, 

aL{l) = dL{l)d-\l) = ^ (7.468) 

Xi 

anil) = d-\l)dR{l) = --^ (7.469) 

Xi 

Thus we can directly calculate the normal mode component of {H)c-, 

{H{jq,uj))c 

= {aLmi)an{l))c^ + MlM)), {D{jq,u) - ^) {r^\l')aR{l')), (7.470) 

— % 

{H{jq,uj))c- 

OJ 



ri{l) 



I take the single site averages and use caija = 1 — cbtib to eliminate rjA 

= (l-CBVB + CBVB^^^f{u^) 

+ ({1 - CBriB)MA + CBVB^) hUq, oo) - ^) (l - cbVb + J^bXb) (7.472) 
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Ma A y VA 

+Dijq,u)MA + - CBVB^ + (X " ''^''^) ^"^'^^^^ 

Ms 1 1 /^Mb 1 fMsl ,\ fl ,\,^ ,2 



+D{jq,uj)MA + - l) CBVB^ + (1 " ^^'^^^^ 

I recall the expression for w) 
= fi^) ((^\ - iVt - A ^bM^ - cbVb) 



MaX ) \X 

We can now relate this expression to our exact relation for H. obtained earlier. Take ^=0 and since 
we only have acoustic modes (in our cubic example), we have ^\(jq = 0) = 0. 

(F(jg = 0,a;))- 



Use the exact relation {H{jq = 0,u})) = — ^ and define these notation, T> = cbVe, e = 1 — 
^ ^ - 1 = ¥ - 1 and 5 = i - 1. We get, 



1 = ^(^wVl^^)^!! + + PV){1 + f^^) Y^-- (7.478) 

Now we repeat the whole procedure for F'. First, based on the derivation of an exact relation for 
H, we write down an exact relation for F', 

{F'^A(i= 0, ^)) = {M{l))6aa' = {caMa + CBMB)5aa' (7.479) 

Then we write the equation of motion of F' into the locator form in order to derive an equation for the 
left hand side. 

u^F'^^,{l,l',u) 

= M{l)u''5^^,5u, + Y,^^^SM)j^F'^^,,{h,l' ,u) (7.480) 
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(7.481) 



Writing as matrices of Cartesian indices, 

^) = M{l)u'Su'l + Xi ^''\l-h)^f'il2,l'M (7.482) 



multiply by M(Z) and divide by M{l)uH - 

M{lfu:^ ^ , M{l)\i ^ , , A, 

'2(7^0 

We again define the locators, 



d{l) = M(Z)V(M(Ou;^I-$h)~^ (7-484) 

dL(0 = oj''XiM{l){M{l)ioH-^u)-^ (7.485) 

di?(0 = XiM{l){M{l)u;H-^ii)-^ (7.486) 

(1(0 = Af (M(Oa;^I - $h)~^ (7-487) 



and also define 



aiil) = dL{l)d-\l) = ^^^ (7.488) 

anil) = d-\l)dR{l) = ^ (7.489) 

Now we can calculate the normal mode component of the configuration averaged Green's function 
directly. 

{F'{jlu)), 

= {aL{m)aR{l))J-^ + {aL{m))c {D{jq) - ^) {nHl>B{l'))c (7.490) 

again, use catia = 1 — cbtib to eliminate rjA 
Ml(l - cbVb) + CBr?B^l # + f M^(l - csr?^) + cbVb^] ' f ^(i?, c) - ^^'"^ 



M| 1 fMs 1 ,A 



/(a;)MA (^1 - CBr?B + c^r/B-^^^ " + ^il^; A " ^ ' "^'^^ 
+Ml(l+(^i-l)cBr/B) ^(ig,a;) (7.492) 
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+Mlil+i^\-l]cBVB] D{jq,io) (7.493) 



^MaX 

use the explicit expression for D{jq,uj) 
[Mb 1 \^ 



Mb I ^ ' ' 



+ {mix - V ^(^-^-^m> 

We use the earher relation {F'{jq = 0,uj))c = caMa + cbMb and again for acoustic modes LO^{jq = 
0) = 0. We also use the earlier defined notations, cbtjb ^ T>, e = 1 — and /3 = — 1 = — 1- 

'''XT'' - ^VM^(l-^) + (l + /^)^^ (7.4.5) 
I use ca + cb = I 
1-CBe = pWf{u;)V{l-V) + {l + /3Vfj^ (7.496) 

With these 2 equations from H and F' we can now evaluate V and e. We rewrite the equation from 
F' as ^(l- cb€ - (1 + P'D)'^j^^ = PuPf{u)V{l - V) and substitute into the equation from H, then 
make T> the subject. 



5 



^{l- cse - (1 + P-^fj^^ + (1 + + i3g (^-497) 

1 - CBe + (1 + (1 + m - (1 + /3^?)) (7.498) 

l-cse + (l + ^P)-^ (7.499) 



1-e V 5 



= (f - 1 + Cfie) - 1 (7.500) 

I note that -r, = -n ^ tt ^ = —(1 — A) = —A 

/3P = -AcB - e(l - Acb) (7.502) 
We substitute this equation into the equation from F' and get an equation only for e. 

l-CBe = pWf{u) (^-jCB - -^(1 - CbA)^ (l + ^CB + -^(1 - cbA)^ 

+(l-csA-e(l-CBA))2^ (7.503) 



/32 

multiply on both sides, 



(1 - CBAy 
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{l-AcBy Ml-ACB / \ 1-AcB 



+ H-Acsm-e) ^'-'"'^ 



l-cse / Ac_B \ /3 + Acb\ 



(7.505) 



~^ = 1-7^-^- ^~+^^ (7-506) 



1-Acb)2 V I-AcbA I-Acb; 

1 - cije 1 - 2AcB + A^cl - 1 + Cije 

' " (1 - AcbY = (1 - AcbY 

CB(e-A) AcB 



(1 - Acb)2 1 - Acs 

Caveat observed by Moller and Kaplan It was noticed by Kaplan & Mostoller in |Mostollerl979] 

that a particular solution in Gruewald's theory is similar to VGA which implies that the theory is 
probably lacking in important mass and force constant defect physics for that solution. 
Recall the equation for e, 

A) cbA ( ~ ^ ^bA\ ( B + cbA\ 2 

e = -r. - \ ^ + IT ] \ ^ + -. z- ] ^ J\^) (7.508) 

(l-CijA)2 1-AcB V 1-cbA)\ I-cbA; ^ ^ ' 

and consider this particular solution e = A, = A which implies /3 = — 1 = 0. Then the equation 
for e becomes 



which is a quadratic equation whose 2 roots are 

CfiA _ 1 c^A 



(7.511) 



1-cbA ' io^fiu) 1-cbA 

To choose the proper root, we recall the equation for T) 

(3V = -AcB - e(l - CijA) (7.512) 

and its LHS = due to ;S = 0. Only the first root, e = -j^f^ gives RHS = 0. Thus e = -T^f^ is 
the proper root however it is independent of oj\ If we substitute this root into the frequency spectrum 
formula, 

N ^ uj\l - e) - u\{3q) 
Thus this (independent of a;) e results in f{oj) having the same form as the harmonic one. So e is 
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essentially causing a "mean- field" kind of shift in frequency. In this context, this solution is similar to 
VGA (in other contexts, it is similar to the "Hartree" approximation). 

[Receipe for calculation] As we can see, this theory is quite complicated so instead of boxing up 
final equations, we provide a receipe here. 

1. Recall that the model is a cubic model. Specify ca, cb, Ma, Mb and A, then we get e = 1 — 
A = 1 — A and /3 = \ — 1. Solve for e from the 2 self consistent equations: 



f( X Mast^ 1 



1-cbAJ V I-cbAJ 



31 



(1 - 6) - u^lijq) 



2. Use e and solve T> by using. 



= -Acs - e(l - cbA) 



3. Solve for /(w) first then use e and V to solve for {D{jq,ui)) by using. 



{D{jq,uj)), 



Ma 



4. Reconstruct the (real-space) configuration averaged {D)c from 

{D^^>{lJ,oj))c = ^ j;fa(jg)ea'(j9l(^(j9,c^))e^^^-('-^') 



7.7.1 Appendix: Generic 2-Pcirticle theory: Vertex corrections and the configura- 
tion averaged transmission function 

Note that for transport, we really need the configuration average of 2-particle quantities. All these 
generalized theories are only 1-particle configuration averaged quantities. It is an open problem to 
construct consistent 2-particle theories just like in CPA. This development will be future work. Here we 
only describe a generic (and strandard) way of handling the 2-particle configuration average. We will use 
the configuration average of the transmission function as our example of a 2-particle quantity. A simple 
ladder resummation is employed in the context of Gruewald theory. (Again, superscript (R) and (L) 
denote right and left respectively and superscript R and A denote retarded and advanced respectively.) 



all indices 



A 



(7.514) 



{dXu (r^^^)w. {dX,] (7.515) 



all indices 



A, 



- hie 



(7.516) 
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The vertex function A will be made up of the ladder summation. The remaining of the section is thus 
to get an explicit expression for A. The equation can be denoted by diagrams as, 



<T> = 


r, 


<GR> 
<GA> 


2 


+ 


r, 


1 '2 

<GR> 
<GA> 


1 

A 


3 1- 
<GR> 

<GA> 








I4 


13 






'8 1 


7 




5 



Figure 7.19: Diagrammatics of vertex corrections. 



^hWhk = ^hh^hh^hl6+ Lhi7^{D^)i^i^{D'^)i^i^^isi9hi6 (7.517) 
= Li,i,5i,i,5i,i, + Li,i, J2 {{D'') ® <^^»i,M8i9 ^'skhk (7-518) 

LhlrSl,l,Slrle = {^Ish^l^h ' ^1,1, {{D"^) ^ (D^)) i^i^i^i^) Mshhk (7-520) 

I divide by L/^;, which is diagonal 
ShhSlrle = E((^"')'^'r<^'8/.<^/9/r-«^''>®<^^»i,W8/9)^'s'«'3/6 (7-521) 

^8^9 

I this is familar when compared with 

I Yl {M{l)ujHa^5ii, - ^lal,^) Gi^^i>0 = Sapdw ^ G = (M ® I - ^)-^ 
hi 

I similarly we get, 

A = (L-i ® I - {{D^) ®{D^)))~^ (7.522) 

Since we have 3 distinct types of renormalized locators cr, (7^/^ and u then we can simply define L 
to be their sum (note that the locators are diagonal in site indices). 

Li2h = '^hh + i(^L/R)hl7 + ^hh (7.523) 
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2 ' 


3 


'2 


'2 ' 


3 


2 


'8 


1 


3 












<GR> 








<GR> 




<GR> 




A 




L 


+ 


L 


L 


+ 


L 


<GA> 


L 


L 










, <GA> 










<GA> 








L 


1 1 




1 


L 






















L 




a 


+ 




+ 


o 



I7 



I7 



I7 I7 



Figure 7.20: Diagrammatics of ladder summation. 

7.8 Mass &; Force constant Disorder : Mookerjee Theory 

7.8.1 Preliminary: Augmented Space Formalism for Configuration Averaging 

The main reference is |Alam2004] . As usual, we define a binary alloy with host atoms A and defect 
atoms B with occupation probability ca and cb respectively. Of course ca + cb = 1- Here we only aim 
to provide a simple justification for the augmented space theorem and therafter use it as a set of rules. 
For the rigorous mathematical formulation, see |Mookerjeel973a1 and |Mookerjeel973b1 . 

The idea is simple to state: A "configuration" vector space is defined and it is augmented to quantities 
which contain randomness (eg mass matrix and spring constant matrix) . Then the configuration average 
of that quantity is a certain ground state expectation value. 

We define 2 (configuration) states 



\B) 



(7.524) 



and assume that they are orthonormal. We also define occupation operators fjA and fjB which act on 
the states as follows, 



flA\A)c 
flB\A)c 
flA\B)c 

'>1b\B)c 






\B), 



eigenvalue 1 
eigenvalue 
eigenvalue 
eigenvalue 1 



(7.525) 
(7.526) 
(7.527) 
(7.528) 
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An operator representation is 

fiA = \A)cc{A\ , fjB = \B)cc{B\ (7.529) 

Now consider a rotated basis in configuration vector space, 

|0)c = ^\A), + ^\B), (7.530) 
|l)c = V^\A),-^\B), (7.531) 

In the literature, |0)c is called the average state and |l)c is called the fluctuation state. Invert and write 
(using CA + CB = 1) 

\A)c = V^\0)c + V^\l)c (7.532) 
\B)c = V^\0)c-V^\l)c (7.533) 

Then rewrite the operators fjA and fjB, 

?7^ = |^)ec(^| = \0)cCAc{0\+V^i\0)cc{l\ + \l)cc{0\) + \l)cCBc{l\ (7.534) 

|0>c \l)c 
^ c(0| /" CA yJCACB 
c(l| \yfCACB CB 



(7.535) 



flB = \B),,{B\ = |0)eCBe(0|-V^(|0)cc(l| + |l)cc(0|) + |l)cCAc(l| (7.536) 

|0)c |l)c 
^ c(0| / CB -^/CACB\ 
c(l| V -\/CvlCB CA J 



(7.537) 



Now consider a quantity which is random and it is written in the occupation number form: 

/ = fAVA + fBVB (7.538) 

We augment it with the configuration space by "quantizing" the occupation numbers into occupation 
operators. 

/AUG = fAVA + fEVB (7.539) 

Consider the expectation value, 

c(0|/AU^|0), = fAcmA\0)c + fBcmB\0)c (7.540) 
= fACA + fBCB (7.541) 

Hence the (ground state) expectation value of the augmented quantity f^^'^ gives the correct configu- 
ration average of /. This is a special (and simple) example of a diagonal quantity. Again we refer to 
the rigorous proof in |Mookerjeel973a] and |Mookerjeel973b] for calculating configuration averages of 
off-diagonal random quantities. 

Summary of augmented space formalism (ASF): 
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1. Augment by "quantizing" the random quantities with the operators (in the |0)c and |l)c basis) 



VA=( ^) , VB=( -V^\ (7.542) 

2. We have to augment every site. So we write 

|0)e, \l)c^\Oi)c, \li)c (7.543) 

to denote basis for site I. 

3. The configuration average is calculated by 

{Dw)c = c(Oi . . . Ojvl At'^^lOi • • • On)c (7.544) 

7.8.2 Mookerjee's Augmented Space Recursion (ASR) Method 
7.8.2.1 Augmenting the Mass Matrix and the Force Constant Matrix 

The main reference is |Alam2004] . For a monograph style, see |Yussouffl987] . We first need to augment 
the random harmonic Hamiltonian. We shall develop the general theory by considering the special case 
of = 3 sites. 

There are 8 basis states for the configuration vector space. 

|0l0203)c, |0l02l3)c, |0ll203)c, |0ll2l3)c, \hO2O3) c , |ll02l3)c, IllhOa)^ |lll2l3)c 

First we augment the mass matrix 

Mil \ / (Afii)8x8 08x8 08x8 \ 

M = I M22 \ ^ M^UG ^ Qg^g (M22)8X8 08x8 (7.545) 

M33 / V 08x8 08x8 (^33)8x8 / 

Mil = MAmA + MbVib (Mii)8x8 = MaVia + MBfiiB (7.546) 

M22 = MaV2A + MBmB (M22)8x8 = MAmA + MBmB (7.547) 

M33 = Ma^a + MbV3B (M33)8x8 = MaVsa + MbVsb (7.548) 

CA \ ^ .(2) ^ .(3) 



mA = ";rj «4t<^2^4x^2 (T.549) 

,.B ^ (7.550) 

mA ^ «2^(^ ^)'^lg2 (7.551) 

mB ^ «2^(_;|^ (7.552) 

(3) 



mA = ]lS2^4^2^( ^ ) (7.553) 



CHAPTER 7. DISORDERED SYSTEMS 



359 



*B = (7.554) 

We shall write the augmented matrices in terms of projection operators instead of writing large matrices. 
Example, 

VIA = [|0l)cC^c(0l|+VcAC^(|0l)cc(ll| + |ll)cc(0l|) + |ll)cCBc(ll|]®l4x4 (7.555) 
VlB = [|0l)cCBc(0l|-v/5I^(|0i)cc(ll| + |ll)cc{0i|) + |li)cCAc(ll|]<8l4x4 (7.556) 



(Mn)8x8 = [\Oi)c{Maca + Mbcb)c{Oi\ + {Ma - Mb)^/^ {\Oi)cc{U\ + |li)cc(Oi|) 

+|1i)c(Macb + Mbca)c{U\] <^ I4x4 (7.557) 
I use the notations M = Maca + Mbcb and Macb + Mbca = M + (cb - ca)(Ma - Mb) 
= [|0i)cMe(0i| + {Ma - MB)^/^{\Qi)cch\ + |li)cc(Oi|) 

+ \1i)cM,{1i\ + \U),{cb-ca){Ma-Mb)c{1i\] ^hx4 (7.558) 

= M[|0i),e(0l| + |ll)cc(ll|]^Il4x4 

+{Ma - Mb) {{cb - ca)|1i)cc(1i| ® I4x4 + \/5I^(|0i)cc(li| + |li)cc(Oi|) ® I4x4] (7.559) 
= Mlgxs + {Ma - Mb) [{cb - cyi)|li)cc(li| + VcI^(|Oi)cc(li| + |li)cc(Oi|)] ® I4x4 (7.560) 

In very similar ways, (M22)8x8 and (-^33)8x8 are written explicitly as, 

(M22)8x8 = MI8X8 + ^2x2 ® {Ma - Mb) [{cb - CA)|l2)cc(l2| + V^A^ {\02) cciU + |l2)cc(02|)] hx2 
(M33)8x8 = Ml8x8 + I4x4 <^ {Ma - Mb) [{cb - CA)|l3)cc(l3| + V^A^ {{Os) cc{h\ + |l3)cc(03|)] 

Recall that the whole augmented mass matrix looks like this 

3 

^AUG ^ ^\l){l\^{Mu)sx8 (7.561) 
1=1 

Finally we can write down the general A^-site augmented mass matrix 

TV 

^AUG ^ ^|0(/|®(M;;)2iV^2~ (7.562) 

1=1 



N 



-{Ma - Mb) ^ ® 4x2 ® • • • ® 1^'"^' 



2x2 



1=1 



® [{cB - CA)\li)cc{h\ + V^{mcc{li\ + \h)cc{Oi\)] ® 4'x2^ ® • • • <8 C2 (7-563) 

= MInxN '^'^2^x2^ 

+ M' (7.564) 

The definition in the last line is only for a footnote later. 

Now we proceed to augment the force constant matrix. Again we take the simple N = 3 case first. 

^>ii $12 

$ = I $21 ^22 ^23 I (7.565) 
$32 $33 
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The occupation numbers are associated as follows, 



We augment it ($//')8x8 



AUG 



We define some notation to shorten 



(^11)8x8 (^12)8x8 08x8 

(^21)3x8 (^22)8x8 (^23)8x8 
08x8 (^32)8x8 (^33)8x8 



expressions later 
'IV = Ca + ^ZZ' CACB + cbca + Cb 



CA + CB - "^W 

IV 



^(2) ^ ^AA , ^AB ^BA 



RB 



CB 



We write the augmented 



(^i2)s 



^t2mAfl2A + ^limAmB + ^f2^??li?^2A + ^I'Fri 



^AA 
*12 



I 



CA \fcACB ^ 
\fCACB CB ) 

( CA ^CACB \ ^ 
\ yJCACB CB J 

CB -^CACB 
-\fCACB CA 

CB -y/CACB 
\fcACB CA 



CA 



y/CACB CB 

f CB 
V -yJCACB 

' V V^ACB 

-\/CACB 



12 mBmB 

\fcACB 



® I2x2 



^12 c\ + ^^?CACB + ^I^CACB + $f2^4 
(^12^ - «^>^^2^)CA + CB V^(^f2^ - <l>f2^ 

($^^2^CA + ^'^2''ci3 - ^^icA - ^ficB)^^!^ 
CACBi^ii^ - ^t-F - *f2'' + *f2^) 

($^1/ - <^>^^2^)CA + CB V^(^f2^ - *f2^) 

$^^2^CACB + $^2^4 + $f2^4 + ^f^CACB 
CACB(f^^2^-<I>^^2^-<5f/ + <i>f/) 
VcI^($f2^CB + ^^^2^CA - ^f^^CB - ^fi'cA) 

CACB($i^2^-«>i^2''-^f2^ + ^f2'') 
$f2^CACB + c| + $f2^4 + $f2^ CACB 

VcIcF($i^2^CB - ^fi'cB + $f2^CA - ^'f2^ Ca) 

CACB[9i2 -9^2 -^12 +^12 ) 
V^I^(^i^2^CB + 'i'ti'cA - ^f2^CB - $f2^ CA 
^/cI^($iV*CB - $^2^CB + $f2^CA - «'f2^ CA 



VCACB 
CA 

VCACB 

VCACB 
CA 



Jl2x2 



Jl2x2 



)I2 



:x2 



V 



^Cl^($^2-^CB - ^^V'CB + $f2^CA - ^-fa^CA) 
$^2^C| + ^fi^CACB + ^f-^CACB + ^12 (^A 

use the notations defined above 



)I2 



:x2 
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12 



V 



V 

^*12 + ^12 (cB-Ca) 



*12 V^ACB 
*12 CACS 



y^clc^ (cB - CA) + Vclc^ (^$2^ (cB - C^) + 



)I2 



^12 '--A<'±( 
^/clci f$S2^(cB - CA) + $12 

^/Clc^ (^12 (cB - CA) + $12 y 

$12 + ^^11{CB - CA) + $i?(cB - ca)' y 
We digress to show how the above matrix elements are obtained. 
Element row 2 column 2 

= 5>i2 CACB + 5'i2 + 5'i2 + 5>i2 CaCb 

= <Pi2 + CACB + 5>i2 Ca + *5l2 '^B + ^12 ^ACfi 

~^12 ~ ^12 CACB — *i*i2 CACB — ^12 Cb 
= $12 + $^^2^(CACB - c\) + - 2CACB 

= $12 + [$^^2^CA + ^f2''{cB - CA^ - 'b?J'rr.] 

= ^12 + $S2^(CB -Ca) 



+ 4) +$f2^ (cACB 

f2'' cb] (cb - ca) 



To rewrite the even more complicated matrix elemenbts, we invert the linear equations, 




^A 


2CACB 


4 \ 




CA 


CB ~ CA 


-CB 


(: 


1 


-2 


1 / 







-CACB 




2CB$(^) 

(cB - Ca)$(^) 



-CACB$ 

-2cA$(^) ci$(2) 



(2) 



Of course, we use ca + cb = ^ throughout. And now we rewrite the other matrix elements. 



(7.574) 



(7.575) 

(7.576) 
(7.577) 
(7.578) 

(7.579) 



(7.580) 



(7.581) 



Element row 3 column 4 
\AA„_ . if^AB, 



V^A^ {^t-^CB + $f2'' CA - <5f2^CB - $f2'' CA 



,BB, 



= VCAC^ (^12CB + 2c|^>g + c|$S5 + (cA - Cb)^>12 " (cb " Ca)^$ 
-CACb{ca - Cb)$SJ - CA^12 + 2ci#S^2^ - 4^12 ) 

= V^A^ ((cA + cb)^$S + ^12 (cA + cb)^(cb - ca)) 
I use CA + Cb = i 
= {^u + (cb - ca)^'S) 



2^(1) 



(7.582) 

(7.583) 
(7.584) 

(7.585) 
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Element row 4 column 4 



$^^4 + 24$i2^ + 4$i2^ + 2cACB$i2 + 2cacb{cb - ca)^u 



s(i) 



s(2) 



(1) 



$12 + 2$g(cB - Ca){ca + CBf + $i?(cB - CAf{cA + Cb? 

use CA + cb = ^ 

$12 + 2$g(cB - Ca) + $S?(CB - CAf 



(7.586) 

(7.587) 
(7.588) 

(7.589) 



Just like for the mass matrix, we want to write it in terms of projectors so that we can generalize it 
to the N site case. 

We first work out the arrangement of the basis for reference. We denote |0)c \ t) a^nd |l)c \ i). 



|0l)cc(0l| |ll)cc(Ol| 
|Ol)cc(ll| |ll)cc(ll| 



|02)cc(02| 
|02)cc(l2| 



Pa 



till 
''ti-l-i 



^1 

P-r2U 



Pt2i2 



Pi 



i2 



''tl-l-l 



■ i2t2 

Pu 

PUt2 



niti 



|l2)cc(02| 
|l2)cc(l2| 



j(3) 
Pt2 

P-r2U 

Pt2 



\ P-liU ^ PI2U P-liU ^ Pu Pu ^ PI2U 



Ml 
niti 

Pu^ 
Pu 



(3) 
2x2 



Pi 



M2 

Pu 



J 



(3) 
2x2 



(7.590) 



(7.591) 



We continue rewriting (<I>i2)8x8 in terms of these projectors. Grouping similar terms, 



($12)8X8 = [$12 (Ptl ® ^t2 + -Ptl ® -Pi2 + 



(^ti ® n2t2 + Pi 

+Pll 



Ml 



Pt2+Pil 

Pt2+Ptl< 
PM2 + PMi ^ Pi2 + Pil ^ ^24,2) 

CA){P^,<^Pl,+Pu'^Pt,+2P^,' 



5^2) 

P^U + PMi 

5^2) 



Pt2 + PMi ® Pu 



+ ^\^CACB {PMi ® ^i2t2 + ^itl ® ^t2^2 + PMi ® ^^2t2 + PMi ^ P^U) 

+$g(cB - ca)V^ {Pmi ^ Pi2 + Pu ® Puu + Pmi ® Pu + Pu ® Puu) 

+$g(cB - CA? {Pu ^ Pu)] ^ 1S2 
denote T^^^ = PuU + PuU 



(7.592) 



= $12l4x4 <8) I2X2 + n2VcA^ (^tl <^ ^t2^2 + ^lU ^ ^t2 + ^lU ^ Pu + ^-^l <^ ^t242) <^ I2X2 

+^^SicB - ca) (Pti <^ Pu + Pu ^ Pu + ^Pu ^Pu)^ hx2 

W^CACB {Pmi ® T^2U + PMi ® T^2X2) ^ hx2 

+$Sf (cs - ca)V^ {Pu ® T^^u + PMi '^Pu)'^ I2x2 



+^fj{cB-CA)^{Pu'^Pu)®h 
further note that P^^ + Pu — ^ 



x2 



(7.593) 



(2) 
2x2 



$1218x8 + '^12 



j(l) 
^2x2 



'Tt,u+TMi^^' 



(2) 
2x2 



(3) 
2x2 



+ $S(CB 



ca) 



U 



2x2 



2x2 



u 



(3) 
2x2 



+$S?CACB [Tuu ^ T^2U] ® 4?2 
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+$g(cB - CAf (P^, 0Pu)^ 4x2 (7-594) 

Other off-diagonal force constant terms are augmented similarly^ Tlie diagonal force constant terms 
are obtained by using the sum-rule 

^ii = -Yl (7-595) 

where the sum is over the nearest neighbors. The sum-rule is thus built into the theory. 
The general form of the off-diagonal terms are, 

+^ll)icB - Ca)4x2 ^ • • • ® ® 4x2 + 4x2 ^ Pi,) (S> ■ ■ ■ (S> 4x2 

v^;i^2x2 » • • • ® (4x2 » t^a, + ® 4x2) ® • • • ® 4x2 

+^\1\CB - Ca)'4x2 ^■■■^{Pu^Pi,)^---^ 4x2 

+$!f,^(cij - ca)^/^I^S2 ^■■■^{Pu^ 7t,4,. + T-tiii ® n,/) ® • • • «5 4x2 

+$g)cACi?4x2 ® • • • ® {TtiU ® Pt,U' ) ® • • • » 4x2 (7-596) 
I use a condensed notation 

= ^irVx2'v + ^ii'(/V0 (7-597) 
Using the sum-rule, the (augmented) diagonal term is taken to be as 

I'm 

= Yj ^ii'h^x2^ - E ^ii'iim (7-599) 

I'm I'm 

Now that the relevant operators are augmented, the next step will be to calculate the configuration 
averaged Green's function. Recall, under the augmented space formalism, the configuration averaged 
Green's function is 

{Du')c = c{Qi...QN\DftV^\Qi...^N)c (7.600) 

= e(Ol...O^|(A/AUG^2_^AUG)-l|o^___0^^^ (7g01) 

Of course, {Diii)c cannot be calculated exactly even in this formalism. We will work towards a recursion 
method and solve (D/z')c recursively. 

We need a bit more arrangement before we can apply Haydock's recursion method. We need to "get 



I did not check these terms. The pattern of the terms should be convincing. I will be quoting the results oflt Mookerjee's 
paper. 

Perturbation theory could be possible at this stage as well. Here we propose a possible starting point. First we write 
the full augmented force constant matrix explicitly. 

= ^ 5Z *n'l2«x2"- ^ l-n'CiVO +*ii'll2«x2" (7.603) 
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rid" of the mass matrix. 

I since M^^'^ is diagonal, M"^^*^'"^ is well defined 

= e(Ol . . . OjvlM^UG-l (^^2j^^^ ^ j^^^^^ _ ^AUG-l^AUG^AUG-l^-l M^UG-f |o, . . . Q^), 

(7.610) 

Just to be explicit, the expression of M^^*^~^ is shown here. 

+ ( m;^ - M ^ 10 (zi 4x2 ® • • • ® 4x"2 ^ 

® [(CB - CA)\ll)cc{h\ +V^{\Ol)cc{h\ + |li)cc(OH)] (S) C5 • • • ® 4^2 (7-611) 

We need to know the action of M'^^^^a on |0i . . . On)c so that the mass matrix can be "removed". We 
start with the special case. 



Ml 



yMjcA + M^CBj + (^mJ -Ujj {CB - ca)\Ii)cc{U\ 

+x/^(^m;^ -M^^^ (|Oi)ec(li| + |li)cc(Oi|) |Oi...O;v)c (7.612) 
only the first and third terms are nonzero 

(^M'^A + M^CB^ |0i . . . Ojv)c + (^A^ - ^B^) II1O2 . . . Ojv)c (7.613) 

= $u']l2"x2« - *H'^f2"x2« + *H'(!'7^0 - 5Z *"'(i'#0 (7.604) 

I the first 2 terms are diagonal in configuration space 

= ($)c + - *a'(i'^o (7.605) 

1/ c-^n 



Then we can write, 



(7.606) 



= ^{M + M') oj^ - (*)e - - Y ^ii'd'^Dj j (7-607) 

define D^'*^-^"^ = Moj^ - 
I define -M'cu'' + - = ^ 

= (^D^^^-' (7.608) 
So we can choose D^^^ as the unperturbed Green's function and T> is the "self energy" . 
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Therefore we can deduce the general result 

MAUG-3|0i...07v)c = 



' mJca + mJ< 



Ib'cbJ |0i...0jv) 



On)c 



^ ll) 

where |1) denotes an unnormalized ket. We will use its normalized version |1) = |l)/\/ (1|1) 
to the configuration averaged Green's function, 

{Du')c = e(Ol...O^|MAUG-i (^2j^2,^^2- -MAUG-i^AUG^AUG-i^-l^AUG-i|o^ 
= (1| (^2Wx^2- - M^UG-i^AUG^AUG-l^-l |1) 
= (l|v^(c.^Wx^2--M^UG-i^AUG^AUG-i^-ly(^y|l^ 



= (1| 



■J-^Yj^N2r^xN2N — — ^ ^— — 



1) 



(7.614) 

(7.615) 
Back 

(7.619) 
(7.620) 

(7.621) 



, ,2 ,,^AUG-i j^AUG-i 
denote J' = and ^ ci>AUG ^^ ^ ^eff 



To put this expression into a continued fraction form, we need to define a basis. Consider this 
orthogonal set (|(/>n) kets are unnormalized), 



(7.622) 
non- 



{|l),<l>^f^|l),cl><=ff|02),...} 



(7.623) 



We 



carry out Gram-Schmidt orthogonalization for this set (without normalizing it). First is ^>°''^|1 



12 



The magnitude : 
(1|1) = 



= $^*f|l) - |l)(l|^>'=*f|l) 
I denote ai = (l|$^f^|l) 
= ^'^'^ll) - |l)ai 



(7.624) 
(7.625) 



' ^ CA + Mb ' Cfl^ c{Oi . . . Oivl + V^I^ (^M^ 2 _mJ^Y^ ^^Qi ... 1,, 

_1 _1 \ / _1 — i\ 



's^cs^ |0i...0iv)c + VcI^(^AfA' -Afs^^^|Oi...l,, 

use the orthogonahty of the 1 ' ' 
/ , , \ 2 



■ On\ 



■ On)c 



I states 



(7.616) 
(7.617) 
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Next is ^''^\(t>2), 



where {(p2 



■2)-|l)(l|$^"|02)-|02)(02|<&'="|02) 



denote = (l|^^^l<^2) 



{cj>2\^-«\ 



Next is $^^|(^3) 



denote 02 = . , , , x 
^'''\<p2)-\h)a2-\l)bl 



I recall {1]^"^ = {(f)2\ + ai{l\ and both are orthogonal to \(f>3' 



(P2\(P2) 

define 61. 



and 03 = 



93193) 



(^3 1 03) 



In general, 




Thus in this basis, is a tridiagonal matrix. 



eff 







102) 


103) 


104) 




(ll 


/ ai 








\ 




1 


a2 


?)2 

"3 










1 


03 












1 








I 











(7.626) 



(7.627) 

(7.628) 

(7.629) 
(7.630) 

(7.631) 

(7.632) 
(7.633) 



(7.634) 



/ w'^ — ai 



\ 



-b\ 
'2 

a; ^ - 02 



1 '2 
—1 a; ^ — 03 



-61 
w'^ — 04 —65 



(7.635) 



Denote the determinant of the whole matrix be -Dq; S'ld the determinant without the first row and first 
column be D\ and the determinant without the first 2 rows and first 2 columns be D2 and so on. Then 
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we have a simple form for the configuration averaged Green's function. 

It seems like we are left with evaluating Dq and Di. Use Laplace expansion for Dq, 



Do 



(a;'2-ai)L»i-(-l) 



-bl 
-1 ■•• 



I expand the first row of the determinant 
= - ai)L>i - 61^2 

The general pattern in the Laplace expansion is thus clear, 



So, 



{Dii')c = 



continuing, we get a continued fraction 
1 



6^ 



u ^ — ai — 



uj ^ — a2 



oj^ - as- 



bi 



in practice, a terminator function is introduced 
1 



u ^ — ai — 



hi 



^'^ -an- 6^+iT(a;'2) 




The terminator can be calculated from the asymptotic values of the coefficients. 

1 



Tioj 



, i'2 r, "n+2 

^ — dn+l 



let a and h be the asymptotic values of the respective coefficients 
1 



oj"^ — a — bT{uj"^) 
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The solution of the quadratic equation is simply, 



(a;'2-a)±J(w'2-a)2-462 



(7.646) 



[Beer & Pettifor Terminator] The reference is |Beerl984] . Suppose all the coefficients are real, 
then the spectrum which is related to Q{Dii')^ °^ ^ is only coming from T{oj'^). So we look at the 
condition where Tiuj ^) has an imaginary part. This means. 



'2 a)2 - 46^ < 



a - 26 < w'^ < a + 26 



(7.647) 



The width of this band (of delta functions) is 46. 

The physical condition that Beer and Pettifor impose on a and 6 is that, no delta function will be 
outside the band. So we simply put the first and last delta functions at the bands limits (a it 26) itself. 
That means, we demand the Green's function to diverge (due to the delta functions) at both band limits 
a — 26 and a + 26. 

We substitute the band limits into the Green's function 



{Dw{uj^ = a±2b)). 



a lb 26 — oi 



hi 



a lb 26 — 02 



(7.648) 



suppose it is terminated at step n 
1/2 



±6 



a\ —a 
2 



62/4 



±6 



a2— g 
2 



62/4 



(7.649) 



hi/2 



±6 — (a„ — a) 
write back into a (finite) tridiagonal matrix form 



/ ±6 



(1| 



62/2 



^ 62/2 
±6 



02— a 
2 



(1| 



±61 ■ 



/ ^ 62/2 
62/2 ^ 



V 





63/2 





6„/\/2 

hn/^/2 ±6 - (a„ - 



an- a J 



a) j 



(7.650) 



The expression in the square brackets is of the form of an eigenvalue problem (i.e. 61 — li\ Hence for 
a given a, the eigenvalues of H cause (61 - U)-^ to diverge. 

We denote the eigenvalues as 6 and arrange them as 6max • • • ^min- ^max is where no delta function 
splits off the top of the band. 6jnin is where no delta function splits off the bottom of the band. 
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Algorithm to calculate the Beer & Pettifor terminator, 

1. Choose a = a„ or a = ;^ Yl^=i '^i- 

2. Find the eigenvalues of the above finite tridiagonal matrix H. Extract the largest eigenvalue 6max 
and the smallest eigenvalue 6min- If &max 7^ l^minl then change a to 

anew = flold + Vax + Vin (7.651) 

3. Repeat until 6max + ^min = 0. 

4. Construct the terminator function T(a;'^) using the final value of a and the final value of h — ^max- 

[Luchini and Nex Interpolation Scheme] If there are spurious structures when the Beer and 
Pettifor terminator is used, then a linear interpolation scheme by Luchini and Nex in |Luchinil987] that 
modifies the calculation of the terminator, appears to improve the numerical results. 
The scheme is as follows, 

{an , K n <ni 

^^{N-n)+a{n-m) ^ b^^N -n)+b{n-n^) < ^ < ^ (7.652) 

a , 6 n> N 

We give an example to illustrate the scheme. Suppose we want to terminate the continued fraction at 
= 20, and we calculate the terminator cofficients a and b using the Beer and Pettifor method. We 

can start the interpolation scheme say at ni = 15. Thus for coefficients n = 1 to n = 14, we calculate 

them via the recusion scheme (1st line above). Coefficients n = 15 to n = 20 are calculated via the 

interpolation scheme (2nd line above). The terminator coefficients a and b are calculated via the Beer 

and Pettifor method (3rd line above). 

This completes the calculation of the configuration averaged 1-particle Green's function using Mook- 

erjee's augmented space recursion (ASR) method. For Mookerjee's numerical implementation, see 

|Banerjee2009l . 

7.9 Mass &; Force constant Disorder : ICPA Theory 

[Literature] The main reference is |Ghosh2002] and for a conference proceedings version see |Thorpel982| . 
The references |Diehll979a| . |Diehll979b] . [Diehll979c] and |Kaplanl980| preceed the main reference. 
The reference |Alam200 7] compares the previous Mookerjee theory and the present ICPA. 

Recall that Mookerjee's ASR method evaluates the ground state expectation value using Haydock's 
recusion scheme. Here, ICPA is doing the same thing of evaluating the ground state expectation value 
of the augmented matrix but by a different set of steps: partition the augmented matrix, restrict only 
to the "single fluctuation subspace" basis then derive self consistent equations to solve for the ground 
state expectation value. 

[Partitioning the Augmented Matrix] We use the = 3 augmented matrix to illustrate the 
concepts and then we will give the general A^-site expression. 

Rearrange the configuration space basis in the augmented matrix into the form (we drop the subscript 
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c in the basis to save space), 

^^^^ (which is 8 X 8 in size) 

/ (Oi0203|A^UG|o^o203) (0l0203|A^^^|ll0203) (O1O2O3 |0l hOg) (O1O2O3I A^|^^|0l02l3) 

(Il0203|^^^^|ll0203) (Il0203|^^'^^|0ll203) (I1O2O3I AA^^|0i02l3) 



(Il0203|^^^^10l0203/ 
(Oll203|AAUG|o^0203) 
(0i02l3|^^"^|0i0203) 



(0ll203|^AUG|i^0203) (0ll203|^^U'^|0ll203) (O1I2O3I A^U^|0l02l3/ 
(0i02l3|^^"^|ll0203) (0l02l3|^'^^^|0ll203) (0i02l3|^^^^|0l02l3) 



V 

we have thus partitioned into 4 blocks, and we denote them as 



(7.653) 



The notation {A)c = c(0i0203|^^^'^|0i0203)c is from Augmented Space Formahsm (ASF). If we define 
the projector P = |0i0203)cc(0i0203| tlien each block can be written as, 

{A)c = P^AUGp (7_g54) 

^A' = PA^^^{I-P) (7.655) 
^A't = (I-P)A^UGp (7g5g) 

^A = {I- P)A^^^{I- P) (7.657) 

["Single Fluctuation Subspace"] This is not a true subspace, it is really an approximation. We 
will only keep the 4x4 matrix elements written explicitly in ^4-^^^ above (i.e. all the elements denoted 

as • • • and : are discarded). These elements only involve states with single fluctuations |0i . . . 1,; . . . OAr)c. 
We denote the smaller augmented matrix by ^^UB • '^^^ general A'^-site expressions (in configuration 
space dimension) are, 

^^UG ^ ( -1x1 ^ix(2--i) \ (7 g58) 

V ^(2~-l)xl ^(2^-l)x(2^-l) /2^^2^ 

Aii^^ = ( ^f't'"^ f^x^ ] (7.659) 



where there is one ground state |0i . . . On)c and A" single fluctuation states |0i . . . Ij . . . On) 
later. 



We need to define notation for the matrix elements in ^gu^ as we will work with the matrix elements 

(7.660) 

(7.661) 

(7.662) 

(7.663) 
(7.664) 

The first line is already standard notation. The second and third line denotes a fluctuation around site 
i and the fourth line denotes fluctuations around sites i and i' . 

Now we are ready to tackle the actual problem on calculating the configuration averaged phonon 





e(Oi...OA.|A^UG 


Oi. 


■■On)c = 


{Aii')c 


c(0l 


..ON\Afty''\0,.. 


li- 


■ On)c = 




c(0l 


..u...oMAfiy'' 


Oi. 


■On)c = 




c(Ol...li. 


..ON\Afiy^\o,... 


li'. 


..On)c = 
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Green's function. 



D 



AUG 



{D)c D' 



{K)c K' 



(7.665) 



where (-D)c is the quantity we are after. We carry out the block matrix inverse, 
^AUG-l 

The top left block gives 

{D)c = 



{{A), - A'i-M't)-i -(AA'-\A), - A't)-i 
-{{A)cA'^-^A - A')-^ (A - A'^A)-^A')-^ 



write in the explicit expressions for {K)c and K 

{M)cU^ - ($)c - K'{Muj'^ - ^)-^kA 
define L)VCA-i ^ (^m)cOj'^ - ($)c then add and subtract £)VCA-i 

^VCA-l _ ^/(£,VCA-1 _ ^^^^^2 _ ^^^^ ^ ^^2 _ ^)-l^'t" 
^VCA-l_^/^^'tl-^ 



n -1 



So we can treat D^^ as the "free" part, then the self energy of this problem is 

and F = (^i:)VCA-i _ (M)ca;^ - ($)c + Mw^ - ^ 



~\ -1 



^ (^£,vcA-i_^y 

where 1/ = ((M)c - m) _ _ 



(7.666) 

(7.667) 

(7.668) 

(7.669) 
(7.670) 

(7.671) 
(7.672) 

(7.673) 
(7.674) 



We can interprete F as a perturbation to the virtual crystal medium, and F causes itineration of 
fluctuations in the virtual crystal medium. Everything is exact and now we will restrict the theory to 
only single fluctuation states. Let's write out the matrix elements explicitly (restricted to only single 
fluctuation states now) 



hi2 hh 



(7.675) 



Note that F itself has the form of a Dyson equation 



F = ( dVCA-1 _y] ^ ^p = D^CA ^ ^VCA^^ 



(7.676) 



Showing only fluctuation site indices, {D^^^ has no "fluctuations") 



(7.677) 



Now we can further interprete that if't('2) "creates" a fluctuation at site 12 and F^^^^ itinerates it to 
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site ii and k'^^'^'^'^ "destroys" the fluctuation at site ii. 

The equations are not self consistent. Just like in CPA, we need a condition to impose so that we can 
get self consistent equations. We want to use this self consistency cycle: F determines S, S determines 
D and D determines F. We shall seek inspiration from CPA by looking at a typical CPA self energy 
diagram where the "nested" part contains all kinds of self energy diagrams which represents scattering 
at sites other than site i. 

M 

= nested ^ 



Figure 7.21: A typical CPA self energy diagram. 

We will now implement the idea in a similar way in ICPA by defining a restricted (or conditional) 
self energy. 

- E ^^^^^rXI?^^ (7.678) 

The self energy S^*^ is defined to have scattering at sites other than site i. To form a closed set of 
equations, we modify the 2 Dyson's equations and write 

^ ^(^(ii') _|_ ^ (7.679) 

= (^D'^CA-l _^i^)y' (7 ggQ) 

These 3 self consistent equations run in the as-mentioned self consistent cycle: D*-*-* (perhaps starting 
with = D^'^^) determines ) then F^** ^ determines S^*) and S^*) determines D^^\ 
We list the general outline for solving {D)c in this self consistent framework: 

1. Solve for F^**') by using the above 3 equations. The converg ed is what we want. 

2. Substitute into ^i, = Y,Y.^ul'^ ^hh^ ^'iT^ T^u,. 

3. Substitute S;;/ into (A«')c = (Z^^CA-i _ s)" to finally get the confi guration averaged Green's 
function. 

See the proof that (-D)c is analytic in |Kaplanl980| Appendix A. 

It is very important to note that augmented space quantities are translational invariant since each 
site has the same configuration space augmented to it. Thus the most efficient way of handling these 
quantities is to solve them for each point in reciprocal space within the Brillouin zone. 

The final part is to modify the self consistency cycle in light of the fact that the restricted sum in 
S^*-* may be difficult to carry out. So the idea is to bring {D)c into the self consistency cycle creating a 
(slight) simplification. 
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We manipulate, 



use (D),= 



+ (7.682) 



Recall that the meaning of S^*) is about all sorts of scattering that does not involve site i, then the 
meaning of S — S^*) is about all sorts of scattering that only involves site i. This is the simplification 
that we are seeking. We break up (or project) S — E^*) according to scattering contributions. 

— ^ _^'(n)_p{«i«2)_^'t(j2) _ ^ _^'fe)_p{j3M)^'t(i4) (7.683) 
I many terms cancel and we are left with 

= ^ |^j^'{«)_p{"i)_/^'t{«i) _l_ _/^'(*i)_p(*i«)_^'t{«) _ _^'W_p{")_^'tW (7.684) 
h 

The first term represents a scattering that starts at site i and ends at ii. The second term represents 
a scattering that starts at ii and ends at i. The third term removes the overcounting when ii = i. See 
|Kaplanl980| eqn (3.12) for a projection operator implementation of this idea (which we will use very 
soon). We use a block matrix decomposition to arrange the different scattering contributions. Note 
that these quantities are 1 x 1 in configuration space. 

Ai As 
4 ^2 



Ai denotes scattering that starts at site i and ends at site i. 
A2 denotes scattering that neither starts at site i nor ends at site i. 
As denotes scattering that starts at site i and ends at site i). 
A\ denotes scattering that starts at site ^1(7^ i) and ends at site i. 



So the self energy in this decomposition is 



13 



S - S« = ( ^1 ) (7.690) 



Take a 3-site example and let the reference site i = site 1. 

E - E<"> = a:'''' F(")A:'t(l) + if'(l) ^(12)^'t(2) _^ ^'(1) ^(13)^'t(3) _^ ^'(2) ^(21)^'t(2) ^ ^'(3) pC^^) k"^ ''^Xl 

Based on the meanings of Ei, E3 and E3, they are 
El = A-'^^'F^^'A-'tfi' (7.687) 

J]3 ^ ^'(1) ^(12)^'t(2) ^ ^'(1) j,(13)^'t(3) ^ ^ ^'(1) j,(ln)^'t(n) _ ^'(1) j,(ll)^'t(l) ^ ^ ^'(1) i?("l);^'t(n)(^^^g) 

e3j = ^if't'i^F'^i'^A-'tf') -El (7.689) 
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where E2 = by construction. We decompose D^*) and (D)c as well. 



Recall the earlier equation, 

{D)-'D^^ = 



of D 



D. 



D 



3 



_ f {D)i {D)s 



{D)l {D)2 



(l + (E-E«)(i?)c)"' 
(D)e(l + (S-SW)(L>)e)~' 



= {D)c 



1 + 



^ / l + Si(D)i + E3(Z))^ Si(D)3 + S3(Z)), 



-1 



(7.691) 

(7.692) 
(7.693) 
(7.694) 

(7.695) 
(7.696) 

(7.697) 



Next, we perform the block matrix inverse, 



A B 
C D 



{A-BD-^C)~^ -{DB-^A-C)-^)-^ 
-{AC-^D-B)-^ {D-CA-^B)-^ 



(7.698) 



The top left block D^' is 

= {D), (1 + Si(L>)i + S3(L>)t - (Si(L>)3 + S3(£')2)(l + ^l{D),)-\^l{D),)) 

-(Z))3 ((1 + Si(Z))i + S3(Z))i5)(4(Z))l)-ni + 4(^)3) - (Sl(I))3 + S3(D)2) 
I rewrite into common denominator 

= ((Z))i-(D)3(l + St(D)3)-H4(^)l)) 

X "1 + Si(Z?)i + J:s{D)1 - (Si(D)3 + ^3{D)2){1 + sJ(Z?)3)-\S^(L>)i 
We can further simplify the numerator and the denominator, 
Numerator = X 

= (i?)i-(i^)3(l + St(D)3)-^4(Z))l 

= (l-(i^)3(l + 4(Z?)3)-^4)(^)l 

I expand the infinite geometric progression (GP) (1 + '^^^{D)^)' 

= (1 - {DUl - ^l{D)s + st (Z^)34(L>)3 - . . . )4) {D), 

= (1 - (i^)34 + (i^)34(^)34 - (15)34(^)34(^)34 + • • • ) {Dh 

I resum the geometric progression (GP) 

= (i + (^)34)~'(^)i 



-1 



(7.699) 



(7.700) 

(7.701) 
(7.702) 

(7.703) 

(7.704) 

(7.705) 

(7.706) 
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Denominator = 1 + Si(L>)i + SgiL*)^ - (Si(L»)3 + S3(L')2)(1 + 4(^)3)~'(4(^)i) (7-707) 
= 1 + Si(Z?)i + ^s{D)l - (Si(L»)3)(l + st (L>)3)-i(st 

-(S3(i5)2)(l + 4(Z?)3)-^(4(^)i) (7-708) 
= 1 + Si(Z?)i - Si(Z?)3(l + ^l{D)3r%{D)i 

+S3 ((i?)^ - (Z^)2(l + ^1{DU)-%{D),) (7.709) 

= 1 + Si(l-(I))3(1 + 4(Z))3)-I4)(l?)l 

+i:3ml - {D)2il + 4(Z))3)-^4(^)i) (7-710) 

= l + SiX + S3((D)^-(D)2(l + 4(^)3)"'4(^)i) (7-711) 

I we have (1 + sJ(D)3)"^S^ = sj(l + (D)3i;5)"^ when we expand GP and resum 

= l + SiX + S3(D)^-S3(Z^)24(l + (^)34r'(^)i (7-712) 
= l + {Ei-E3{D)2^l)X + E3{D)l (7.713) 

The top left block is thus written as 

X(l + (El - S3(i))24)^ + ^3{D)l) ~' (7.714) 

where X = ^1 + (L')3S3^ (^)i- In the expression of we have terms (-D)i, Si, (15)3X3 and 

S3 (-0)2^3. We write them out exphcitly, 

(L>)e = {D)^ + {Dh + {D)l + {D)2 (7.715) 
El = (7.716) 

To write out the other 2 terms, it is easiest to use the projector notation. We will carry out the 
manipulation symbolically. The projector P denotes scattering that starts at site i and ends at site i. 

Ai = PAP , A3 = PA{1 - P) , aI = {1- P)AP , yl2 = (1 - P)A{1 - P) (7.717) 

So, using the usual properties of projectors, 

{D)^Y.\ = P(r>)e(l-P)(l-P)(S-S«)P (7.718) 

= P(£>)c(l-P)(S-SW)P (7.719) 

= P(£>)c(S-SW)P-P(D)cP(S-SW)P (7.720) 

= P(£>)c(S-SW)P- (£>)iEi (7.721) 



D? 



T,3{D)2T,l = P(S-i;W)(l-P)(l-P)(D)c(l-P)(l-P)(S-SW)P (7.722) 
= P(S - S«)(£>)c(S - S«)P - P(S - S«)(D)cP(S - S«)P 

-P(E - eW)P(D)c(S - S(*))P + P(S - EW)P(Z))eP(S - S('))P (7.723) 
= P(S - sW)(L>)c(S - T,^^)P - P(S - eW)(D)cPSi - T,iP{D)c{T, - eW)P 

+Si(D)iSi (7.724) 
I from above we have P{D)c{^ - S(*))P = {D)3J:l + {D)iJ:i 
I it is thus easy to derive P(E - Y.^^){D)cP = ^2.{D)l + Si(D)i 



CHAPTER 7. DISORDERED SYSTEMS 



376 



(7.725) 

= P(S - - S«)P - (S3(2?)jsi + Si(D)34 + Si(P))iSi) (7.726) 

We will now state the modified self consistency cycle. It must be noted that the quantities have 
space translational invariance so working in reciprocal space is beneficial. A further simplification in 
calculation is to take a nearest neighbor approximation where the "sum over sites" is now a "sum over 
nearest neighbors" only. 

1. The input quantities are D*^*) = D^CA ^^j. gQj^g other guess), K' , K'^ and V. Please see the 
appendix of |Ghosh2002] for an explicit example. 



2. Solve for F using F = ( - V 




3. Substitute F into S = Yliii2 -fC'^*^^P^*^*^^i^'^^*^^ to get S. The scattering contributions (or projec- 
tions) Si, S3 and S3 are obtained as well. 

4. Substitute S into (D)c = (P)^^^~i ~ ^) ^ gives (D)c- Real space {D)c and reciprocal space (D)c 
are both calculated. The scattering contributions (or projections) (-D)i, {D)^, (D)^^ and {0)2 are 
obtained as well. 

5. Calculate P>W = X (l + {Y^i - Y.3{D)3{D)2J^l)X + J:3{D)l^ ^ with 

X = (l + {D)s4y\D)^ 

{D)3^l = P(D)e(S-S»)P-(Z))iSi 
^3{D)2^l = P(S-S«)(Z))e(S-S«)P- (S3(P')5Si + Si(Z))3S^ + Si(Z))iSi) 

6. If convergence is not achieved, then set D^^ = in step (1) and iterate. 

This marks the end of the chapter on disordered lattices. An array of theories that deals with more 
and more realistic disordered systems are given. It must be emphasized that these are bulk theories 
and how applicable they are to finite nanosystems is not clear. Thus further progress is needed in 2 
directions; bring in theories that include SRO and carry out detailed numerical simulations of all these 
theories on finite systems. See the last chapter on further discussion for extensions on this area. 



Chapter 8 

Conclusions 



In this concluding chapter, we shall collect the results in this thesis and put together the big picture of 
what this thesis is trying to achieve. Again, an enumerated form is chosen to convey maximum clarity. 

8.0.1 NEGF 

1. A complete and systematic exposition of NEGF is given and it is shown to give rise to 3 transport- 
related developments, namely, Landauer-like theory, kinetic theory and linear response theory. It 
should also be obvious that NEGF is much more general than just in the development of transport 
theories. 

2. NEGF provided systematic methods to include interactions into Landauer theory which was dif- 
fcult to include interactions as it was conventionally formulated in the quantum mechanical scat- 
tering picture. Similarly, NEGF provided systematic methods to include interactions into the 
calculation of noise. 

3. NEGF also provided systematic methods to include correlations into kinetic theory which was 
devoid of correlations as it was conventionally formulated via the notion of collisions. 

4. The derivation of GKBA allows causality of lowest order to be restored to the quantum kinetic 
equations. This is a fruitful direction for the electronic quantum kinetic equations as shown in 
the appendix but was a failure for the phononic quantum kinetic equations. The failure appears, 
at first sight, to be due to the incompatibility between phonon number non-conserving phonon- 
phonon interaction and causality. 

8.0.2 Reduced Density Matrix with Stochastic UnraveUing 

1. Recall that this method is given to serve as an alternative to cross-check with the results from 
NEGF. 

2. There are issues that need to be resolved in this formalism. The main ones are: choice of model 
for baths, choice of initial states for the stochastic differential equations and numerical stability 
problems. 

8.0.3 Anharmonicity 

1. (Lowest order) Anharmonic corrections in Landauer theory are derived easily within NEGF. Tran- 
sient terms due to anharmonicity are clearly shown and can be investigated. 
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2. (Lowest order) Anharmonic corrections to noise are derived easily within NEGF but the resulting 
expression is too complicated to make sense out of it. 

3. NEGF allows the rewriting of the anharmonicity perturbation into its most sophisticated form: 
Hedin-like self consistent equations. This gives the possibility of carrying out (numerically) highly 
sophisticated renormalizations so that strongly interacting problems can be probed. This set of 
equations when iterated, generates conserving (self consistent) self energy approximations. 

4. Anharmonic correlation corrections to the kinetic theory are calculated. In addition, correlation 
corrections to entropy (in Chapter 3), energy and momentum balance equations are derived. 

5. Second sound excitation is a collective effect (characterized by the drift distribution) due to over- 
whelming A^-processes. The chapter gave the standard treatment on its dissipation due to U- 
processes. The chapter also gave methods for including correlations into the understanding of 
second sound. This understanding is important for elucidating the mechanisms of diffusive trans- 
port. More precisely, we need to know how collisions and correlations evolve the initial distribution 
to the drift distribution and how they dampen and dissipate second sound to bring the drift dis- 
tribution to the equilibrium distribution. Unfortunately, the methods shown in the chapter seem 
too complicated to proceed with this investigation as future work. 

8.0.4 Electron-Phonon Interaction 

1. An electronic quantum kinetic equation with all orders of correlation and lowest order in causal 
correction (GKBA) is derived. This is the Barker-Ferry equation. A particular form of correlation 
known as the intracollisional field effect can be investigated with this equation. 

2. NEGF allows the rewriting of the electron-phonon perturbation into its most sophisticated form: 
Hedin-like self consistent equations. This gives the possibility of carrying out (numerically) highly 
sophisticated renormalizations so that strongly interacting problems can be probed. An added 
bonus is that the Born-Oppenheimer decoupling is avoided in this formulation. This set of equa- 
tions when iterated, generates conserving (self consistent) self energy approximations. 

8.0.5 Disordered Systems 

1. Coherent Potential Approximation (CPA) for mass disordered systems allows the configuration 
averaged Landauer ballistic transmission function to calculated without further approximations. 
Thus, a high concentration of mass disorder can be considered in the Landauer formalism. Its 
effects are worked out in the published paper |NiMLL2011| . 

2. Having mass disorder only is unrealistic and so various leading theories of (high concentrations 
of) mass & force constant disorder are presented to allow more realistic calculations of disordered 
nanosystems. Cross-checking between these theories can also be done. 



Chapter 9 

Future Work 



In this chapter, we mention extensions beyond the results given in this thesis. The extensions are 
grouped by the relevant topics/chapters. 

9.0.6 NEGF 

1. The direct numerical attack on the Kadanoff-Baym equations is very promising although it requires 
large scale computational resources. However once the Green's functions can be solved directly, 
there is no need for developments (and extra approximations) like QKE, we simply get the physical 
quantity that we want from the Green's functions. In the references mentioned in the section on 
Kadanoff-Baym equations, it appears that the numerical results are physically sensible and obey 
conservation laws. Hence numerical work in this direction would give rather rigorous results. 

2. The DC ballistic noise (associated with energy current) is the Satio k. Dhar expression. The 
immediate extension is thus to solve for the AC ballistic noise which should be at least solvable 
numerically. 

3. The third (DC) cummulant can be calculated in a brute force manner similar to the noise cal- 
culation. The use of such a calculation is to clarify ambiguity in the definition of the generating 
functional for ballisitc systems. Various definitions relying on different measurement techniques 
gives the same first 2 cummulants. The third (DC) cummulant calculated by NEGF does not 
require any measurement technique whatsoever. 

4. The reasons for the failure to construct GKB ansatz for interacting phonons needs to be investi- 
gated more carefully. The essential benefit of GKB ansatz over KB ansatz is that GKB ansatz 
constructs the causality struture properly. Thus it is desirable to construct quantum kinetic 
equations using GKB ansatz. 

9.0.7 Anharmonicity 

1. Anharmonic corrections to the Landauer ballistic current can be calculated for particular models. 
The explicit formulae has been given in that chapter. Numerical work should be the way to go. 

2. Anharmonic corrections to (DC) noise is a much bigger venture. 

3. Phonon-phonon Hedin-like equations could be attacked directly using numerics instead of using 
these equations to iterate and generate self consistent self energies. 
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4. The iterated self consistent self energies could be used in the calculation of interacting Landauer 
current and interacting (DC) noise. This thesis only briefly mentioned such a calculation, there 
is much more to do. Again, the main tool should be numerics. 

5. Mingo's (numerical) iteration method is certainly an interesting method because it goes beyond 
(single mode) relaxation time results and almost all the results of kinetic theory are (single mode) 
relaxation time results. 

6. If it can be shown how an initial distribution evolves via phonon Boltzmann equation to the drift 
distribution, we would gain a much better understanding of how A^-processes redistributes phonon 
distributions. 

7. The dissipative hydrodynamic equations could be numerically solved and perhaps more physics 
can be found in the regime where A^-processes >> [/-processes. 

9.0.8 Electron-Phonon Interaction 

1. Solving of the electron-phonon Hedin-like equations is certainly interesting to see how the usual 
electron-phonon theory with Born-Oppenheimer approximation and hence has the uncontrolled 
double counting problem affects the accuracy of electron-phonon theories. A starting point could 
be the article by R. van Leeuwen and E.K.U. Gross titled "Multicomponent Density Functional 
Theory" in "Time-Dependent Functional Theory" (Springer Lecture Notes in Physics vol 706 
2006). 

9.0.9 Disordered Systems 

1. In small systems, disorder cannot really be regarded as dilute. Thus, theories that deal with high 
concentrations of disorder in increasing complexity are given in the chapter. Serious numerical 
work needs to be done to compare the given methods and see which disorder theory works well 
for finite and small systems. 

2. Also, in small systems, it is probable that the disorder sites or clusters are "close enough" that 
they interact via some kind of short range order (SRO). So disorder theories that includes SRO 
should be investigated as well. Some references that utilise methods with line with those in this 
thesis and include SRO are |E,owlands2009] . |R,owlands2003] and [E,ahaman2009] . 

9.0.10 Topics in Appendices 

1. In NEGF for electrons, quantum kinetic theory is actually well structured. It is gauge invariant, 
GKB ansatz works which means the causal structure is well defined and gradient expansion is 
applicable so correlations can be investigated "perturbatively" . So it is very worth trying to solve 
these electronic QKE via more theoretical and numerical considerations. 
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Appendices 



Appendix A 

Basics 



A.l Quantum Dynamics 

References are not needed here as this is standard material in Quantum Mechanics. 

Let's just put the point straight. A "dynamical" picture consists of 2 parts, the operator(s) and the 
state (or density matrix). The 3 different pictures come about simply because we can "allocate" the 
temporal evolution operator U (a) completely to the state (Schrodinger picture), (b) completely to the 
operator (Heisenberg picture), or (c) partially to the operator and partially to the state (Interaction 
picture). 

This freedom of "allocation"' exists because the observable quantity is the time-dependent expecta- 
tion value which is not affected by this "allocation" . 

A. 1.1 Schrodinger Picture 

As mentioned, this is the case where all the temporal evolution is "allocated" to the state or density 
matrix, thus this is the usual version of quantum mechanics. 



The operators in this picture are constant in time and all the time evolution is on the state. The time 
evolution of the physical expectation value can thus be written as. 



where A{tQ) is an arbitrary operator and time to is a reference time when all the 3 pictures coincide. 
We define the evolution operator as. 



{A{to)) = mo)\A{tomto)) 
{A{t)) = {mmo)\m) 



(A.l) 
(A.2) 



(A.3) 



Using Schrodinger equation, we get the differential equation for U{t,to). 



ih^u{t,to)mo)) 

d 



H{t)\m) 



H{t)U{t,to) 



H{t)u{t,to)mo)) 



(A.4) 



(A.5) 



(A.6) 
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where H{t) = Ho + V{t). 

A formal integration with identity as intitial condition, gives, 



Uit, to)=I-l f dt'H{t')U{t\ to) (A.7) 
and we can write it into the formal expression, 

[/(t,to) = re"^^*«'^*'^^*'^ (A.8) 

where T is the time ordering operator. For a time independent Hamiltonian (or V{t) = 0) then we have 


;7(t,to) = e-^^"(*~*«) (A.9) 

A. 1.2 Heisenberg Picture 

As mentioned earlier, this is the case where all the temporal evolution is "allocated" to the operators. 

{A{t)) = {xl,{to)\U{t,to)^A{to)U{t,to)mo)) (A.IO) 

AH{t) = U{t,to)^A{to)U{t,to) (A.ll) 

re-^4'^*'^(*')V A(to) fTe-*^'^*'^^*')) (A.12) 



We differentiate to get the differential equation for Anit) (recall that ih-^U{t,to) = H{t)U{t,tQ)) 

j^Anit) = 'jU{tM)^H{to)A{to)U{t,to)-'jU{t,^^^^ (A.13) 

I The last term is nonzero when Anit) depends on time parametrically. 
I Insert U{t,to)U{t,to)'' between H{to)A{to) and A{to)H{to) 
I Define Hnit) = U{t, toyH{to)U{t, to) 

= '-{HH{t)AH{t)-AH{t)HH{t)) + ^^^ {AAA) 
= 'j:[HH{t),AH{t)]_ + ^^ (A.15) 
[...,...]_ stands for the commutator. For the particular case of An^t) = Hn^t), we have 

which means that the time dependence of the Hamiltonian is only through its parametric time depen- 
dence. 



^U{t,to) satisfies these properties 

• U{t,t)=l 

. U{t2,h) = {U{h,t2))-' 

• U{ti,t2)U{t2,t3) ^U{ti,t3) for ti>t2>t3 
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When V{t) = 0, H = Hq is time independent, we have the familiar expression, 

Anit) = U{t,to)^Aito)Uit,to) (A.16) 

= ^Hoit) (A.17) 

= ei^o(*-*o)74(io)e-i^°(*-*°) (A.18) 

A. 1.3 Interaction Picture 

As mentioned, this is the case where the "allocation" of the temporal evolution is partial between 

the operators and states depending on how the Hamiltonian is "split". Thus there is actually an 
infinite "number" of interaction pictures in some sense. A typical use is where there is a time dependent 
Hamiltonian H{t) = Ho + V{t), and if solutions for Hq are known, then it is better to use the Interaction 
picture to "split off' V{t) as a perturbation. 

We define an operator in Interaction picture as follows, 

AHoit) = eH^°(*-*°)yl(to)e^^^°(*-*°) (A.19) 
and the corresponding differential equation is, 

jAH^it) = [AH,{t),Ho]_ + (A.20) 

It is the same as Heisenberg operators when V{t) = 0. 
The Interaction state is defined as 

|^j,„(t))^eH^°(*-*'')|V'(t)) (A.21) 
We can see that the physical expectation value is unchanged in Interaction picture. 

{A{t)) = {i^Ho{t)\AH,mHo{t)) (A.22) 

= (V'(t)|e-^^"(*-*«)e:^^o(*-*o)^(to)e-t^°(*-*°)ei^°(*-*°V(0) (A.23) 

= {mmo)\m) (A.24) 

We define the interaction evolution operator as 

l^Hoit)) = UHo{t,tl)\^l;Hoitl)) (A.25) 
We change back to Schrodinger picture, 

eH^^o(*-*o)|V'(i)) = UHo{t,h)eii''°^*^-''>^mi)) (A.26) 

eiHo{t-to)u^t,h)m,)) = C/i/o(«,ti)e*^°(*^-*°V(ii)) (A.27) 

^UHo{t,ti) = e^^°(*-*°)?7(t,ti)e-i^°(*i-*o) (A.28) 

We write a differential equation for the evolution of the Interaction state. 

i^^lV'/foW) = ih^UHo{t,h)\jPHo{ti)) (A.29) 
= ih (^-H^UHoitM) + ^et^°(*-*°)i/(ti)e-t^°(*-*°)f/^^„(t,ii)^ \'4^Ho{ti)) (A.30) 
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{-Ho + eH^°(*-*°)(i7o + F(ti))e-H^°(*-*°)) 



(A.31) 
(A.32) 



This is the main motivation for constructing the Interaction picture. The evolution of the Interac- 
tion state only depends on the "difficult" part of the problem, V{t). Similar to the derivation of the 
differential equation of the Schrodinger evolution operator, we get, 



and the formal solution is 



(A.33) 



(A.34) 



[Dyson's Identity:] Dyson's identity is the identity that relates temporal evolution Heisenberg op- 
erators and temporal evolution Interaction operators. To get this identity, we relate the operators in 
Heisenberg picture and the operators in Interaction picture. From Heisenberg picture. 



{Ait)) = mo)\AHit)mto)) 

I use \il^Ho(to)) = \il^{to)) 

= {lPHo{to)\AHimHoito)) 



Prom Interaction picture, 



Comparing gives. 



{A{t)) = {i;Ho{to)\UHo{t,to)^A{t)UHo{t,to)\i^Ho{to)) 



Anit) = UHoit,to)^AHo{t)UHo{t,to) 



(A.35) 

(A.36) 
(A.37) 



(A.38) 



(A.39) 



In NEGF perturbation theory, we will use the Hamiltonian in the form H{t) = Hq + Hint + V{t) 
where only V{t) is time dependent. 



(A.40) 



And, Affit) = UHo{t,to)^AHoit)UHo{t,to) 

= f <^*'^«o+»i„t(*')es(-ffo+-ffint){t-to)^(ijj)g-i(^^o+^^int)(t-to)2^g-s It[ dt'v„^+H,^^{t') 

(A.41) 



Comparing gives the Dyson's identity. 



(A.42) 
(A.43) 
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where T is the anti-time ordering operator^ 

A. 2 Basic Lattice Dynamics 

Here we follow |Callawayl99T] , |Kwokl968j and |(kuevichl986] . 

We start by constructing the Hamiltonian. The location of the kth atom in cell / is given by the 
vector 

R = Ri + Rk 

Let the displacement of that atom be denoted by u and its components are denoted as u/fco- Now we 
can write the total kinetic energy of the solid as, 



i^mfcuL (A.44) 



T 

2 

Ika 

where is the mass of the kth atom. Let the potential energy by denoted by $ and the potential at 
equilibrium be We can expand <1> as a Taylor series in the displacements 

$ = '3>(0) + j;cI>«n^fc, + i ^ J2 ''hk,aM%a,l,k,a,^hk,a,+... (A.45) 
Ika hkiQi l2k2Q2 



where $ 



(1) 



where $ 



u=Q 

(2) _ 



02 



(A.46) 
(A.47) 



u=0 



We will now take the harmonic approximation so that we can define the collective excitation called 
phonons. The Hamiltonian in the harmonic approximation is thus 

H =^J2'^>''^^ka + l Yl Y ''hkraMXa^l2k2a2''hk2a2 (A.48) 
Ika hkiai I2k2a2 

where we note that $(°) is a constant and is absorbed as a shift in the Hamiltonian while ^^i^^ = 
since we are expanding around the minimum of the potential $ (the so-called Born-Oppenheimer energy 
surface) . 

A. 2.1 Normal modes and Normal coordinates 

First we establish the dynamical matrix and the normal modes eigenvalue equation. In the above form, 
we can define the Lagrangian and get the equations of motion using Euler-Lagrange equations. 



We seek a periodic solution of the form 



mkuika = - Yl ^!Lifeiai«'ifci«i (A-49) 



uiko. = Yl ^ka{jq)Qjq e-'^'e"^-' (A.50) 



V^mk 

jq 



^It should be noted that the Matsubara imaginary time version of this identity is called the Kubo's identity. 
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where N is the number of cells. We substitute this solution into the equations of motion and obtain 



3Q 



Since $(2) 

is a function of Zi — I only we can define the dynamical matrix as, 

then 

Y ^ka{jq)Qjqe"''^ = ^'^l"! ihQl)Qhqie''^'^Dkakiai {Qi) (A.52) 

ig fciai iigi 

rename jiqi jq, then we can compare term by term in the jq sum, 

^"^^kaUq) = Y ^kakiai{q)^kiai{jQ) (A.53) 
feiai 

We relabel the eigenvalues (normal mode frequencies) uj'^ as lo'^ — >■ LOQ{jq). There are dim(Z) x dim(A;) 
number of eigenvalues, (dim stands for number of dimensions.) 

^o{jQ)^ka{jQ) = Y ^kakiai{Q)^kiai{jQ) {AM) 
feiai 

We consider some properties of the dynamical matrix. First we note that the dynamical matrix is 
hermitian 

I use the commutativity of partial derivatives in 

= Dkiaikaio) (A.57) 
Thus the eigenvalues ojQ{jq) are real, 

^oijQ)=^Uj,-Q) (A.58) 

The polarization eigenvectors are thus part of the unitary matrix that diagonalizes D^ak^a^^q), so they 
are orthonormal and complete. 

Orthonormality : Y^kai^Q)^ka{jiQ) = ^jji 

ka 

(A.59) 

Completeness : ^1 ^^"(■^^^'^i^i^-^^ = 

^kki ^aai 
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Taking the complex conjugate of the eigenvalue equation, 

= ^ Dk^a^kaiq)4iaiijQ) (A.61) 

we compare with q — )• —q, 

^o(.j,-q)(^ka{j,-q) = '^Dkak^a^{-q)(^kiaAj^-^ (A. 62) 

k\a\ 

= ojl{jq)e{j,-q) (A.63) 

= Dk^a^ka{q)(^kiaiU,-q) (A. 64) 

■'■ 4aUQ) = ^kaij,—Q) up to a factor chosen as 1. (A. 65) 
A. 2. 2 Classification of modes into acoustic &; optical modes 

There are dim(/) of eigenvalues wq — as g — >• and they are classified as acoustic modes. We show 
this by setting ^ — )• in the eigenvalue equation. 

Wo(iO)eA;a = ^ ^fcaA:iai(0)efciai(iO) (A. 66) 

= ^E^;7==<'ih^...^^-i00) (A.67) 

Suppose for each a, Cfciai (jO)/^mfc^ is independent of ki then we can take it out the sum, leaving 

(2) 

Siifci ikahkiai ~ ^ "^^^ *° force Constant sum rule. Thus for each ai G dim(/) we get ujq = when 
g ^ 0. All the particles in the cell are moving in parallel with equal amplitudes H 

The remaining modes dim(/) x dim(/c) — dim(/) are called optical modes. We take the example of 
dim(/c) = 2 particles in the cell to illustrate this. We use the notation +, — to denote the 2 particles. 
Using the orthonormality relation, 

J24aUQ)^ka{jiq) = Sjj^ (A.68) 
ka 

take — )• and write in vector notation, | 

e+(jO)-e+(iiO) + e_(iO)-el(iiO) = (A.69) 

For g — )• 0, in the acoustic branch we can get the relationship 

e+(jO) el(jO) 



(A.70) 



since the 2 atoms in the cell move with equal amplitudes. We substitute this relationship into the above 



^Be reminded that this classification only makes sense for long wavelength {q — )■ 0) as the argument has shown. For 
short wavelength, there is no pure acoustic or pure optical modes. 
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long wavelength orthonormality relation. 



/ Tn 

e+0-0)-e+0-iO) + e_(jO)- J— e+(iiO) = (A.71) 



e+(jiO)- (^e-'+(jO) + ^^6_(jO)j = (A.72) 

y^e+{jO) + y/mZe-ijO) = (A.73) 

Note that this means (since e (x u) the 2 ions in the cell vibrates out of phase with each other. The 
centre of mass remains fixed. A dipole is created and this can interact with external electric fields, 
that's the reason for the name optical modes. 

A. 2. 3 Quantum Theory and 3 choices of Quantum Variables 

Recall 

uika = -j^J^eUjq)Qj^e-''-'e'^^-' (A.74) 
^ -^^J^eUmj?m'"' (A.75) 

Qjg- (t) are called normal coordinates and now we rewrite the dynamics in terms of these coordinates. 
We start with the kinetic energy term 

T = \Y.'^kj^^Y.T.^ka{mi)QMAty'^^^ (A.76) 

Ika jiqi j2q2 

I use e^(«^i = ATJ- _ - . 

= 2 E '^^ka{jm)^ka{j2,-qi)Qnq,{t)Qj2,-qi{t) (A.78) 
jij2qi ka 

I use efca(j2, — ^i) = ^ka(hQi) use the orthonormality relation 

= ^ E ^jihQh<iiit)Qj2,-<iiii) (A-79) 

jlj2qi 

= lT.Qnqiit)Qn,~qiit) (A-80) 
jiqi 

And for the potential energy term, 
^ = ^ E E N/r^m, T.T.'>^^c.Ami)QnqAty'''^^^^^^ 

hk\ail2k2a2 ^ ^ ^ jigi 7292 

I write e**^'^^ = e"^^''^e^*^^'^'^~'^^ and use the definition of the dynamical matrix. 

= ^ E E N^^^r-W ^ E E ^^1"! (jlgl)Qjigi (O-Pfciaifcaaa (g2)efc2a2 {j2q2)Qj2q2e'^'^'^'^^^'^' 
hkiaik2a2 ^ ^ ^ iigi i2?2 
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I use the relation ^ e^(«i+«2) /i ^ jY(5q- 

^ 9 X] X] ^kiaiijiqi)Qjiqi{t)Dkiaik2a2i-Ql)^k2a2{j2,-qi)Qj2-qiit) 



(A.81) 



feiaifc2a2 jij2qi 

use the eigenvalue equation, ^ Dk^aik2a2{-Qi)^k2a2{h, -Qi) = (^oih, -^i)efeiai(i2, -^l) 



^X X '5iigi(0Qj2 -9i(Oefeiai(il9l)'^o(j2gi)4iai02gi) 

use the completeness relation ^ efciai(ii9i)efciaipftai(j2gi) = S 



(A.82) 



(A.83) 



We define the conjugate momenta 



I where L = T-V. 

~ Qjiqi (^) 

The Hamiltonian is a set of decoupled oscillators. 



(A.84) 

(A.85) 
(A.86) 

(A.87) 



In these coordinates, we will now go over to quantum theory. We define the operators and the commu- 
tation relations, 



Q]q^Pj'q' 



= ihS^^/6jji within IBZ 

= ihSjj' ^q,q+g outside IBZ 



(A.88) 
(A.89) 



where g is the reciprocal space translation vector. The Hermitian conjugate equations are, 



The vanishing commutators are 



QM^'q' 







^j'q' 



(A.90) 



(A.91) 



Similar to the simple harmonic oscillator in quantum mechanics, we introduce the bosonic operators, 

' h 



Qjq — 



2^0 O'g) 



{^J?+i-q) 



(A.92) 
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These definitions fit the classical to quantum relationship 

Using the normal mode variables commutation relations, we get, 



The Hamiltonian in the bosonic variables is 



(A.93) 

(A.94) 

(A.95) 
(A.96) 

(A.97) 



Finally we relate to the displacement variables 



Ulka 



E 



2Nmku;o{jq) 



(A.98) 
(A.99) 



This relation is analogous to the relation between momentum field operators to spatial field operators. 
We work out the commutation relations, 



rrikUika , Ul'k'a' 

nik 



jiqi V « ^292 



change the g sum to — g, and recall Qj-^^^^^ = Pj^ 



JiQi 



the commutator. 



ih PffTk 
Ny m' 



ji,-qi 



use^el^{jiqi)ek'a'{jiqi) = hk'^aa' and ^e'^i ^'' = NSw 



n 



91 



= ifi^ll'Skk'^aa' 



(A.lOO) 



(A.lOl) 



(A.102) 



(A.103) 



As a closing, I would like to mention some related topics that are worth studying if I had more time. 
They are: elastic theory and point and space group theory on lattice dynamics. 



Appendix B 



T 7^ Equilibrium Matsubara Field 
Theory 



B.l Perturbation Expression as a limiting case from NEGF 

Here we follow |Bruus2004] chapter 11. 

The purpose of this appendix is twofold; (a) to lay out the mathematical tools to handle the T ^ 
equilibrium interacting field theory on the Matsubara contour cm (b) we can actually use Langreth's 
theorem as a trick in equilibrium theory to get the answer without going over to imaginary times and 
without evaluating Matsubara frequency sums. 

For the equilibrium formalism (before switching on V{t) at to), we have an interacting but time 
independent Hamiltonian, 

H = Ho + Hi,,t (B.l) 

Note that Wick's theorem and cancellation of disconnected diagrams is already proven for the more 
general case of contours ck + cm in NEGF. 

Now we can simply copy over the perturbation expression ()3.22p from NEGF and set V{t) = and 
restrict the field operators to cm, the ck part becomes identity. Using generic symbols ip, for field 
operators and G for both fermionic and bosonic Green's function, we carry out this reduction to get 
the so-called Matsubara Green's function. 



G(l,l') 

set y = and so its S-matrix becomes unity 



(B.2) 



I 



(B.3) 



restrict ti, ty to cm, i-e. = to — ifiTf^ and ty = — ihrff 
the Keldysh contour ck part factorizes 
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the factorized part T^j, (^e ILj, d<^^nt)Hoir) j ^^-^^ 
this is the Matsubara Green's function (up to factors) 



G^^ (fi ,ry,to- ihT^' , to - ifiT^> 



M 



■ Tr 

















(B.4) 



This is the same as [Mahan2000j eqn (3.183). The factors differ because of the definitions. We go 
back to Heisenberg operators to facihtate the proofs of some properties of this Green's function. 



(fi , fi/ , to - ihrf , to - ifiriY ) 



M 



Tr 



g-;3(/fo+/^int)T UH{to - ihTf)i;l^{to - ihrfh 



Tr [e 



-/3(//0+J?int)l 



(B.5) 
(B.6) 



Now we will use the above expression to show that indeed satisfies the properties of the usual 
Matsubara Green's functions. Note that to — ihr^^ is real time, thus t^^ is pure imaginary (it actually 
has units of energy^^ which is the same as /3) and that reconciles with the usual definition of pure 
imaginary Matusubara time. 

B.2 Properties of Matsubara Functions 

There are 2 important properties that we need to show 

1. G*^ is a function of time difference only. This means that to is arbitrary and unphysical which 
is obviously the case for equilibrium problems (but not for transients in NEGF where to does 
appear). 

G^^^(fi, fi,, to - i/irf , to - ihff) = G^^{fi,fy,to - ihrf^ - (to - ihrf/)) (B.7) 

= G^'{n,fr,-ih{T,^' -rff)) (B.8) 
= G*^(n,rl,,rr-n¥) (B.9) 

2. Kubo-Martin-Schwinger (KMS) boundary conditions. This is the condition that whatever pertur- 
bative solution of the Green's function is solved, it must obey KMS because it is a mathematical 
identity obeyed by the exact Green's function. 



G'Hn,rr,r,''-rtf) 
Proof of the first property 



±G''\r,,rr,rf-r,^' + (3) 

where + is for bosons, — is for fermions 



G''\n,fy,to-ihTf,to 



M 



hrff) 



1 



T (V'//(to - ihT^)i^i{to - ihT^)) ) 



9{{to - ihr^) - (to - {^H{to - ihTl')i^l,{to - ihr^f)) 



(B.IO) 
(B.ll) 



(B.12) 
(B.13) 
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I where + is for bosons, — is for fermions. 
We shall consider each term separately, 



(B.14) 



-Tr 



-Tr 



First term, — iKti > to — ifiTy , 
_ i 1 

I use trace cyclicity and commute e^^^ e'n^^'"^ 
i 1 
~^Tr(e-/3-f^) 

= G^{ri,fr,to - ihr^ -to + iHt^ , 0) 



md commute e^^^ e'^^^'"^ 



1 



rTr 



using trace cyclicity in a different way, we get, 



rTr 



= (fi , rr ,0,to- ihr^ -to + ihrf) 



1 



-Tr 



G^(n,ri.,0,ri¥-Tf 



(B.15) 

(B.16) 

(B.17) 

(B.18) 

(B.19) 

(B.20) 
(B.21) 

(B.22) 



Second term, to — ihrff > to — ihrf^ , 



-Tr 



use trace cyclicity and commute e'^^e^^^'"^ 



1 



-Tr 



= G^ (fi ,fr,0,to- ihrff -to + ihrf ) 
i 1 



-Tr 



G (ri,ri/,0,Ti, -Ti j 

using trace cyclicity in a different way, we get 

i 1 

G^(ri , ri/ , to - ihT^ - + i^Ti¥, 0) 
i 1 



-Tr 



-Tr 



G (ri,ri/,ri - r^, ,0) 



(B.23) 
(B.24) 
(B.25) 
(B.26) 

(B.27) 
(B.28) 
(B.29) 
(B.30) 



Proof of the second property 
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First case: we let rff = /3 and since to — ihji is the "largest time" , we take only the second term 
where to — if^P > to — ihr^ . 



i 1 r -fjH 



^\to)e^ 



.M 

1 " 



-P)H 



use trace cyclicity and commute e^^e~^^ 



1 



i 1 



TV 
Tr 



form back the Hciscnberg picture 



1 



i 1 

"nTr(e-^^) 

i 1 



Tr 
Tr 



(±)Tr \e-^"ipUio - m^nito - ihrf) 



I where + is for bosons, — is for fermions 
= ±G^ (ri , rv , to - ihr^ - to + iM), 0) 
= ±G^(ri,rr,ri^-0,0) 

Second case: we let = (3 and since to — ihp is the "largest time", we take only the first 
where to — ih^ > to — ifiTy . 



i 1 



-Tr 



use trace cyclicity and commute e^^e~^^ 
i 1 



i 1 



-Tr 
-Tr 



e-^"e^^''i;\to)e-^^''i^{to) 



^Tr(e-/5^) 
form back the Heisenberg picture 

i 1 



i 1 
i 1 



Tr 
Tr 



(±)Tr e-^"^pH{to - im)ip^u{to - ihrff' 



nTr(e-/3^) 
I where + is for bosons, — is for fermions 
= ±G'^{fi,fr,to-im-to + inTff,0) 
= ±G^{r,,fr,0-r^,0) 



B.31) 

B.32) 
B.33) 

B.34) 
B.35) 
B.36) 

B.37) 
B.38) 

term 



B.39) 

B.40) 
B.41) 

B.42) 
B.43) 
B.44) 

B.45) 
B.46) 
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Since G^^ obeys periodic (for bosons) or antiperiodic (for fermions) boundary conditions with period 
/3, we can expand Fourier seriesQ 



nr 1 ,,f -f- Mm » , f (^n, = = ^ for boSOUS 

G''{u:n) = ^ / dr^U^'^--^ G^'ir^') = I g+i). , , . (B.47) 

2 , la a;„ = a;„ = -^^ — mr— tor termions 



The Fourier inverse is defined as 



oo 



^M(^Af)^l e-i^-^nr^' G""' (Un) (B.48) 



n=— oo 



Finally we derive a further relation, 

-/3 



G^(a;„) = - / dr*^e^'^"^"G^^(r*0 (B.49) 







- / e*'--n-*^G*/(r*^) + - / dr^^e^'^'^"^"G*^(r*0 (B.50) 
2 ./o 2 



shift the second term from r*^ to r*^ — /3 

- dr'' e^'--"-"G*^ (r*^ ) + dr*^ e''^"^^" - G^' (r*^ - /3) (B.51) 
2 Jo 2 Jo 

use the periodic/antiperiodic property, G^ {t^ — /3) = ^G^\t^^) 

r-/3 



= -(lie-*'"'^"^) / dr*^e*'^"^"G^'^(r*^) (B.53) 
2 Jo 

I substitute the expressions of the bosonic Matsubara frequencies 
I and the fermionic Matsubara frequencies 

= [\T^'e"''^"^"G^'iT^) (B.54) 
Jo 

B.3 Connection to the physical Green's functions 

So much for mathematical tricks, G^^ {ujn) is not physical and so we now need to relate it to the physical 
ones like G^'"^(a;) or G^'^{t). We will show how to relate the Matsubara Green's function to the retarded 
Green's function and then to the advanced Green's function by using the Lehmann representation for 
both bosons and fermions. For the retarded Green's function, we have, 



G^(u) 



j dte'^^G^it) (B.55) 



TV ( e-/^^ 



for bosons and + for fermions 



^Actually, working in Fourier Series and solving the Fourier component pertubatively ensures that KMS is obeyed. In 
most of the hterature, h is set as 1, so my expressions here may look strange. 
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i f g-ii^t 

use the Fourier reprsentation of the step function 9(t) = — du 

2-K J U + 11] 

insert a complete set for the trace and between the operators 

— r— / dt / du'— 

27r^ Z J J uj' + iri 



-/3E„g|tE„g- ^„|^(o) |n') {n'\^p^ (0) |n) 



'\/r,'U/,t/ 



Y,{n\e-^"i^Hit)\n'){n'\i^^j,mn) ± ^(n'|e-^^^t^(i)|n)(n|V'l,(0)|n') (B.57) 

n' nn' 

2iThZ J J ^u' + iriV 

nn' 

±e-^^n' ei'E- e- i*-^-' (n>t (q) |n) (n|i/'(0) |n') 

I note the representation ^ J dte^''^^ = S{uj) then evaluate the delta function 
_ 1 1 ^ (n|V.(0)|nO(n^|^t(o)|^) . , 

nn' ^ ^ h h ^ 

I where the — in the second term in the round brackets is due to commuting if) and ■0^ 
The Lehmann representation for the Matsubara Green's function is 



(B.58) 



(B.59) 



Take case 1 where to — ihr^ > to — ihry 
= {ri,rr,T^ - Ty ,0) 
i 1 



Tr 

hz 



denote — = and insert complete sets of states 



i 1 



= ---y{ 

h 7. 



hz 

i 1 



n e 



^l:{to)\n'){n'\e-^ ^V'^(io)|n) 



L 1 X ^ 

~h'z^ 



'^(n|^(to)|n')(n'|Vt(io)|n) 



(B.60) 
(B.61) 

(B.62) 
(B.63) 



We Fourier transform to the Matsubara frequency domain, 



= / ' 



evaluate the integral 

i 1 ^^-0E„ {n\^{to)\n'){n'\i^''{to)\n) fin^^p ^^^e^^e^,) _ {\ 

hZ^^ ihuJrn + En - En' V / 

nn' 

recall that e*^""^ = ±1 where + is for bosons, — is for fermions 



i 1 {n\^Jj{to)\n'){n'\^\to)\n/ i ^e, 



hZ ^ ihUrn +En- En 
nn' 



(B.64) 

(B.65) 

(B.66) 
(B.67) 

(B.68) 
(B.69) 
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Thus they are connected by analytic continuation, 

G^{io) = -ihG^^iujm ^uj + iri) (B.70) 

The extra factor is because my definition of G^^ is different from the usual one. Note that this is only 
true when (ium) is analytic in the upper half plane of the complex plane. 

Since the advanced function only differs in a; + ir/ — )• a; — ir/ thus we immediately get the relation, 

G^{oj) = -ihG^^iiujm^ -ir]) (B.71) 

which is only true when G^{iujrn) is analytic in the lower half of the complex plane. 

B.4 Evaluation of Matsubara sums 

B.4.1 From frequency summations to contour integrations 

From perturbation theory when we need to evaluate Feynman diagrams, we typically encounter Mat- 
subara frequency summations (instead of the usual integrations). The issue is, how to evaluate such 
Fourier sums? The general form of such summations can be written as 



(t 



I where co^ is the fermionic Matsubara frequency 

I where cj^ is the bosonic Matsubara frequency 

In this subsection, we show how to write such sums into contour integrals and thereby make use of 
residue theorem to evaluate the sums. Subsequent subsections cover more general cases and an explicit 
example is given later. 

First we investigate 2 functions, npiz) and nsiz) which have poles at z = ioj^ and z = ioj^ 
respectively, d 

, , 1 i(2n + l)7r , , 

^^(^) = + 1 poles at z = — (B.74) 

1 i(2n)TT 

''^(^) = e/3fi. _ 1 poles atz = -jj- (B.75) 

Here we make a quick digression to calculate the residue at each pole, 

• F 

z — tCJ 

Res^_,,^ ,F [nirfz)] = lim — ^ (B.76) 

I let z — iu}^ = 6 

= lim . ^ , . J,, (B.77) 

= lim .. p„ (B.78) 



^AU factors of h is to make z have the same dimension as frequency. 
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I use r hospital rule 

_ lijji i 79) 

I use el^^ = 1 because 5 = and el^^'< = -1 
= ~ (B.80) 

Then similarly for bosonic Matsubara frequencies, 

D 

Res_.K(.)] = ,^-,i^ = +^ 

Now we shall evaluate contour integrals that enclose 1 pole but does not enclose the singularities of 
g{z). The results are, 



r 27ri 

j> dznF{z)g{z) = 27riRes^=i^F [nF{z)g{iu^)\ = -—g{iuj^) (B.82) 

Jl pole P"' 

f dznB{z)g{z) = 27riRes^=j^B [nBiz)g{iuj^)] = +—g{iuj^) (B.83) 

Jl pole P"' 



And for contours that enclose all the points z = iuj^ and z = iuj^ with g{z) being analytic, we can now 
write the sum into complex contour integrals (whose evaluation is simply done by Residue theorem), 

^'^(-'') = ^ E 5(-n )«^'"" ^ S^ir^) = -[ ^nF{z)g{z)e^-'' (B.84) 
S^i-"") = ^ E 5(-n )«^'"" ^ S^ir^) = +l ^^ns{z)g{z)e'-^ (B.85) 

which we can see by expanding e^^'^^ and carrying out the integral for each term then resum the series. 

B.4.2 Summation over functions with simple poles 

Consider the case where go{z) has a number of known simple poles, say 

9oiz) = ll^- (B.86) 



z — Z-, 
3 ■' 



then the sum to evaluate 

^o^(-'') = ^ E 5o(^-^)e''-"^" , > (B.87) 
We take the contour Coo '■ z = Re^^ , i? — )■ oo. 

The integral is zero for both the upper half plane and the lower half plane. 
Considerations for the kernel, 

npizje"'^^ = (X < ^ Mso (B.88) 
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Hence we seperate the integral as, 



zje 



Zj)e-^ 



where the first term {-Sq) is due to the contribution of the poles of 
where the second term is due to the poles of go {z) 
J2 ^^^^=zj [9o{zj)] nF{zj)e^^^^^ 



Similarly for bosons we get, 



(B.89) 
(B.90) 



(B.91) 



(B.92) 



B.4.3 Summation over functions with known branch cuts 

Note that the poles of the ordered Green's function are on the real axis, so the ordered Green's function 
are analytic everywhere except on the real axis. 
Now consider the sum, 



where g{z) is not analytic on the real axis. We thus choose the contour shown in the diagram. 



(B.93) 




Figure B.l: The contour used for Matsubara sum with known branch cut. The real axis is a branch cut. 
The black dots are the poles of np. The horizontal part of path c\ is z — e — irj. The horizontal part of 
path 02 is z — e + irj. Only the horizontal parts contribute when \z\ — >■ oo. 



So the contribution of the contour is 

dz 



S{r 



I 

Jci+C2 



2m 



-.nFg{z)e 



(B.94) 
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-— / de npie) [g{e + irj) - g{e - irj)] i'"'' (B.95) 
if g is the ordered Green's function then g{e — irj) = g{e + ir})* 
/ de nF{e)2i'^\g{e + ir])]e^'^^'" (B.96) 

the g{€ + ir]) is essentiahy hke 
and spectral function A{e) = — 29G^(e) 

OO J 

^nF{e)A{e)e^^-'' (B.97) 

B.5 An Example comparing Matsubara Field Theory and NEGF: 
Electron-Phonon Self Energy 

This section covers the 2nd purpose of the chapter: to show that Langreth's theorem can serve as a nice 
trick to bypass the use of Matsubara frequencies and Matsubara sums. We ihustrate with the problem 
of evaluating the retarded electron-phonon self energy. Here we follow |Haug2007] pg 73. 

B.5.1 NEGF Treatment 

To use the trick, we pretend to use NEGF for an equilibrium problem. Recall the NEGF Hamiltonian 
consists of Hq + Hi^t + V{t). So we let Hq be the "free" parts of the electrons and the phonons. Let 
iJint = 0. Let V{t) = H^^^-P^) and so we only have Keldysh contour ck for this problem. 
The lowest order self energy in contour time is H 



Use Langreth's theorem to get the retarded self energy for this example. Note that this is the parallel 
multiplication case. The phonon Green's function, D^^^ here is the "Q, Q" version. 



hY,\M^,\^e{h-t2) [g(°)>d(o)> - G(o)<d(o)<] (B.99) 



niCTiji 

I 
n 

make the following symbolic manipulations using = 0{C> - C<) and 9^ = 9 
9{G>D> - G<D<) = {G^ + eG<){D^ + 9D<) + (G^ - 9G>)D< 

ihY, \M^X [g(o)<Z)(o)^ + gW^d(o)< + (ti - t2) (B.lOO) 

91 

substitute the relevant expressions from the appendix of equilibrium expressions 

|2 



X 



ni,ki—qi,ai 



^ ^ 2w,,„-, VV Ml ^ J ^ nqi J 



3 



The notations are as follows: n-electronic band index, fc-electronic wave-vector, cr-electronic spin, j-phonon branch 
index and (f-phonon wave- vector. 
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(B.lOl) 



2uj 



91 



J1<?1 



nil •'ni,fei-gi,(Ti ' 



Jiyi ni,fei— 



(*l-*2) 



(B.102) 



Now we Fourier transform the expression and we add a small positive rj for convergence of the integral 
(or think of r] as coming from the Fourier representation of the temporal step function). 



simply evaluate the integral 

|2 11 I jiQi niM- 



(B.103) 



+ 1 



+ 



Jill- ni,fci— gijCri 



51 



Ml \UJ- Ulj^^^ - "^'''^ +17] UJ + LOj^^^ 



+ ir] J 
(B.104) 



B.5.2 Matsubara Treatment 



We follow jMahan2000j section 3.5. The lowest order self energy diagram (from the T 7^ Feynman 
diagram rules) is 



.{el-ph)M,j: . F 



1 iu)B, 



where a bosonic Matsubara sum must be done and where Df'^^^ is the a, version and the Gnl^^ is 



■,{0)M 



the c, version. The explicit expressions for D^^^^ and G^^^^ are, 



^(0)M 



D) {q, ltd, 



2oj 



(B.106) 
(B.107) 



^{el-ph)M 



2io 



q ti^f. 



2uj 



jq 



n,k — q 

Ti 



1 



lUiB, 



(B.108) 



the function before the exponential has 3 known simple poles 
terms in round brackets mark the case in section B.4.2 

and so we apply the result of the Matsubara sum 

3 

-^iMq-l ^Res^=^, — — nB[Zi 



i=l 



(B.llO) 
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we change notation from to iV^^ to reconcile notation 

3 

q i=l 



We evaluate each of the 3 residues. 

Residue at Zi = uj^ = N'^'^ {ojj^'RBSz=uij^ 



" '^jq + ^jq icol^ + iOjg' - ^ 



n 



(B.lll) 
(B.112) 



Residue at Zi = —ojj^ 



note that N^^^i-uj 

ILOt, — U 



2uj 



jq 



n "^jq 



(B.113) 



(B.114) 



Residue at Zj 



■n,k—q . p 



fl ^ 



2io 



jq 



jq 



note that Ar^«( 



'n,k—q ■ F\ 

—n — ^^-^ 



(B.115) 



n,k—q 



where we used e'^'^''^^ = -1 = e^'^^" 

-'^^3qf \ ^ 
■'^ n,k—q 



we write it into partial fractions 



n,k—q 



n,k—q 



(B.116) 



(B.117) 



jq 



So, the final expression of the equilibrium electron-phonon self energy in (fermionic) Matsubara fre- 
quency is 



/V^2 , feq_^ 
jq ■'n,k-q 



q V-n -q IT- i^+'^jq / 

We carry out analytical continuation to real frequencies so that we get the physical retarded self energy. 

p retarded 



(B.118) 



OJ + 17] 



jq ' 



jyeq req^ 
jq ■'n,k-q 



n,k—q 



+ 



(B.119) 
(B.120) 



APPENDIX B. T^O EQUILIBRIUM MATSUBARA FIELD THEORY 



404 



The discrepancy of the prefactor with the NEGF treatment, is due to the fact that different non- 
interacting phonon Green's functions are used. The 2 non-interacting phonon Green's function differ 



Lastly, in some hterature, people compare Matsubara Field theory and NEGF which by now should 
be obvious that Matsubaxa Field theory is within NEGF. For a time dependent Hamiltonian only NEGF 
works. For a time independent Hamiltonian we can use the tricks of NEGF (as shown here) to allow 
us to circumvent Matsubara frequencies and Matsubara sums (analytic continuation is the easy part 
actually) . 



by that prefactor, i.e. Qj^f 




Appendix C 



Collection of Non-Interacting ( "Free" ) 
Green's functions 



We supply these expressions because they are the most common building blocks in perturbation theory. 
Here, we provide both electron and phonon Green's functions expressions in both the time domain and 
in the frequency domain. The time domain expressions are useful in non-steady state theories and the 
frequency domain expressions are useful in steady state considerations. 

C.l Electron Green's Functions 

C.l.l In Time Domain 

The Hamiltonian in momentum variables is 



where n is the band index, k is the momentum index, and a is the spin index. 

The Heisenberg equation of motion is solved directly, (to is an initial time, and the label on field 
operator c is really redundant) 




(C.l) 



nka 




(C.2) 




d 



(C.3) 





(C.4) 



,nka 



use identity to change to anticommutators, [A, CD]_ = [C, A]^D — C[D,A]^ 
and recall the canonical relation [c r - ]+ = Smnz^tr Scria2 




(C.5) 



This is immediately integrated to get 



c 



'n\k\a\HQ 




(io) 



(C.6) 
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Take the Hermitian conjugate and we get 



nikiaiHo 

We define the statistical average to be 

{AHoii)) 



nifciCTi 



Tr(e-^^Mj,„(t)) 
Tre-^^o 



(C.7) 



(C.8) 



and now we can define and solve the Green's function directly using the solution of the equations of 
motion. 

We start with the time-ordered Green's function 



. {t - 1') 

nifeiCTin2K20"2 



_ ^ (t')c t V, \ 



simply use the solutions 
i 



Note that ( c' ^ c r 



-U c t U t t' 



(C.9) 



(C.IO) 



where /^"^ is the Fermi-Dirac distribution 

use equal time anticommutation relations to get (cr c^- ) = (1— f^'^- ) Sn^no^t t ^, 

^ \ nifcio-i nikiail \ ■'mkiaij ^^^^ kik2 ' 



= -;^(^(^-0(i-/: 



riikiai 



nifeicri 



— ig ^ (t—t') 



IT1(T2 



(C.ll) 



The imaginary time Green's function (note that my definition is slightly different from the usual liter- 
ature), which is found by setting ii = to — ihTi"^ and t2 = — ihT2^ . 



^(0)M 

nifcl<Tin2fe2Cr2 

riikiuin-zk-zfT-z 



(rf - rf ) 



(ti-t2 = -in(rf -rf)) 



(C.12) 
(C.13) 



The next Green's function to calculate is the lesser Green's function. 



nifei(Tin2K20'2 



(C.14) 
(C.15) 



Greater Green's function 



G^'> . it-t') 



I t ' 



(C.16) 

(C.17) 
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Retarded Green's function 

- (t-t') = eit-t')(G^^^^ . {t-t')-G^^^^ - {t-t')) (C.18) 

ni«iiTin2K20'2 V riiKio-iri2fe20"2 nifeiiTin2K2C2 / 

= -l0(t-t')e-^'«iSi(*-*'^^„,„,,5g^^/,,,, (C.19) 

Advanced Green's function 

. (t-t') = e(t' -t)(G^''^^ - - {t-t')) (C.20) 

nifeicrin2fe2C2 \ nifei(Tin2K2C2 niA;i(Tin2fe20'2 / 

The (real space) field operator version of the Green's functions can be built up based on these 
momentum Green's functions. Simply use the (second-quantization) relation between the variables. 

(nil) = Kj, (C-22) 



nik 



where U is the Bloch function. One can also take the plane-wave approximation (simply let the Bloch 
function be 1). 

i^Ha, (nil) = E ^'''-''^HnJ^a, i^l) (C.23) 

riiki 

Take the Hermitian conjuate of the relations to get the corresponding relations of the conjugate variables. 

C.1.2 In Frequency Domain 

The Fourier transform is defined as 

/oo 
(i(t_t')eM*-*')G!(i-t') (C.24) 
-oo 

First we calculate the time-ordered Green's function. 
G^'^i . (CO) 

/oo 
(/(t _ t')eMt-t')G(T . {t-t') (C.25) 
nikiain2k2<J2 

% f C~ 

I use the integral representation of the step function, 9(t) = — duj' — 

ZTT J UJ 



+ IT] 



j_Jit-t')ey ' / Ck.J ^r.,n2S^kA^.,.2 (C.26) 



taking r/ — ^ at the end of the frequency calculation is implicit 
simply carry out the integrals 
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'* \ u ^ +ir] oj ^ —ifl/ 

Second is the (fermionic) Matsubara frequency Green's function. Note that Matsubara frequency index 
n and electronic band index ni are unrelated. 



nifei(Tin2fe2C2 



^(0)M i-^^F 
ni 

f 

Jo 



"<Tl<T2 



rii/ciCTin2fc20'2 ^ J- ^ ' 

the second step function is actually made of — = —t^ and so 

note that / dT^'e{-T^) = 
Jo 



r/3 



1 - rr 



mfei<Ti 



use e''^^^ = -1 



^ iHiO^ — c r 



use the explicit form of /^"^ 

H ihu!^ — e r 

" mki 



H ihjj^ — e r 



use the representation — / dte^'^ = 6{oj] 



(C.29) 



1 - 

(^-e-^'-i^^ - l) (C.30) 



(C.31) 
(C.32) 



Next is the lesser Green's function. 

/oo 
^ nifci(Tin2fc20-2 



= ^0...2.^^a;-^j5„,„,^,^,/.,., (C.35) 
The greater Green's function. 

- M = -U^-f- ) 27r5 fa; - ^^Vnina^S S ^aia2 (C.36) 
niA;i<Tin2A;20-2^ ^ V •'mfeio-iy \^ h J ^^^'^ 

The retarded Green's function. 

/oo 
d(ii-i2)e*"(*i-*^)G^°^f - (ti-t2) (C.37) 
'OO 
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if 6 

use the step function integral representation 9{t) = — / doj 

27r J 



-iuit 



use the delta representation to get 5 — oj' ^'^^ evaluate j duj' 

n «„ifci , . ^'»i'»2^feife/o-ia2 (C.39) 
"'U + IT} 



h 

The advanced Green's function. 

G^°^f - iu) = ^ 5n,n2k E <5aia2 (C.40) 

W ^ If/ 

and indeed -ihG^{iuj^ ^uj + iri) = G^{uj) and -ihG^{iuj^ ^ u - irj) = G^{uj). 

C.2 Electron Spectral Functions 
C.2.1 In Time Domain 

^ ^ ^/g(o)h ^ ^ (C.41) 

niA;i<Tin2fe20'2 \ n\k\(T\n2k2cr2 nifeiiTin2fe2C2 / 

= J(^(tl-t2)+^(t2-tl))e"*'"l^^l^*^~*^^5„,n2%,fe,'^<xia2 (C.42) 

= \e-'''-^^^^''~''^5n,n2h,k2^.,.2 (C.43) 
c.2. 2 In Frequency Domain 

A^'\ . (u) = i(G^T . (c.)-G(°1^ . iu)) (C.44) 

niA;i(Tin2fe20'2 \ nikiain2k2cr2 nikiain2k2<72 J 

= ^Sn^n2Sj;^k^Sa,a2 \ \ C^Z " I (^-45) 



^LU j-^ + 17] U j-^ — IT] ^ 



use identity — ^—^ —^\~] " iT^5{x) 



= J^^n^n2h,k2^a,.2 (-i27r<^ ('^ " ^) ) (C.46) 



We can double check with the other relation. 

A% . {u) ^ ^(G^'> . r (-)) (C-47) 

n\k\a\n2k2Cr2 V n\kiain2k20-2 n\k\a\n2k2Cr2 J 

= ^27r6 (^u - '-^^ 5n,n2Sk,];M'^2 (C.48) 

C.3 Phonon Green's Functions 

There are 3 types of phonon variables: a and a^, Q, and u and they are related as will be shown later. 
All time domain and frequency domain expressions will be calculated. 
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C.3.1 In Time Domain 
C.3.1.1 "a, a^" operators 

Now we calculate the Green's functions for non-interacting (free) phonons. Again the equation of motion 
can be solved exactly which enables the exact form to written. We start with the a, Green's functions 
and build up the Q, Q Green's functions and u, u Green's functions. 
The Hamiltonian is 

^o = EHv(4-«^?+0 (C.49) 

We solve the Heisenberg's equations of motion directly. (Again the argument to is redundant.) 

c^HoM^it) = et^°(*-*»)a,,,-,(to)e-^^o(*-*°) (C.50) 

|a^„,,,-,(t) = ei^o(*-*o)i[iJo,a,,,-,(to)]_e-t^o(*-*o) (C.51) 
I use canonical commutator [a, a^]_ = I 

= -i^jiqi(^Hohqi{t) (C.52) 

We immediately integrate to get, 

«^^o.-i.-i (t) = (*o) (C.53) 

Taking Hermitian conjugate gives 

= ^'"^'''^ (*o) (C.54) 

Now we can define and calculate the Green's functions in time domain. 
The time ordered Green's function, 

I use the solutions 

= ~ (e{h - t2) (a,-,,-,(io)a]^- (io)) e— n.l(*i-*o)e-.2.-2(*2-*o) 

+0{t2 - h) {al,^,{to)a,,gAto)) e--nft(*i-*o)e-.2.-2(fe-*o)) (c.56) 

I use (oj^^^^^aj^g-^) = {nj-^^^)5j^j25^^^^ — ^j^^^^jihSq^/fr^ 
I and use [a, a^]^ =1 

= {e{h - h) (i + iv;^) + e{t2 - h)N;^.^) e— n.i(*-*^)<5,,^.^^- - (c.57) 

The imaginary time Green's function (with ti = to — ifiTi^ and t2 = — ^^^"2^) 

= ^jS.2,-2 (*i - *2 = -iKr¥ -r¥)) (C.58) 
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The lesser Green's function 



I read off from D^'^^'^ 
= -^N!% e-'^n?i .J. 



Jij2"gig2 



The greater Green's function 



read off from D^^^'^ 



jeq 
jiqi 



e~*'*'n'ri(*i~*2)x. . ^ 



The retarded Green's function 
D^^l^. - ih - t2) 

JiqiJ2?2^ '- '^1 



The advanced Green's function 

jigij2?2^ ^ 



C.3.1.2 "Q, Q" operators 

The relationship between the 2 operators is 



Q 



2uj 



jq 



[4,-q + ^jq) 



(C.59) 

(C.60) 
(C.61) 

(C.62) 
(C.63) 

(C.64) 

(C.65) 

(C.66) 
(C.67) 



(C.68) 



and we will simply construct "QQ" Green's functions from "aa^" ones. The first one is the time ordered 
Green's function 



JO)t 

hqinq2 " 



{T (QifoJl?l(*l)<5i?oj2«2(^2))) 



(C.69) 

= {e{h - t2) {QHonq,ih)QHoM2it2)) + e{t2 - h) {QHor2<l2it2)QHonqrih))) (C.70) 

== (^(^1 - *2) ((a//oji9-i(*i)akj2 -?-2(*2)) + (al/oji -gi(*i)a/^oj2«-2(^2))) 

(C.71) 



^'^V^jiqi^j2q2 

+0{t2 - tl) {{aHoj2q2ii2)a^Hoh,-q^^^^) + ("ki2,-g2 (^2)a//oiigi (^i; 
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with terms (aa) = = (a^a^) 

use the solutions and the canonical commutator 

i h 



+e{t2 - h) ((iV;4 + l) e-^ift(*-*^) + iVj^e— (C.72) 



The imaginary time Green's function (with h — t2 = —ihirf^ — Tg^)) 

= <L.-2 (*i - *2 = -^^(rf - rf )) (C.73) 

i h 
h 2a;j^g-, 



(C.74) 

The lesser Green's function 

I read off from D^")* 



(C.76) 



The greater Green's function 



= -l{QHon<iAti)QHoM,{t2)) (C.77) 



read off from D^^)* 



(C.78) 



The retarded Green's function 

D^^l^. - (ti - t2) = - t2) ( D^°^^. - (ti - t2) - - (h - t2)) (C.79) 

= -^ir^0{ti - t2) (e-^-nft(*i-fe) _ ^i^n,,{t,~t2)\ J^.^^.^^. (C.80) 

The advanced Green's function 

D^^l"^. (ti - t2) = e(t2 - h) ( D^^l^. (ti - t2) - D^°^^. (h - t2)) (CM) 

= -^^^(^2 - h) (e-««(*-*^) - e— .ift(*i-*2)) 5,,,,<5,-„_,-, (C.82) 
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C.3.1.3 "u, u" operators 

The relationship between u and Q variables is 



ji<?i 

we define the shorthand R'j^l^ 



And in the Heisenberg picture 

UHhkiai = '^RjlklaiQHnqi (C.85) 
J 191 

All the "-Uj-u" Green's functions are related to the "QiQ" Green's functions via 

Jl 91^292 



r,(0)t,M,<,>,R,A/ ^ N _ \^ 0^292 r>(0)t,M,<,>,i?,A. x 



C.3.2 In Frequency Domain 
C.3.2.1 "a, at" operators 

The time-ordered Green's function: 

<L?2(-) = / ^(^1 - ^2)e^^(*^-*^)^i°L?2(*i - (C.87) 

-iuj't 



use 



% f 6' 

the integral representation of the step function 0{t) = — / doj' — 



1 27r J + ir/ V ^^i^J 

use integral representation of delta function 5{oj) — j dte^'^^ 

/ J191 JlQl 



^hj2^qi,q2 (C.89) 



The (Matsubara) imaginary time Green's function: 

Dff^Ai^n) = t dr'^e'^^-''Dff^,{T^ -T^ = T^) (C.90) 

I note that / dr^^(-T^) = 
Jo 
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1 + M^l 



use e^^" ^ 



1 + iVf , 



use the explicit form A/J^^- = [e^^^Mi - 



i 1 1 



The lesser Green's function: 



hto - ojj^^^ + ir] 
The advanced Green's function: 



We sec the expected relationship: —iHD. L . - (iuj^ — >■ a; + in) = D. L . - (oj). 

3fli32q2^ " Jiqi32q2^ ' 



And we see the expected relationship: —ihD] l ■ -. (iojt: u — iri) = D - l ■ (oj). 



C.3.2.2 "Q, Q" operators 

The time ordered Green's function is 



(C.91) 



(C.92) 



(C.93) 



^j'fc2.-2(-) = / d{t. - *2)e-(*-*^)<4,Jii - t,) (C.94) 

= - / d{h - t2)e'^^-^n^^^^''-'-^6i,j2k.m (C.95) 

= -^iV;f,27r<5(a;-a;,,,-J^,,,,%,,-, (C.96) 

The greater Green's function: 

^S4.-2('-) = + 2vr5(a; - a;,,,-J<5,,,,5,-,,-, (C.97) 
The retarded Green's function: 

DfiM2^-) = J dih - *2)e-(*-*^)i^j°)f.^- (ii - t,) (C.98) 

= y ^^^^ - y ^"'2^ — ^TTi-, — ^^-^^^ 

^jij2%i,g2 (C.lOO) 



^j°L^2(-) = / ^(^1 - ^2)e'-(*-*^)l?j°l:,,,,(ti - t2) (C.102) 

t f €~ 

I use the integral representation of step function d{t) = — / doj' — 

211 J OJ 

J d{ti - t2)duj' 



-iu) t 



+ ir] 



h 2L0j^^^ 27r 
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+ 



1- iV"^- — 

Co' + IT) ■^l'?! 

+ Af"^- - 

jiqi 



+ irj 



oj' + if] 



2co 



( iV"^. + 
V nqi J 



1 



^1^1 \a; + zr; + w^-^g--^ u - irj - Uj^^^ 
The (Matsubara) imaginary time Green's function is 



^(0)M ^ 



3iqi32q2 ^ ^ ^ 

r/3 



as 



previously used, / dT^e{-T^'^) = 
Jo 

+11 / dr^e(*^"~^^ia)'^'' 



31 



hqi Jq J Ji32"«i,-?2 

evaluate the integrals and use e^^^^ = 1 for bosons 

hn — 1 



i h 



3iqi 



^ ^ ' 3iqi 
The lesser Green's function is 



ixplicit form ATj^*- = (e^f^Mi - 1^ ^ 

•^11 -!9<^f?i .— 



jiqi 



use e 



(C.103) 



(C.104) 



(C.105) 



^jlh2^qi,-q2 



(C.106) 



(C.107) 



^jl32^qi-q2 



use the integral representation of the delta function 



h 



h2u 



'3iqi 



The greater Green's function is 



3iqij2q2 



{CO) 



h2oj 



'jiqi 



(C.109) 
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The retarded Green's function is 

<^uW.H = /^(^i-^2)e-(*-*^)z^j°^f,^,^(t,-t,) (C.llO) 
I use the integral representation of the step function 

I use the integral representation of the delta function 



and we see the expected relationship — - {lo^ —^uj + iri) = - (a;). 

The advanced Green's function is 

^ jiqi 

and we see the expected relationship —ihD^^^^. - (uj^ u — in) = - (u). 

C.3.2.3 "u, u" operators 

All the "-Uj-u" Green's functions are related to the ^^Q,Q" Green's functions via 

C.4 Phonon Spectral Functions 

C.4.1 In Time Domain 
C. 4.1.1 "a, a^" operators 

Here we simply use the defintion of spectral function and substitute in the relevant expressions. 

yl^.^l . - (ii - ia) = i( D^^^-- - ih - t2) - D^°^^. - (h - ti)] (C.114) 

3iqi32q2^ -L \^ Jiqij2q2^ ^' Jigij292^ AJ j \ J 

c.4.1. 2 "Q, Q" operators 

A^^l ■ ^(ti-t2) = i( D^^^^. - (ti - t2) - £>^°l^- - (h - t2)] (C.116) 

3iqi32q2^ J- \^ 3iqiJ2q2^ ^ 3iqi32q2^ i j \ j 

= (e-'^'Miit^-t^) - e^n^i^^^-t^A 5j,j,5^^ (C.117) 



APPENDIX C. COLLECTION OF NON-INTERACTING ("FREE") GREEN'S FUNCTIONS 417 



C.4.1.3 "u, u" operators 



/l(0) (J. _ 4. \ _ \^ PJI'?! T>hQ2 /l(0) (+ _ + \ 



9/,,. ^ /ifciai /2fc202 \ 



C.4.2 In Frequency Domain 
C.4.2.1 "a, a^^" operators 

We simply Fourier transform the time domain expressions. 



we get a delta function 27r5(tj — Wj^g-J 



C.4.2. 2 "Q, Q" operators 



27r 



■'J2 



It satisfies the 2 bosonic sum rules0 



p dio /o) , ^ 27r 



Jij2'^i2i,-g2 



(C.118) 
(C.119) 



(C.120) 
(C.121) 



(C.122) 
(C.123) 

(C.124) 



C.4.2. 3 "u, n" operators 



<L.Z2;.2«2H = E^«ht.«;Xf2(^(^-^.wJ-'^(- + (C.126) 



27r 



<72 



2w 



jiqi 



(C.125) 



^Do note that for phonons, a better definition of tiie spectral function is ljA{uj) instead of A{uj) as A{uj) is an odd 
function of lu. This can be seen that the second sum rule is actually the usual one for, say, electrons. 



Appendix D 

NEGF for electrons 



[Appendix Introduction and Roadmap:] We enumerate this introduction for easy reading. 

1. This appendix on NEGF for electrons is included to show the corresponding development for 
electrons. This provides a comparison with the main text which is concentrated on phonons. 

2. NEGF is actually much more developed for electrons and there are "nicer" properties because 
Coulomb interaction is particle conserving. The long range interaction of Coulomb interaction 
presents a different type of difficulty for electrons. 

3. Firstly, NEGF is stated for electrons as the machinery for phonons obviously works for electrons. 
The only changes are the use of fermionic 2nd quantized field operators and the resulting sign 
changes due to fermion statistics. 

4. Secondly, the electron-electron Hcdin-likc equations arc stated as a special case of the electron- 
phonon Hedin-like equations. Thus in this thesis, a total of 3 types of interaction have been 
converted to Hedin-like equations that generate (^-derivable) conserving self energy approxima- 
tions. 

5. With regards to the 3 transport related developments, the Landauer-like theory is very very similar 
to the phonon case and so we simply stated the results for electrons. The linear response theory is 
briefly treated at the end of the chapter. The kinetic theory is the one that has a long but elegant 
development. 

6. For kinetic theory of electrons, the derivation to pre-QKE follows the same as that for phonons. 
However we have external electric and magnetic fields in this theory because they interact with 
the charge of the electron. The correct theory must thus be gauge invariant. This is achieved by 
modifying the Fourier Transform. Then GKB ansatz (with fields) are found and applied to turn 
pre-QKE to QKE and the final kinetic equation which is quantum mechanical, gauge invariant 
and casual is obtained. 

D.l Foundations 

D.l.l Expression for Perturbation 

For electrons, the definition involves the fermionic field operators ijj and and the rest of the working 
is actually the same as that for phonons. The Hamiltonian for NEGF is of the general notation, 

H{t) = Ho + Hir,t + e{t-to)V{t) (D.l) 
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The perturbation expression is similar. 



G(fi,ti,fi/,ti/) 
G(l,l') 

where 1 = ri , ti 

, xr (^e-^(^o+^-*)r(V'//(l)VH(l')) 
~h Tr(e-'^(^o+^-t)) 

-^(r(v^H(i)<(i'))) 

where T is some time ordering operator which will be clear in the last step 
il^H and V'jj arc the fcrmionic field operators in the Heisenberg picture, 
go through the same procedure &: the perturbation expression is 



TV (e-Z^^oTe^+e^ (e 



VHo(i)V'k(i'))) 



(D.2) 

(D.3) 
(D.4) 



(D.5) 



This is the final form which is very similar to the what we derived for the phonons earlier. The contour 
to be used for perturbation is again the Keldysh contour ck with the Matsubara contour cm- We define 
the perturbation expression as the so-called contour-ordered Green's function, 



G(l,l') = - 



Tr 



CK+CM [ ^ 



V'Ho(l)V'k (!'))) 



h 



TV I e-l^^oT, 



ck+cm 



H /c^+CM <='^(^int)Ho (r) -t drVn, (r) 



)) 



(D.6) 
(D.7) 



D.1.2 Definitions of Green's functions 

There are also 7 Green's functions for the electrons, (the notation 1 = f\ti is used, spin indices are 
suppressed) 



G(l,2) 



G*(l,2) 

G>(1,2) 
G<(1,2) 
G*(l,2) 



ti,t2 G CK 

ti,i2 G 

tl G CK,T2^ G CM 

Ti^ G CM,i2 G Ci<: 
M M p 



> t2 
h < t2 



(D.8) 



The explicit expressions for the first 4 (real time) Green functions are, 
Time-ordered Green function 



fih - t2){i^H{l)i^W^)) + fit2 - il)(Vl,(2)Vff(l)) 



(D.9) 
(D.IO) 
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Greater Green function 



Lesser Green function 



G>(l,2) = -^(V.H(l)^k2)) (D.ll) 



G<{1,2) = +'-{4^U^)^h{1)) (D.12) 
Anti-time ordered Green function 

G*(i,2) = -^{fi^pHmUm (D.13) 

= -^0{t2 - h){i;HmU'^)) + ^9{h - t2)(Vk2)V'H(l)) (D.14) 
Immediately we see a relation (using 0{ti — ^2) + 0(^2 — ti) = 1) 

G* + G* = G< + G> (D.15) 

Thus are only 3 linearly independent Green's functions in non-equilibrium systems. We define 3 more 
Green's function for later considerations. 
Advanced Green's function 

G^(l,2) = ^e(t2-ti)([^//(l),4(2)]+) (D.16) 

= 9{t2-h){G<{l,2)-G>{l,2)) (D.17) 

Retarded Green's function 

G^(l,2) = -le(ti-t2)([V/f(l),V'k2)]+> (D-18) 

= 9{ti-t2){G>{l,2)-G<{l,2)) (D.19) 

Keldysh Green's function 

G^(l,2) = G>(1,2) + G<(1,2) (D.20) 
where [ , ]+ represents the anti-commutator. 

D.1.3 BBGKY Hierarchy of equations of motion 
D. 1.3.1 Electron-Electron (Coulomb) Interaction Case 

We follow [Leeuwen2005j in this section. Here we consider the case of electrons experiencing Coulomb 
interaction in the presence of time dependent external fields introduced via a vector potential A(r't) and 
a scalar potential V{'rt). The external fields will be switched on at to- 



simple way to think about the sign in the definition of is as follows, usually a Green's function is defined in the 
order ip{t)tp\t') and for G^, we have t' > t and we need to order the later quantity to the left, i.e. ip^ (t')ip{t) and further 
recalling that at equal time they anticommute, so a negative sign is inserted for consistency. (No sign change is needed for 
bosons) 
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The Hamiltonian in second quantized form with field operator chosen as variables, 
H{t) = j drY,^l{^Wt)Mr) 

+\ I I dridf2^<(ri)V't^(r-'2) ^ ^ , Va^ (r2)V^ai (ri) (D.21) 



(T11T2 



\ri - r2 



1 / - \2 

where h{ft) = - [-ifiVf+A{ft)9{t - to)j + V{ft)e{t -to)- ji 



(D.22) 



where ji is the chemical potential. 

The relationships between the field operators and the (band) ladder operators are as follows (in 
Heisenberg picture and contour time r), 



n,k 



(D.23) 
(D.24) 



where U^^{'r) is the Bloch function for momentum k, band n. We can define contour ordered Green's 
function based on each variable. 



(D.25) 
(D.26) 



We will only use the field operator defined version for the remaining discussion. 



[Derivation of the "left" BBGKY equation and the "right" BBGKY equation] We start 
with the Heisenberg equations of motion for the field operators. 



d r 
and also, ih—ip^Ha^rr) = ip\j^{fT), Hh{t) 



(D.27) 
(D.28) 



(D.29) 



+ 



0-1 

fl(T2 



(D.30) 
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Use the anti-commutator identity [A, CD]_ = [C, A]_^ D — C [D, A]_^ and calculate term by term. 

First term = J dfi^^i}lj^_^{fiT),2pHairT) ^h{fiT)'ipHai{riT) (D.31 



= J dfiy^Ja^a5{f - fi)h{fiT)ipHai jrir) 



h{fT)'4)Ha{rT) 



(D.32) 
(D.33) 



Second Term 
1 

2 



lTl<T2 



Evaluate the first line using the anti-commutator identity 



(D.34) 



(72 



'Ha[rT) 



dfi df2 i i^li^^ (fi r ) (rr) , tp\j^^ {r'2 r 



+ ri - ^2 



1 



Fi - ■''21 

I the last line is zero using the anti-commutator identity 
I and the fermionic anti-commutator relations 

(T2 

CTl 

I commute '4^H(T{rT)'^Ha\{^iT) = —ipHai{'f^iT)''pHai'f'T) a^nd rename indices 



(D.35) 



dfi ip 



t 



1 



\r\ - r2 



(D.36) 



(D.37) 



(D.38) 



The final expression is 

The equation of motion of the adjoint field operator is found similarly as (or simply take the adjoint), 

(ih^ + h{fT)\ ij^H^ifr) = -J dn (nT)VHai (nr) (D.39) 

We will now use the compact notation fiTi = i and we insert 6{t — Ti) and / dri, the 2 equations 
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become, 

ih^^Ha{rr) = /i(rr)V^j^,(fr)+ /"dl^^^^^VLi(l)V'i^-i(l)V'Ha(rr) (D.40) 

(71 

The notation J dl = J dri j dfi . Note that all the above are in the usual real time. I am only 
using contour time notation to prepare the expressions for NEGF. The above derivation is the usual 
Heisenberg quantum mechanics. 

Now we can calculate the time derivative (and later, the equations of motion) of the contour ordered 
Green's function (now, contour time is necessary and J dr = J^^^^^^ dr), 



d 



ih—Gnrr'irrr r 

OT 

I— 



= ^^^(-0(7^c,,+cm(V'//.(->)V'L'(^"^'))) (D.42) 

= ^ (^(^ - r'){{i^HArr)^PiArr'))) - e{r' - r) [(i,^^^,{f^ T')^H.{rT)))) (D.43) 
= 5{t - r') {{{^Ha{rT)^^HArr'))) + {{^^hA^ r')^H.{rr)))) 

+ (-^) {0{t - r') ^in^^H.irr)^ ^^A^r')^ " 0{t' - r) ^V'L'l^"'^') (^^^^H.(rr)) ^) 

I for first line we use equal time time anti-commutation relations 
I for second line we use equations of motion 
= 5{t - T')5{r - 7^)5^,, 

+ {-'^ {0{t - T')/i(r-T) ((VH.(fr)VL'(^"-^'))) - 0{t' - T)/i(fr) ( (V'L'(^"^')V'H.(rT)) )d.44) 
+e{r-r') j dlE^&f^((V'k(l)V^H.i(l)V'//.(r>)V^^^^ 

(Tl 

-e{r'-r) j ?f {^L'i^^r')^LS^)i'HA^)^H.{rT))\ (D.45) 

I define the density ^/;]^^^ (l)V'/f(Ti (1) = "•/f(l) 
= 5{t - T')6{f- r)5cra' + h{fT)Gcrcr'{rTrT') 

(71 

-e{T' - t) {i^iA^r')nH{l)i^H.{rT))] (D.46) 
Now we follow [Gross 199Tj pg 184 and rewrite the second line. 

[e{T - t') (nH(l)^//(7(fr)^L'(^"'^')) - 0{t' - r) (^L'(^"'^')^/^(l)V'H(7(rT))}^^^^ 
I the restriction appears due to the delta function 

= (re,+,^(njf(l)V'//(7(rT)VL'("^')))^^^ (D-47) 
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I time ordering of 3 terms will give 6 terms but here there are only 2 terms due to the restriction 
= (re^+e^(^{,^^(firi)V'i/ai(riri)V'/fa(rr)^{,^,(r'T')))^^^^ (D.48) 

I to write it into a 2-particle Green's function expression, we need to shift V'jjo-i (^i^i) 
I this shift uses the property of the time-ordering operator, its not anti-commutation! 

I anticommute the first 2 field operators, rename T2 to ri 

= -^/™+(^CK+CM (V'i/a(rT)V'i/.i(riT)vLi(nri)VL'(^^'))) (D-50) 
I recall the definition of 2-particle Green's function 

( 0^ 

I G^i<T2(73a4 {nTlf2T2f3T3f4T4) = (Tck+cm (V'i/ai (nn)V'i/a2 {r2T2)^^Ha3 (^S^s) V'//^^ {riTA)^ ) 

= -{ihfGaaiaia'irTf'iTflT'^rT') (D.51) 

So the equation is finally written into the (left) BBGKY hierarchy form for Coulomb interaction. 

= d{T - T')6{f- r')<5,,, -ijdlY, G^-^-i-' {rTfinnT+r^T') (D.52) 

The right BBGKY hierarchy equation is then, 

= 6{t - T')6{f - 7^)5^^, -ijdlY, ^\^Sjl^ G^<yi<y,^' {fTflTinT+^T') (D.53) 

[Derivation of Dyson's Equation] Now we want to derive the Dyson's equations from the BBGKY 
equations. We define the self energy as follows, 

fTl ' ' (Tl 



(Tl ' ' (Tl 



Now we need to show that S = S^. 

First we simplify the notation by defining. 



iniX) ^ /ci2^^|^-^vL.(2)V'/fa2(2)V'/f(Ti(l) (D.56) 

(T2 

= /^2^^^f^vLi(l)V'U(2)V'H(T2(2) (D.57) 
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Now the equations of motion look simpler, 

i'h—t\)Ha{rT) = h{fT)'ipHa{rT) + inirT) =^ ( ~ ^("") ) i^Hairr) = inirr) (D.58) 

We rewrite the equations of motion for the Green's function into the in notation. For the left 
equation, 

ih-^ - /i(rV) ) Gcra'irTf^r') 



dr 

h 



-'era' 



I n^T^ {^-K+c^ (V'U(^"'i^i)^i^-i(nri)Vi/.(rr)VL'(^"^'))) (D.60) 

= 5{t - T')5{r- 7^)5,,, - (Te^+CM (^i/(^>)V'L'(^"'^')) ) (D-61) 
and for the right equation. 

Based on the earlier definition of self energy we can write, 

y (il^S^^^(frfiri)G^,^/(firir r') = (t^^+cm ) (D.63) 

/"dl^G..,(frfiri)st^^,(firirV) = (Tc^+cm (V'Ha(rr>l(r-'r')) ) (D.64) 

With this explicit form, we can now check that S and are the same. We proceed by acting 
{—ih-^ — h{r'T')) on the first equation. 

LHS of first equation 

= (-^^^ - ^(^"'^O) J^^^Yl ^^^^ {rrnTi)G„,a, (ririr^r') (D.65) 
I use right Dyson's equation on the term ~ ''"0^ Gaia'i^iTi'f^ t') 
= [dlJ2 Saai (rrriri)5(ri - r')<5(ri - j^)6^,^> 

+ JdlJ2 (rrriTi) J d2j2 Ga,a, (ririrars^^a' (^2r2f^r') (D.66) 

= S^^/(rrr'r') + J dld2j2^aaArTnTi)Ga,a2iririf2T2)^i^^,ir2T2f^r') (D.67) 



lTl(T2 



RHS of first equation 
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-ih—— — hirr') 
or 



(D.68) 



= ( -^^^ - hi^r')) {e{T - r') {iH{rT)^''HA^r')) - e{r' - r) (^J,^,(r-'r')?^(rr))()).69) 



h 



d 



I use equation of motion, ^—ih-^ — h{f^T')j iplj^,{r'T') = i^(r'T') 
= Sir - r') ((^V(rr)VL'(^"'^')) + (v^k'(^"'^')^/f(rr; 



d 



__ ( - r') ( inifr) ( -ih— - h{f^r') ] ^'^a'i^r') 



dr' 



e{r' - r) ( ( -m— - hif^r') ) VL'(^"'^')ij/(rr 



The first equation becomes 

C1<T2 

Now act {ih-^ — h{fT)) on the second equation. 

LHS of second equation 

{ d ^ \ 

I use left Dyson's equation on the term I h{rT) j Gaaii^rfiTi) 

-^J^^^JlJ J]Saa2(rrr2r2)G^,^,(r2r2nriS^^^,(ririr'r') 
= st^,(rrrV) + | dW2 ^ S,,,(r-r, l)G,,,,(l,2)st^^,(2,r-'r') 

<Tl(T2 



(D.70) 
(D.71) 



(D.72) 



(D.73) 



(D.74) 
(D.75) 



RHS of second equation 



ih— h{fT) 



in- 



TcK+CM (V'//a(rT)4(r'r')) 



(D.76) 



hirr)] {e{r - r') {^Ha{rr)i^Hi^T')) - ^(r' - r) (4(^"'^')V'i?a(rT))) (D.77) 



use equation of motion, ( ih— ^(rr) ) ipHcr{f^T) = inirr) 



S{r-T'){ ^PHa{rT),i^Hi^T'^ 



^ (0{t - r') I (ih-^ - hifr) ) ^PHairr Ai^r" 
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-0{t' - t) <^i|j(f t') (^i^^ - Hfr)^ i^Hairr)^^ 
= 5{t - r') [pHairr), t^^i^r')] ^ - (t.^+cm {}H{rT%ij'T')) ) 
The second equation becomes 

= 6{r - r') ^ [^Haifr), iUf'r')] ^ - (t,,+c^ (i^^lrr)^^^-'^')) 
We subtract the 2 equations and get, 



(D.78) 
(D.79) 



(D.80) 



Due to the delta function, we only need to check the equal time terms to prove that the self energies 
are the same. We will use the equal time anti-commutation relations to do it. 



CTl 

expand the anti-( 



(D.81) 



6{t - n) 

expand the anti-commutator 
5{t - ri) 
ri\ 

^ 1 

all times are the same, wc can anti-commutc any pair 
2nd term is of the correct form, 1st term needs anti-commutation 
o^f^ ^^rv,rv„,+^> 2 steps to the left, then anti-commute ip\j^,{7^T) 2 steps left 

5{t - Tl) 
ri\ 

X (V'//a(rr)v4^,(r r)V'l^^^(fir)V'l^^^(fir) + V'J/<,'(r'r)V']j^^(firiV'i/ai(riri)V'//a(rr)) (D.83) 
Sir -n^j 



+ 



+ 



(D.84) 

(D.85) 
(D.86) 



Hence S = which means we can write the left and right Dyson's equations with the same self 
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energy. 



(ih^ - h{fT)\ G,,, = S{t - T')S{r- 7^)5,,, + / dlY^^aaArr, l)G,,a'{h^r') 

^ ' (Tl 

ih-^ - hifr')^ = 5{t - T')5{r- + / ^1 ^--i (^"'■^' ^r') 



(D.87) 
(D.88) 



Note that the equal time singular part (or time local part) of the self energy will be denoted as Y?^^ 
(if they are used) following Kadanoff and Baym. But can always be absorbed into /i(rr) and we 
will take it that way. 

D.1.4 Derivation of KadanofF-Baym (KB) Equations 

Simply put: KB equations are simply the real time versions of the (left and right) Dyson's equations. 
Langreth's theorem is applied to the Dyson's equations to get the KB equations. The KB equations are 
the ones that numerical evaluation can be done. Again, we denote r\t\ = 1. 

1. Green's function: G< 



in--h{ft)]G<ATt¥i!) 



= [ dl j;s^,^(ft,l)G<,,(l,r-'0+ / dl^E<,^(ft,lX,,(l,r-'0 

/l'to—ij3h 
dri / dhJ2Yl^^{rt,nh)G''^,a'iritiyt') 

/•to—i)3h rl3 

I on Matsubara contour, we rewrite / dtiA{ti) = / dr^^(to — ihr^) 

Jto Jo 

= [ dlJ2^^aArtA)G<^A^yt')+ [ dlJ2KaArt,l)G^,Ahft') 

(Tl CTl 

+ J dnjyTt'J2^l,^^rt,futo-ihT^)G'',^Ari,to-in^^ 



(D.89) 



(D.90) 



2. Green's function: 



ih^-h{ft))G>Artft') 



= J dlY,^tSrt,l)G>^A^yt') + J dl^S>,^(ft,l)G^^,,(l,r-'0 

(Tl (Tl 

+ J dri drf" ^la, {rt, n,to- ihT^)G'',^,, (n , to - ihr^, ^t') (D.91) 



3. Green's function: G^ 
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= / dl^S^,^(f^,l)G;,,(l,r-',^o-^^T^') 



4. Green's function: 

ih- 



h{r, to - ihT^)^ G^, (r, to - ihr^ , r', to - ihr^') 



S{{to ihr^) - {to - ihT^"'))5{f-f')5,,, 



+ / dfi / dTt'y^^t,{fM-ihT'',ruto-ihT^)G^,AnM-ihT^,^ 

(D.93) 

Notice that the left equation for G^ is not needed as it wih be specified as an initial condition later. 

We now derive 4 (right) Kadanoff-Baym equations from the (right) Dyson equation by applying 
Langreth's theorem. 

1. Green's function: G^ 

(^-in^-hm^G<Artr^t') 
= I dlj;G«,(r%l)S<,,(l,r-'0+ / dlJ2G<aArt,l)Ka'{hf't') 

(Tl (Tl 

+ J dri dr^ ^--1 (^"'*' ^1' *o - i^r^)^l,AriM - ihr^ , ^t') (D.94) 



<T1 



2. Green's function: G^ 



(-ih^ - h{f^t')^ G>Artf't') 
= J dlJ]G^,^(rt,l)S>,,(l,r-'0+ / dl^G>,^(rt,l)S^^,,(l,r^O 

(Tl (Tl 

+ J dri dT^ Yl ^--1 (^"'*' ^1 ' *0 - ^^^l'^)^aia' (n , to - iflT^ , ^t') (D.95) 



3. Green's function: G'^ 



[-ih^ - /i(r-'t')) Gl,, (r, to - ihr^, ^t') 
fdlY G;,i (f , to - ihA' ^t') 

•' Tl 

+ j dfi J^^ drt" Y (r, to - ihA',ri,to - ihrt')^:^^,, {fi,to - ihr^ , , i')(D.96) 
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4. Green's function: G^^ 
d 



-ih- 



Vcr' 



M 



= 5((to - ihr''') - (to - ihT'''))6if-r')6„„> 

+ / dn r dTt'Ti:Z^if,to-ihT'\futo-ihr^')G^l,in,to-ihr^^^ 

(D.97) 

Notice that the right equation for G^ is not needed as it will be specified as an initial condition later. 

[Relations between electron Green's functions] We follow |Stan2009| . There are some symmetry 
relations between the Green's functions and thereby specify the independent quantities to be calculated 
in Kandanoff-Baym equations. 

From the definition of the electronic Green's functions, we get 



G<^,{rtr't')^ 
Similarly, 



t 



{i^^H.{^mH.'{^t')) = -G<yt'Tt) (D.98) 



-G>^^t'Tt) 



(D.99) 



Also, 



G^,,(rt,r-',to-i^(/3-r^'))^ 



note that the first H = Hq + Hi^t and the second H = Hq + H\at + V{t) 
i 1 



(D.lOO) 



-/3(Ho + Hint)gi(Ho + Hi„t)(to-i/l(/3-rA^)~to)^t^,^^^^)g-i{Ho+Hint)(to-iri{/3-T")-to) 



t 



use trace cyclicity 
i 1 



hz 



hz 



:Tr 



G,,,if',to-ihA',ft) 



(D.lOl) 
(D.102) 

(D.103) 

(D.104) 
(D.105) 



There are also similar relations for the Coulomb self energies which we shall not dig into. Refer to 
|Stan2009] equations (29) and (31) for details. 



[Boundary Conditions for Kadanoff-Baym equations:] The conditions that connect the Green's 
functions defined in various parts of the contour are given here. These conditions will serve as "initial 



APPENDIX D. NEGF FOR ELECTRONS 



431 



conditions" for some of the Kadanoff-Baym equations. 

The imaginary time evolution is done by the Matsubara Green's functions and it provides the "initial 
conditions" for the real time evolution of >, <, and components. 

For and 

Gl^,{f,toy,to-ihT^') = GZ>{r,to-tmy,to-ihT^') (D.106) 

G''^^,{r,to-ihT^,i^,to) = GZ>{r,to-ihT^'y,to-im) (D.107) 

For < and >, 

G<^,(ftorto) = G^i,{f,to-m,r^,to-im+) (D.108) 

G>^,{ftorto) = G^i,{r,to-m+,r,to-im) (D.109) 



D.2 ^-Derivable Conserving Approximations for e-e Interaction 

This section is about the Hedin's equations for Coulomb interaction. The Hedin's equations generate 
the self consistent self energies for the Coulomb interaction. 

We simply derive the Coulomb Hedin's equations by removing the phonon part (i.e set D = 0) of 
the Electron-Phonon Hedin's equations. 

^a,aA^,2) = dMAY,Ga,a-Al,^)W{nt+A)Ta,a,mA) (D.llO) 

where We = w{l-Pewy^ (D.lll) 
Pe(l,2) = -iJ^y"d3d4^Goio3(l,3)Go40i(4,l)ro30,(34,2) (D.112) 

CTl CT3CT4 

ro,o,(12,3) = 5„,„,5{l-2)5{l-^) 



CT4CT5 CT6CT7 



The left and right Dyson's equations are included in this set. These are the equations (13.19a-d) in 
|Hedinl970| . Taking the first term in F (which is the delta function) we get the first self consistent 
self energy known as the "GW approximation" H To generate the "lower" self energies like the (self 
consistent) Hartree-Fock approximation, we simply do not consider the renormalization of w to W , i.e. 
ignore Pe- 

The Hedin's equations generate self consistent skeleton diagrams and it was known that self consis- 
tent skeleton diagrams generated from the Luttinger-Ward functional ^ are conserving approximations 
(e.g GW approximation) Ifl The relationships between <^ and S are as follows (n is the number of 
interaction w lines): 

S(1'2) = 7777^ (D-114) 



(5G(2, 1 

and, = V— /"dld2S(")(l,2)G(2,l+) (D.115) 

■'^ 2n J 



^Or more correctly, the "GW approximation" set of equations. 

^First, do not confuse $ with the inter-ionic potential $ used in other chapters of the thesis. Second, I do not have 
a formal proof that the set of (self consistent) skeleton diagrams generated by Hedin's equations and the set of (self 
consistent) skeleton diagrams generated by Luttinger-Ward functional "1? is the same set. An intuitive guess is that, there 
is only 1 set of (self consistent) skeleton diagrams! 
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One can think, diagrammatically, that the first equation means we take a full G line to close the S 
diagrams to construct The second equation represents the opposite where a S diagram is obtained 
from a $ diagram by removing a full G line. The factor 2^ is a combinatorical factor. We show the 
diagrams of $ and its corresponding S diagrams for Coulomb interaction in the figure. 




1 





Figure D.l: <I> diagrams and their corresponding E diagrams taken from fig 6.1 in JLeeuwen2005f . The 
thick line is the full G and the wavy line is w. The first 2 diagrams of S make the (self consistent) 
Hartree-Fock approximation. The next 2 diagrams ofTi make the (self consistent) second Born approx- 
imation. 

I can't provide the proofs here, hence I shall state some appropriate references. The Luttinger-Ward 
functional is derived in |Luttingerl960| . The Baym conserving approximation scheme is from his famous 
article in |Bayml962| . A modern treatment and the main reference for this section is |Leeuwen2005] . 



D.3 From NEGF to Landauer-like Equations 

The phonon versions derived in the chapter on NEGF are "engineered" from the electron versions 
actually. Thus, here, we will simply state the (steady state) electron versions which are equations 
(4.113), (4.114) and (4.124) in [D iVentra2nn8] . 

The full interacting Landauer-like formula for particle current 

/ = 2^y"^Tv{(r(^)-r(«))G<(a.)+(r'?(^)r(^)-r«W^))(G^-G^)} (D.116) 

The proportional coupling Landauer-like formula for particle current: 

^The factor of 2 comes from spin and so the interaction cannot involve spin processes. 
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The ballistic (non-interacting) Landauer-Iike for particle current: 

I=I_ldoj(^ /^«(^) - r^""^) Tr {r(«)G«r(^)G^} (D.118) 

D.4 From NEGF to QKE 
D.4.1 Pre-QKE 

D.4. 1.1 Wigner Coordinates, Gradient Expansion 

We follow |Kadanoffl962] chapter 9. We start with the left and right Dyson's equations and after 
applying Langreth's theorem to get the lesser and greater quantities (spin indices are omitted and 
initial terms, and M are dropped). 

(i^^ + |^V2. -Mfi,ti))G<(fitif2t2) = ^(S«G< + S<G^)(fitir2t2) 
We subtract them to get, 

Define Wigner coordinates 

^ I f*! + r2 + tl + t2 

centre coordinates: r = , t = 

2 ' 2 

relative coordinates: f~=fi—r'2, t~ = ti —t2 

inverse: r\ = -\ — r , ro = r ^ r 

2 2 

ti=t+ + -t-, t2 = t+--t- 

For the LHS, we will now carry out the coordinate transformation. 

d d 

dt~ d 
^ dt2 dt- 



dti ^ dt2 






dt+ d dt- 
dti dt+ ' dh 


d 

at_ + 


dt+ d 
dt2 dt+ 


1 d d 


1 d 
2dt+ 


d 

~ dF 


d 






dt+ 







LHS Second term = - 



we write in the partial differential forms for simplicity 
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Qff2 Qff2 (D.133) 

d / 5r + d ^ df^ ^ ^ ^ f ^ + "^^^ ^ (D 134) 

dri \ dfi 9r + dfi df^ J dr2 \ dr2 9r + dr2 dr^ J 

_d_ n_d_ ^ _d_\ _ _d_ n_d d_\ 

dfi \29r+ df~ J df2 \2(9r+ df~ J 
Id d V /I d a ^ ^ 



2 5r + 5r ~ / \ 2 9r + 5r 
5 5 



+ 7^ (D.136) 



= 2V^-+ • V^-- (D.138) 

LHS Third term = - h{f ih) + h{f 212) (D.139) 
= -h{r + + + ^t-) + /i(f + - lr~,t+ - h-) 



Taylor expand to first order 
di 



1 /^l 1^ 



f" • V,.+ +t-T|r ) (D.140) 



The LHS is now, 



ih-^ + ^V,-+ • V,-- - (^r- ■ Vr-+ + t~^^ h{r+t+)j G<(r— t-f (D.141) 

Define the Fourier transform of r ~ and t~ , H 

G<{pur+t+) = [ df-dt-e-'i-''~+'^^~G<{f-t-r+t+) (D.142) 



and we apply its inverse to the LHS 

( d ( d 

LHS = [ih— + —Vp+-Vf^--\r--Vf++r—]h{r+t^ 



I 



(27rn)3 2-K 



'^"'e'f>^--i-*"G<(pwf+t+) (D.143) 



(27r/i)3 27r V dt+ m r 

write (f - • V^-+/i) e^l-^^ = | (V^-. + /i) • (VpVf G< 
then integrate by parts for p and drop the surface term 
to get ihe'^-''~-''^^~ (V^-+/i) • (Vp-G<) 



5 



This fails when the external disturbance involves electromagnetic fields. Gauge invariance is spolit and a compatible 
Fourier transform is needed. This is done in the next section. 
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do the same for the last term 

dp duj_^q.p-_i^^- 



(2TThf 27r 

'^{w^i- ^^^^ - (^^-^^^"'^*'")) • ^^-+ ^) ^^^^''^'^^ 

Now for RHS, we will expand to first order in gradient. Here we refer to the derivation in the chapter 
on NEGF since most of the steps are similar and it is the simpler case here. We will quote some explicit 
expressions. 

RHS of prc-QKE 

poo r 
Jto—^—oo J 

-G^{ntir^h)T.<{fzhr2t2) - G<{ritxnh)T.^{nhr2t2)) (D.145) 
I write the retarded and advanced functions into the lesser and greater functions 

= r dh I dfs (S> - S<) {ntif3ts)G<{fst3f2t2) 

rt2 



+ j ' dh [ dr3^<{ntir3h) (G< - G>) (^3*3^2*2) 

- r dt3 [ df3 (G> - G<) {rihr3t3)T.<{r3hr2t2) 

- r dt3 [ drsG^inhnts) (S< - S>) {r3t3r2t2) (D.146) 



The subsequent steps will be to change them into Wigner coordinates as defined earlier and gradient 
expand to first order. Then extract the Fourier component based on the Fourier transform defined 
earlier. The result is, 

Fourier component of RHS (up to first order) 

+7 ^^]gpb iPm^4) - ? \b, S<1 (Picir (D.147) 



where a and b are the Fourier components of 



a(f-i-f+i+) = (S> - E<) (f-rf+i+) (D.148) 

b{r-t-r+t+) = ^1{G> -G<){r-rrn+) (D.149) 
respectively. The generalized Poisson bracket is defined as 

dX{pxr+r) ()Y{pujr+f+) dX{pujr+t+) dY{pujr-r) 

doj dt+ dt+ doj 

- {VpX{puf+t+)) ■ (Vr-+y(#a;f+i+)) + {Vf+X{puf+t+)) ■ {V^Y{fujf+t+)) (D.150) 

From the chapter on NEGF, it is obvious that a-(pa;r and 6(pa;r take on similar forms as their 
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phonon counterparts, they are 



b{pujf+t+) = V / (D.151) 

J zvr Lo — uj 

I with analogy to Kramers-Kronig relations, we may write 
= ^G^°'^{pujr+t+) (D.152) 

a{puf+t+) = V / (D.153) 

J zvr LO — UJ 

I with analogy to Kramers-Kronig relations, we may write 
= sRS^°'"^(pa;f+i+) (D.154) 



We note that actually the LHS can be written into a generalized Poisson bracket form. We check 
backwards. 

LHS = ?S + |-(V,.G<)-(V,./.).(V/;<) + ^^ (D.155) 



dt+ m ^ ' ' V r . . V p ^ ' 9i+ 9a; 
we postulate that it has the following form 
Fn rir'< f)? fir'< 

a? d? dh 



(D.156) 



so, by inspection, — = 1, 7— = —77—, V 



duj 

we guess that 1 = u 



Vft + h and Vp-? = — — 
m 



2m 



dt+ dt+ 

h{f+t+) = G^^^-'^{pojf+t+) - h{r+t+) 



G^'^^-\pujf+t+) - h{f+t+),G<{pur+t+) 



GPB 



The final expression for pre-QKE to first order in gradient expansion is 



(D.157) 



ih 



G(o)-i(pia;if+t+) - h{f+t+),G<{piujr+tt] 



GPB 



^>{piUif^nt)G<{piUif^+tt) - G>{piu:ir+t+)T.<{piuJir+t+) 



R or A 



\GPB 



(piuif+tt) - - [3?G 



R or A v<l 



(piLVif^+tf) 



(D.158) 



As noted by Baym in the reference, the 3rd term on RHS can be "transferred" to LHS. 

We can now compare with the expression derived in KB equations ()3.350p and come up with a 
receipe to "short circuit" the gradient expansion derivation and the receipe allows higher orders of 
gradient expansion to be deduced easily. The receipe is (operators E and F are dummy labels) 

• Drop the terms "initial" 

• For anticommutators, ^ [E,F]_^_ — > E{puir~^t'^)F{pujr^t'^) 

• For commutators, in first order gradient expansion, Jji?, F]_ — > [E, F]GPB{p^^^t~^) 

• For commutators, in all orders of gradient expansion (except the zeroth order). 



I t i - ^£ - V| • V,^, + Vf, . ) ) Eipurn^)F{purn^) 



D.4.1.2 Gauge Invariant Fourier Transform 

If the driving field h{ft) is an electromagnetic field (introduced through its scalar and/or vector poten- 
tial) then we realize the usual Fourier transform is not gauge invariant. We follow |Haug2007] chapter 
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7 and introduce gauge invariant Fourier transforms and fix the pre-QKE. 

Gauge invariant quantities are denoted as G'^^^\ We construct these quantities by modifying the 
Fourier transform. 



(D.159) 



where {q is the charge of the particle) 

"1/2 
1-1/ 



w 



j ' d\ (t- {nw + q(i){f+ + xf-,t+ + xr)) -f - ■ (p + qA{f+ + xf^ ,t+ + xr)J^ (D.ieo) 



For one-time, one-space quantities, their coordinates are simply the same as their "center coordi- 
nates" . Thus Maxwell's equations in Wigner coordinates is the same as usual. 



d 



dt- 



(D.161) 
(D.162) 



B{r+t'^) = Vr-+ X A(f 
Now we gauge transform and check that the form of W given above is correct. 

G^^'^'{pujr+t+) 

df- j dt-eT^^'G'{f-t-f+t+) (D.165) 

recall that G{ht2) « (T(?/;H(ti)V'l^(i2))) = {T{tPH{t^ + ^t-)^^^{t+ - V))) 

recall the second quantization relations ip = ^^(wave function) c and tp^ = (wave function) 
recall gauge transformations of wavefunctions, 

(wave function) — )• (wave function) e*''-*'^ and (wave function)* — )• (wave function)*e~*''-^ 

dr- I dt-ei(^+^'^)G(r— t-f+t+)e^'?^(^^^+^^"'*^+^*')e-*''^(^^^+^^"'*^+^*") (D.166) 



where 



w 



1/2 



/ 

J-1/2 

w + 



dX 



t~ {huj + qcp') - r~ ■ + qA' 
d 



(D.167) 



1-1/2 




/ dX 


H 


l~l/2 





— x(f + + Af",t+ + Xt~ 



d{t+ + At 

- r~ ■ qy{f++xf-)X{r^ + Xf',t^ + Xt 



Let r"*" + Xf = "Ti, — Xf = r2 then r = — r(?'i — "^2) 



(D.168) 



"A reminder of gauge transformations, 



A{rt) 
4>{rt) 



A'{rt) ^ A{rt) + \/px{rt) 



(D.163) 
(D.164) 
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= w -q J ^^^^dx(^t--^^x{nti) + r- -Vi^.xinti)^ (D.169) 
I treat A as a function of 4 variables, X{fif2tit2) 

Q Q 

I then we can write t_ — — = — — — — where U = + Xt~ 
' dti dX dti 

I then wc can write r ^ • V^, = -T^T^^r^ where ri = r + Xf~ 

oX 

I we get a total derivative in the end 

f^/^ d 

= W-q dX—xinh) (D.170) 
7-1/2 dX 

= W-q dX—x{r'^ + Xf~,t+ + Xt-) (D.171) 
7-1/2 dX 

= W-qxif+ + ^f-,t+ + ^t-) + qx{r+-^r-,t+-^t-) (D.172) 

which cancels the phases coming from G and we thus get G(^^)'(pLt = G^^^\pujf+t+). 

Thus for electrons driven by electromagnetic fields, kinetic equations must be constructed with the 
gauge invariant Green's functions G^'^^\ 

Now let's work out the driving terms (LHS) of the kinetic equations for various configurations of 
electric fields and magnetic fields. 

D.4.1.3 Gauge Invariant Driving Term (LHS) for constant E and B 

[Driving by Constant E\\ First we calculate the case where a constant E drives the system and 
we work out the LHS of the kinetic equation in different gauges just to illustrate the gauge invariant 
construction. Then we extend it and work out the case where a constant E and a constant B drives 
the system. 

If we use the gauge (p{f^ + Xf~,t~^ + Xt~) = — r + • E then the modified Fourier transform to use is 
G^^^\pujrn+) = j dt-dr-ei^G^^\r-t-r+t+) (D.173) 

where 

W = J dX(t-{hu + q{-r+ ■ E))-f~ -pj (D.174) 
I the integral is trivial ^ — ~ ^ 

= t~{huj - qE ■ f^) - p- f~ (D.175) 
G^^^\pujfn+) = J dt-df-e^^^-'i^-'^^^~-iP-'~G^'t>\r-t-f+t+) (D.176) 

If we use the vector potential gauge, A(f^ + Ar + Xt~) = —t^E then the modified Fourier 
transform is 

G^^^\pujr+t+) = J dt-df-e^^G^^\r-t-r+t+) (D.177) 
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where 

W = J dXi^rhu; - f- ■ {p- qEt+)j (D.178) 

I the integral is trivial ( — ] =1 

= hujt- - {p-qEt~^) -r^ (D.179) 

G^^^\poof+t+) = J dt~df-e''^*'~i'-P-'^^^''>^~G^^Hr-t~r+t+) (D.180) 

Now that we have the expressions for the Fourier transform in two different gauges for the same 
constant E applied to the system, we can now construct the proper (LHS) driving term for the gauge 
invariant Green's function. 

We start with the case of the scalar potential gauge 0- Recall the form of the LHS after it has been 
written into Wigner coordinates to first order gradient exapansion. 

LHS = (ih^ + —V^+ -V^- - (r- ■V^+ +t-^^ h(r+t+)^ G<(r-t-fn+) CD.184:) 
\ ot+ m \ dt+ J J 

I in the scalar potential gauge, h{rt) = q4>{r) = —qf- E 

= {ih—- + —Vr'+-Vr'-+qf--E]G^'''^<(f-t-r+t+) (D.185) 
\ at+ m J 

Now we employ the modified Fourier transform (for scalar potential). 

LHS = (^h^ + -V,^•V,-+qf~■E) [ -Jl-pe~i'-''--'^^-^^^''np— 
\ ot+ m J J [lnhy 2tt 

ym h J 

^g-i{r..-,i?.r+)t- 1^^^ . ^ (Vp^iP- G(^^)<(pW+t+)) (D.186) 

I for 3rd line, integrate by parts to get, 

VpeiP-''") G^^^X = Vp-(esP-^""G(^^)<) - ei^-'"' (v/;(^^)<) and drop surface term 



for 2nd line, use product rule 

27r/i)3 27r V V 9t+ J 



^The full Hamiltonian (in position representation) is 



H = 2;^(P + gAj (D.181) 

I in position representation (D.182) 

= ^f^V + ,A)%,0 = -fv^ + ^A.V + ^(V.I) + |^l^ + .0 (D.183) 
2m \ t I 2m m 2m 2m 



This case is simply where A = Q. 
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m \ h 



(D.187) 



for 2nd line first term, we write r e-rS^-''^-''^^^ = e-i^"'?^-^"'')* i^e"^'"*" 

doj 

then integrate by parts and drop surface term 

^-j.(nu-gE-r+)t- + j:p-r- 



dp 


doj 




27r 


V dt+ 


+ 


dp 


doj 




27r 


[-1 


+ 



p d 
mh duj 



Thus the LHS to use when the electrons are driven by a constant E is 
LHS for constant E: 



(D.188) 



(D.189) 



ih-^ + . V,-+ + ihqE . fvp^+ ) ) G(«^)<(pW+^^ 



m 



^ mh duj 



(D.190) 



[Driving by constant E and by constant B:] We will now carry out the full derivation where 
the LHS is driven by a constant E and a constant B introduced via a vector potential. When the final 
expression is obtained, the reader can set B = and see that the same driving term as above will be 
obtained. 

The vector potential for constant E and constant B is as follows. 



A{f, t) = -tE -^fxB 



(D.191) 



where d =number of dimensions = • f. |f| We quickly verify the vector potential using the Maxwell'i 
equations. 



E 
B 



V X A 



j(v,x(FxB))=-i 

with ■ B = and ■ f = d 
B 



Vr^-Bjf- {V^-r)B 



(D.192) 
(D.193) 

(D.194) 



The gauge invariant Fourier transform to use in this case is, 

G(^^\pior^t+) = J dt-df -e*'^*"e-s(p-«^*+-I^^x^)-^""G(^^)(f-t-r+t+) (D.195) 



— 3 since we are usually working in 3-dimensions. d — 2 when we deal with Hall geometries and Landau levels. 
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(without KE term) = /i(r, t) 

ihq 
m 

I we have 



ihq 
2m 



(D.196) 
(D.197) 



0, A = —tE f X B and V,-? ■ E = Q (no source) 

d 



-!r5(^^'< ■ i!5 + 1;^*^^'^ ^)^_ 

use vector identity, V^? ■ {f x B) = B ■ (V,,^ x r} — r • (V,,^ x i?) 
then X f = and X i? = 



ihq^^ ^ ^ q^t^ fi,2 ihq 



E^ 



The subtraction of the external field in pre-QKE is of the form, (here we cannot say that the external 
field is hermitian) 



hint,) + hHr2t2) = '^t,E.V,,-%^E^ + '-^t,E.V,, + %^E^ 

2m m 2m 



m 



^ihq ^ ^ q 
md ^'^ 2md'^ 

write n = r ^ -| — r ^ and r2 = ^ 
2 



ihq 



(fi xBY + —^-{f2 xB)-V 



md 



2md'^ 



(f2 X Bf 



1 



ihq -± , „ „ , 

m 
ihq 



1 



+^ [ir^ X B) ■ (V,-, + V,-J + -(r- x B) ■ (V, 

1 



r'l , 



2md'^ 



1 



((f + X B) + -(f " X B)) ■ ((f + X 5) + -(f " X B)) 



-((f + X S) - ^(f - X B)) ■ ((f + X il) - i(f - X il)) 

change to Wigner coordinates, ti = + -t^ and t2 = — -t~ 

ihq 
m 
ihq 



(D.200) 



E ■ (^t+(V^, + V,-,) + V(V,-, - V^,)^ - ^Eh-f" 



+ 



md 
md"^ 



(f + X B) ■ (V,-, + V^J + l{f- xB)- (V, 



ri . 



(f + X B) ■ (f " X B) 



(D.201) 



change to Wigner coordinates, V,-?^ — V^s^ = 2V^- and Vf?-^ + = + 



m 



ihq 



^-h X B) ■ + (f - xB)-Vf 

md 



md^ 



(f + X B) ■ (f " X 5) 



^Vr X _B = from Maxwell's equation since there are no sources and a constant field causes no induction. Hope the 
argument is correct. 
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Now we substitute this expression into LHS of pre-QKE and use the Fourier transform modified for the 
vector potential. 

LHS = (ih^ + -Vr-+-Vr--+—E-(t~Vr--+t+V^^ + )-^t+t-E^ 

\ ot~^ m m m 

( (r + X B) ■ Vr+ + (r " x B) ■ V^— ) - ^(r + x B) ■ {r' x B)\ G^^^<(f-t-fn+) 
ma \ / md'^ J 

= i^^^ + — + • Vr- + —E ■ {rVp- + t+Vp+) - ^t+t'E^ 
\ ot'*' m m m 

X [ _i|_^e--*-+Kp--«^*+-S--+><^)--G(^^)<(pa;f+t+) (D.202) 
J {2TThf 27r ) \ ) 

Since the expressions are quite complicated, we shall work them out term by term. 

First term = j -^^^ (^ih-^^ e~'^-'- +^n{p-'i'^'^-¥^-^^^^^ (D.203) 

= [ duj -iujt- + {{p-qEt+-^r+xB)-r- 

J {2T:hf2TT 

X (^,h (^-^qE ■ r + G(^^)<(pa;r (D.204) 

i -* -' — fx i ^ — 

I write f~e'fi^'^ = —(V^efi-^'^ ) and integrate by parts then drop surface term 
i 

I essentially we have the "replacement" — Vp- = ihVff 

Second term = / ('5!vf + • V,-"! e-"'"+i(''-'**-5''*'<*) ''"0(«')<(pa;r +(+) 

J [zirny ZTT \m J 



{2'Khf 27r 

x^V,^+ • (p- qEt+ - X b) ei(^^-''^*^-^-^^x^)---G(^^)<(p-L;f+t+)) 
use vector identity V • {i>A) = ipV ■ A + A - where V' is a scalar function 



/ 



dp du _i^t-^' 



2 



(27rn)3 2n m 

X 



+ {p- qEt+ - + X b) • (v,^+et(^^-''^*^-^^^x^^)- "G(«^)<(#a;f 



the first term is zero as we shown V • (r x B) 
write r ^ x B ■ f~ = B x r~ ■ r 
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{2'Khf 27r m 



I 



I (p-qEt^ --/-^ X B 
n \ a 



-iijt- Mp-qEt+-lr + xB) 

(27r^)3 27r 

2 



-—.p- (B X r 
ma 



md 



md'^ 



(r + X B) • (B X f~) 



ih 



+— Ip - gM+ - -(r+ X S)) • Vp+ G^^^^<ipur+t+) 
m \ d J 



(D.205) 



Third term 



dp duj ( ihq 



(27rn)3 27r V / v/- y 

y dpduje''^'~+'^P-'i^^^>^'' [-qtrE ■ i{p- qEt+)) G^°^'^<{pu:r+t+) (D.206) 



= /" _!^^_<^ iujt- + ^{p-qEt+-^f + KB)-r- 
J {2TThf2TT 

x'^t-E -Up- QEt+ - + X b) G^'''^<{pur+t+] 
m h \ d J 

= f dw iojt- + i:(p-qEt+-lir+xB)-r- 

J {2'Khf 27r 



X I -U-E ■ p+ ^t+t-E^ + ^t-E ■ (f + X B) ) G(^^)<(pa;f +^^ 
m m md I 



(D.207) 



(D.208) 



Fourth term 



{2iThf 2tt \m 
write r ^ x 5 • r~ = B x f~ ■ r 

f dp duj i^f-^i.(p_qEt+-^r+xB)-r 
J (27r/i)3 27r 



( !^t+E . i-'-^n X r-\ + '-^t+E . G(«^)<(pa;r (D.209) 

\m \ nd J m J 



dp duj ^j^i- + 1 {p-qEt+ -y+xB)-r- 

J (27rn)3 27r 

x('^t^E-(Bxr-) + '-^t^E.V,, 
\ m V J m 



G^^'^<{pojr+t+) 



(D.210) 



Sixth term = 



J {2Trny 2'K \md J 



write r x B ■ f = B x r ■ r'^ 

f iujt-+^{p-qEt+~y+xB)-r 
J {2TThf2TT 
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(27rn)3 27r 



X 



( -^{f+ X B) ■ (B X r -) + ^(r + X B) • V^-+^ G^^^^<{mjr+t+) (D.212) 
\ md'^ md J 



Seventh term 



I f ^(f X B) . V,-) e-*-+i(^--«^*+-3--+x^)- -G(«^)<(pa;r (D.213) 



X 



(27r/i)3 27r 

(^^{r- xB)-(^^ (p- qEt+ - + x ^)^^ G(^^)<(pa;f (D.214) 

dp duj j^j- ^ i [p-qEt+ - £f + xB)-f- 

(27rn)3 27r 

/ 2 2 \ 

X ( -—Ar- xB)-p+ -^(f- X B) ■ Et+ + —Jf- x B) ■ (r + x B)] G^^^^<{pojfn+) 
\ md md md ) 

So, we can now put all the terms together and many will cancel. Then we extract the (gauge invariant) 
Fourier component. 

LHS = / ^gic.t- + i(p--gEt+-§r+xB).f- 

ih— + ihqE ■ —J- {B X r -) - -^t+E ■ {B x r ") + —p- Vf+ 
at+ ^ md md m 

-—t-E-p + —t-E-(f+ xB)- —Af - xB)-p] G^^^^<(pujf+t+) (D.215) 
m md md J 



_ _■ - Id ■ - 
write t~e~*'^* = — ■7^e~^^ , then integrate by parts and drop surface term 

—I OUJ 

eiiectively t - — 

_i Ji _i 

write r e fi^ '' = — Vj^e ^^'^ , then integrate by parts and drop surface term 

i 

effectively f~ — )• — Vp-= iHVg 
I 

dp ^^ Ja)t- + i(io-qgt+-2f + xB)-f- 

(27r;i)3 2tt 

ih— + -p- V,-+ + ihqE ■ Vp-+ ^E-p— + —^p- (B X Vp) 
at^ m m ou md 

-'^t+E • {B X Vp^) + • (f + X B)4-) G(^')<(pa;f+i+) 

md ^ ma i ou J 

dp ti^ Ja)t- + i(p-9gt+-2f + xB)-r- 

(27r/i)3 27r 



(D.216) 



^ [^^^ + -p-yr++^^E-Vp+-^E-[p-lr + xB] — 
\ at'^ m m \ d J ou 

• {B X Vj,) + ^ (P - • X Vj,)] G(^'^)< (#a;r (D.217) 
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Gauge Invariant LHS for constant E and constant B 

+ —P- + i^E .Vp+-E- (p- xb)-^ 

• {B X Vp) + ^ (p- qt+E) . {B X \7p)j G(«^)<(p-a;r (D.218) 

It is obvious tliat when we set i? = in the above expression, we get the same gauge invariant LHS for 
constant E introduced by a scalar potential. We need to turn LHS from pre-QKE form to QKE form, 
i.e. from G^'^^^ to Recall the definition of Wigner function, 



n J 27r 



So we perform the temporal Fourier transform on LHS 

ih 



(D.219) 



t-=o 



LHS 



—p- + ihqE ■ V„-+ —E ■ (p- xb) — 
m m \ a J ou 



J 211: \ dt 

• {B X Vp) + ^ (p- qt+E) . {B X Vp)] G^^')<{purn 



d 

only the — — term is affected 
write e--*-|-G(«^) = ^,e 



iu)t' 



dco J 



(D.220) 



t-=Q 



drop surface term and with t =0, the second term = 
now write -^/^ = G^^^^<{r = 0) 



(D.221) 



(D.222) 

This is the final LHS in QKE form for constant E and constant B (introduced via the vector potential 
which does not matter). We make some remarks 

1. For RHS, the step = must also be carried out. However, the RHS remains in pre-QKE form 
(i.e. G(G^) remains in the RHS). Then GKBA is required to turn RHS into QKE form (i.e. only 

appears). 

2. If only one type of field is applied to the system, just set the other field to zero. 

3. For homogenous systems, we drop terms with r + and drop the argument r^. 

4. For steady state considerations, we drop terms with t+ and drop the argument . 



D.4.1.4 Gauge Invariant Collision Integral (RHS) for constant E and B: 

The RHS is more complicated, thus we can only gives expressions for special cases: either it is resctricted 
to the spatially homogenous case or it is gradient expanded. 
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D. 4.1. 4.1 Full collision integral (but restricted to spatially homogenous case) The full 
collision integral is 

/OO f 
dh / dn (S^G'< + S<G-^ - G^S< - G<S^) {ritinh){nhf2t2) (D.223) 
-OO J 

We define a simplified notation 

mhr2t2) = j dt^j dnX{ri - rs, h - is, H^)Y{f3 - rs, is - ^2, ^) (D.224) 

To proceed, we have to assume spatial homogenity (drop r +) otherwise most of the subsequent working 
will not go through. We go over to Wigner coordinates, 

lirft^tt) = JdtsJ dnX{ri - n, h - ts, '-^)Y{r3 - h - ia, ^) (D.225) 

The gauge invariant inverse Fourier Transform (for constant E) to use is, 

G^^\r-rt+) = [ [ ^e--*-eH(^^-«^*+)-^-G(«^)(pa;t+) (D.226) 

J {2nny J 27r 

^ / (W / ^^^-'"^"^^ ■ - 'Mp2.^2, ^) (D.227) 

xei^P'-'^^'-^ -P^+ QE'-^) ■ r^xip^,^^, h^)Y{p2,U2, ^) (D.228) 
I carry out the integral j dr^ and get 5{p2 — Pi + ^qEti) where = ti — t2 

I then evaluate integral / , 

' J i^TThf 

J '\2'nhY 27r 27r 

xX(pi,^^i,^i±^)y(p2,c^2,^) (D.229) 
I write frequencies back to time 

= / '^^^(^^^^'^"'''^^^ ■ " - ^3, '-^)Y{p2M - t2, ^^)(D.230) 

Now we Fourier transform the expression /(r^~ij~i^). 

= J dff J dt^e'''*^e-Ti^-i^^tyrrj(^f-t-t+^ (D.231) 



J dfi dti c/is" 



^_}_Mpi-qE^-^ -p + qE4) ■ f.itot^ 



' {2'iThf 

xX{pi,h-t3,i^)Y{p2,h-t2,i^) (D.232) 
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I carry out / dff to get 6ip, - p- ,E^-^) ther. carry out / dp, 

= j dtrdt3e'"*^^(;?+9^^,ii-t3,^)l^(p + 9^^,i3-i2,^) (D.233) 

+ 1 - , + 1 - 

I write ti =tj + —t-^ and ^2 = — ^^i 

= J dt^dt3e'^'^x(^p + qE{'f-'l + ^)),tt + 'i-t3,'4 + U^3 + 'i)) 

xY (p + qEi'f - i - -t+ + ^ + t3, i + i(t3 - ^ )) (D.234) 
This is equation (7.19) in |Haug2007| . 



D. 4. 1.4. 2 Zeroth order gradient expansion collision integral The zeroth order gradient terms 



are 



Zeroth Order Cohision Integral 

dh / df[(S> - S<) G< - (G> - G<) S<] (ff - f3,tr - t3,r +,t+)(f3t3ri+4) (D.235) 

-OO J 



in vector potential gauge, we change notation 



OO 



dt^ I dr 



(S(^)> - S(^)<) G(^)< - (g(^)> - G(^)<) S(^)<] (ff - f3,tr - t3,r +,t+)(f3t3n+t^) 

(D.236) 

In general, we handle the term, 

dt3 f df^X^^^r^- -r3,t^ -t3,f + ,tt)Y^^Hr3t3fi^tt) 
introduce the inverse (gauge invariant) Fourier transform 

OO !• 

dts / dfs 

-OO J 

dui f dpi __i^r^-_.)i(^ g^+_<i^ + 



2tt J (27rn)'^ 

perform J dts to get 6{ui —0J2), then evaluate y dijj2 



2tt {2-KhY {2-KhY 

X (pi^if +t+)y (P2wif +t+) (D.238) 
carry out j dr^ to get 5(p2 — Pi) and evaluate y (ip2 

J 271 J {2TThY 
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Fourier Component = X^^^\picoif{^f:l)Y^^^^ {piuif{^tt) 



(D.240) 



This expression is the same as before. Thus the zerotli order cohision integral is aheady gauge invariant. 
We shall simply just rewrite it with the explicit notation of "(G7)" . 

Fourier component of the zcroth order collision integral 
= J:>ipiiOif+ti)G<{piL^if,n+)-G>{piLOif^^^^ (D.241) 
= i:^^^>{piUif+t+)G^^^^<ipiUJir+ti)-G^^^>{^^^ (D.242) 

D. 4. 1.4.3 First order gradient expansion collision integral The first order terms represent 
correlations between the particles. It turns out that the fields E and B appear in the first order, 
indicating that the fields are part of the correlations in between collisions. This is known in the literature 
as the "intra-collisional field effect" . Recall the first order collision integral, 

First order collision integral 



X (aG< - 6E<) (ff - fa, - h, f +, t+Wshf+'tf 
in vector potential gauge, we change notation 



(D.243) 



(D.244) 



In general, we handle the term. 

First order collision integral 



(D.245) 



introduce the inverse (gauge invariant) Fourier transform 



/duji f dpi 
'2^ J '(2^ 



-i^l {t- -t3) (Pl -qEt+ - §r + X B) ■ (rf -rg) ^^^^^^+^+ 



J 21: J {2-nhY 
r f^- /"^^i f dpi fdl02 f dp2 

id d \ 

X • V,- + t3-+ - (rf - rl) • V +, - {t^ - 



(D.246) 



/ 1 it-i — *'i 



dt+ 



dtl 



xe 



-iooiit^ -t3)Mpi-qEt+-^r+xB)irf-r3)-iu,2t3^i^^^ 
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t+ -t+ 

-'l jl-l — (-l 



(D.247) 



Due to the complexity, we will deal with the above term by term. 

dp2 



First term 

f oo 



r/i)3 J 2tt J {2Tihf 
X(«^)(pla;ir+t+)y(«^)(p2u.2r+'t+'; 



(D.248) 



use vector identity eft ( d^^^^)-'-''^ "^^^ = e Idi^^^^'i then take derivative V- 



xe 



-iwi{t--t-i) Upi -qEt+ - f r- + X B) ■ (rf -rg ) -i^zts „ t (p2-qEt+' - +' 



xB 



S X (rf - r3) + V-+ ) X^^'\picoir+t+)Y^^'\p2C02ri^'tt') 



^, iD.249) 



write r3 • x (r^ — fa) j = B ■ [f^ — r^) x ra 

write efi^'^'^^fz = -Vp-jCfi^^ '"^ then integrate by parts and drop surface term 



h 

i 



essentially fs 



rVp-j and - 



pi 



dp2 



xe 

X 



(*r -*3) gi (pi -qEtt - X B) ■ {ff -fs) e-^2t3j {p2-qEt+' -^f+' xBj-fa 

(-^^S . V,-, X V,-, - ^V,-, • V,.) x(<^^\p,u:,rrtt)Y(^'\p2U.2rYtr: 



(D.250) 



-"l jll — ^1 



Second term 



dujo 



27r J {2'Khf J 2Tr J {2TThf 



dp2 



d 



* dt+ 



xX(«^)(pia;ir+i+)y(^^)(Ka;2r+'t+') 

= lJ''J'''J^JWWJ^Ji2.n)^ 

1 (*r -t3)^i{pi-qEt+ - § r-+ X B) .(fr -fg) ^-jc^ats (p2-qEt+' -if+' x s) .fa 



'2 



(D.251) 



xe 

X 



(D.252) 



write e~''^2t3^g ^ 



1 a 

— i 5a;2 



e then integrate by parts and drop surface term 
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essentially ts 



1 d 



i dijJ2 



, write also fi — rs 



'pi 



duj2 f dp2 



~ Loo "^^^ I I ti-' / {2^hY J 2n J {27^hY 



(D.253) 



Third term 

f oo 



dp2 



X X(«^)(pia;ir +t+)y(^^)(p2^2ri+'t^') ^+ + (D.254) 
I use vector identity ''^ = e~t3(^^''3) ''i^ then carry out the derivative V^+/ 



'2 



xe 

X 



(D.255) 



write (r^ — rs) • 5 x ra = 5 • ra x (r^ — ra) 

then "replace" ra ^ — -V^s and r*," — rs ^ ~~V^, 

, /"dwi /■ dpi f duj2 f dp2 

^""V 27r 7 (27rn)3 7 27r J (27r^)3 

(7^^ • ^^^^ ^ ^^^^ - 7^^^^ • V) X^'''HPi^ir,nt)Y(^^\p2U2rYtr: 



xe 

X 



, (D-256) 
'1 ~'i ''■1 ""-i 



Fourth term 
roo 



duj2 f dp2 



d 



hf J 2tt J {2TTh)^ 



X X(G^)(pia;if +t+)y(^^)(p2a;2r +'4') 



r+ =r+,t+ =t+ 

dp2 



(D.257) 



xe 



(tr -ta) i (pi -qEtt - + x B) • (rV -ra ) -ic^zta g t " x ^) -^^3 
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then "replace" — t-^ 



dt3 / df: 



dt+ ) 

Id 

-- — and rs 

I OUJi 

dpi f duj2 



(D.258) 



-V, 



P2 



2tt J (27rn)3 J 2tt J {2TThf 

^^-icoi{t--t3)^j:{pi-qEt+-ir+xB)ir^--r3}^-iuJ2t3^^ 



(D.259) 



First order collision integral 



dp2 



xe 



+Vp-i-v. 



pi 



+ 



hdijj2 hduj2 dtf d 



pi ^ P2 



a d 



j] x(^'\p,uir+tt)Y^^'Hp2U^2r,+'tt') 



(D.260) 



put X^'^^^ and y^*^^' into their respective differentials, the limit = and tf = is trivial 



carry out J dt^ and J df^ to get 5{loi — 002) and S{pi — P2) respectively 
use the definition of the generalised Poisson bracket 

dull f dpi _,■,.„+- i/'iT,_„R^■+_£i^ + vR^.^=•- //i- 



XiGI) y(G/) 



GPB 



_ g-i<^it r e i (pi -i^^t - in+ X -B) -rr 

2tt J {2nhf \i 



Fourier component of the first order collision integral 

GPB ^ ^^^^^ ' ^^^'"^ ^ hdooi 



~{GI)^q{GI)< 

-f^.(V,^,a(^^))x(V,^,G(«^)<)) 



1{GI)^^{GI)< 



GPB 



qE 



2q 
d 



S-(V,^,6(^^))x(V,^,E(G^)<)) 



hduji 



(D.262) 



Notice that the fields only appear from the first order onwards and recall that the gradient expansion is 
an expansion about the correlations between the particles. This implies that the fields are now mixed 
into the correlations between the particles. This is known as the "intracollisional field effect" in the 
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literature. These extra terms can also be seen in |Kita2010] equation (6.10). 
D.4.1.5 Problems with KB ansatz 

In the chapter on NEGF, we developed the KB ansatz and derived phonon Boltzmann equation from 
it. Exactly the same thing can be done and the electron Boltzmann equation can be derived. We 
started with casual quantum field theory but ended up with Boltzmann equation which is non-causal. 
See |Haug2007] pg 95 for more details. Thus the question is, can we have an ansatz to reduce the 
(gauge invariant) Green's function in pre-QKE to the distribution function while preserving some form 
of causality (and obeys gauge invariance and allows gradient expansion)? 

The answer is the Generalized Kadanoff-Baym (GKB) ansatz. The ground-breaking paper is 
|Lipavskyl986| and the important review paper |Spicka2005| . Here we follow |Haug2007l section 8.2 for 
a simple derivation. 

D.4.1.6 Generalized KadanofF-Baym Ansatz 

D. 4. 1.6.1 Systematic "expansion" about the time diagonal We will show how it is possible 
to systematically the 2-time function about its time diagonal part0 We start by defining auxiliary 
functions (we only keep time labels here) 

G^<iht2) = 9{ti-t2)G<{tit2) (D.263) 

G^>{tit2) = e{ti-t2)G>{ht2) (D.264) 

G^<(tit2) = 0it2-h)G<iht2) (D.265) 

G^>(tit2) = e{t2-ti)G>{tit2) (D.266) 

Convolve G^~^ from the left of 

dhG''-\ht:,)G''<{ht2) 

I dts (G(0)«-i(tit3) - S^(tit3)) G^<(t3t2) (D.267) 

^^3 - e^^) S{h - h) - S^(tit3)) G'^<(t3t2) (D.268) 

use the definition G^<(tit2) = 0{ti - t2)G<{tit2) 

I "^^^ {'Wi " *l)^^(*3t2)<5(tl - h)) - e^^5{h - t3)G^<(t3i2) - S«(tit3)G^<(t3t2)) 

'Wi " *2)G<(tit2)) - 0{h - t2)e^G<{ht2) - J dt3^'^{hts)e{t3 - t2)G<{tst2) (D.269) 

i6{h - t2)G<{ht2) + ie{ti - t2)^G<{ht2) - e{h - t2)er G<{ht2) 

Oti 

dHT.\tiH)G<{ht2) (D.270) 
i5{ti - t2)G<{tit2) + e{ti - t2) {ji^^ - G<{tit2) - ^ ' dhJ:'^{tit3)G<{ht2)^ (D.271) 



The first term is the time diagonal term and that gives the Wigner distribution function, i6{t 



^"This is a mathematical exercise. Whether there are physical justifications to say that time off-diagonal terms can be 
dropped, depends on the particular application. 
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t2)G<{tit2) = -S{ti - t2)f^{t2). We rewrite Keldysh equation, 

G< = G^Y.<G^ (D.272) 
^qR-1q< ^ ^<qA (D.273) 

(^-^^-e^^- j\h^''{hH)^G<{U2) = j\h'L<{tiH)G'^{U2) (D.274) 

rti rt2 rh 
I rewrite / = / + / 

J to *^to ^ t2 

This is substituted into / dUG^~'^G^< to get, 

/ dhG'^-^G'^^ = idih - t2)G<{ht2) + e{ti - t2) /*' dh (S^(ilt3)G<(i3«2) + S<(tii3)G^(t3i2)) 

J Jtn 



rt2 

'to 

Convolve G^ on both sides so that only G^^ is left on LHS. 



G^<{ht2) = i J dUG^{hU)S{U-t2)G<iUt2) 

■ r dU r dtsG'^ihU) (E^(M3)G<(i3i2) + ^^{Ut3)G^{ht2)) 

J to -J to 



rti rt2 

+ 

't2 Jto 

iG'^{ht2)G<{t2t2) 
tl (■t2 



+ r dU r dh {G'^{hU)^'^{Uh)G<{hh) + G'^{hU)J:<{Uh)G^{ht2)) 

t9 <Jto 



't2 Jto 

We repeat for and get, 

G^<{t^t2) = -iG<{tih)G^{tit2) 
l-t2 rti 

+ 



r dU r dh {G<{tih)^\hU)G^{Ut2) + G'^{tih)^<{htA)G^{Ut2)) 

Jti Jto 



< 



With these 2 terms, we can reconstruct G 

G<{hh) = G^< + G^< (D.275) 
= iG^{tih)G<ihh) - iG<{titi)G^iht2) 

- f'dU f dh {G'^{tit4)^'^{Uh)G<{hh) + G'^{hU)^<{Uh)G^{hh)) 

+ duT dh {G<{hh)^^{ht4)G^{t4h) + G'^{hh)^<{ht4)G^{t4h))i'D.276) 

J t\ to 

This results in an infinite series when we iterate from second term onwards. Usually only the first 
term is kept and its validity is justified by saying that the interaction is weak. This can be seen as the 
self energy terms enter only from the second term onwards. Thus the lowest order GKB ansatz can be 
written as 



G<{ht2) ~ -G«(tii2)/'^(t2i2) + /'^(titi)G^(iit2) (D.277) 



The G^ component is constructed by calculating the equal time commutator to see the difference 
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between and on the time diagonal. 



D. 4. 1.6. 2 GKB ansatz For Electrons in constant E and constant B: Wc will deal with 
constant E and later we see that the constant B field can be incooperated into the result trivally. 
Prom the zeroth order terms in the time diagonal expansion, we put back the r argument and change 
notation in view of the vector potential gauge used. 



(D.278) 



Going to Wigner time coordinates is tricky for G^^^^^ip, r t2, ^2) and G^^^^^(p, r ti, ti) and we need 
to handle them seperately from the other terms. We start by considering the gauge invariant Fourier 
transform. 



G'(GJ)<(p^+i-i+) 

G(«^)<(p,r+,t2,t2) 



reverse the temporal Fourier transform 
reverse the Wigner time transformation 

now set ti = t2 

j df-e-^^P-i^'^>'"G^^^<{f-,f+,t2,t2) 
LHS is the term that we want to tackle 

RHS gives the expression to carry out the Wigner time transformation 



(D.279) 
(D.280) 
(D.281) 
(D.282) 



J dr-e-^n(P-i^t^yr^-G^^^<{r-,r+,0, 



, 1 
write ^2 = ^1 — 7:^1 



G(^^)<(p,r+,0,t+-itr) = j df-e-i^-i^^'t-¥T)yr-G^^^<{r-,f+,(},t+ - It^) 



take the steady state condition and thus drop tf 
and drop the "center of time" argument 

dr-e-i (^+1^*1 " < (f - , f + , 0) 



(D.283) 



(D.284) 



(D.285) 
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Now compare with the usual definition of 



G<{p,t- = 0,f + 



G<{p,t~ = 0,f 



r{pr+t+)= dr'e~T.P-^ G<{r-,t-=0,f + ,t+) (D.291) 



(D.292) 



take steady state condition 
i 
h 



^f^{pr^)= I df~e-iP-'' G<(f-,t- = 0,f+) 



Thus for the (constant E) gauge invariant version, it is just a "shifted momentum" modification to the 
Wigner function. 



It can be easily deduced that 



We can now reconstruct G^*^^^^ (p, r ti, ^2) 



G(^^)<(p,r +,0) ^ ^/^(p - hEti,r+) 



(D.293) 
(D.294) 

(D.295) 
(D.296) 



-iG(^^)<(p,f+,ti,ti)G(^^)^(^?,f + ,ti,t2) 
go over to Wigner time coordinates 
which is trivial for LHS, G^^^'^^ and G^^^'^^ 
we impose the steady state condition 

tr , r^)if'^{p+ \qEt-, , r+) 
-i^f^ip- yEt^,f+)G^^'^'^{p, t^,r+) 
recall the definition of the spectral function A = i{G^ — G^) 
recall the step function in the definitions of G^ and G"^ then, 
A{p,q > 0,f +) = iG^^^'^^{p,q,r+) 



(D.297) 



(D.298) 



^^From the equal time anticommutation relation, 



^ ih{G> - G<) 



take statistical average 



recall G< = j^{'4}H) and G> = ~j^{'4}ip^) 



insert G^ = t- f ^ 

4(1-/-) 



(D.286) 
(D.287) 

(D.288) 
(D.289) 

(D.290) 



APPENDIX D. NEGF FOR ELECTRONS 



456 



A{p,q < 0,f +) = -iG'-^^^'^{p,q,f+) 
iA{p,t^ > 0,f + )f^{p+ ^qE\t^\,r+) 

+if^{p+ \qE\t^lr+)A{p,t^ < 0,f + ) (D.299) 
iA{p,ti,r+)f'^{p + yE\qlr+) (D.300) 



See Haug2007 equation (8.19) for the time dependent E GKBA (introduced via the vector potential). 
To include the constant magnetic field, we realise that the Fourier kernel e~^^^~'^^^^~d^^^^^'^ which 
involves only spatial variables in the magnetic field related term. Spatial variables are not involved in 
the time diagonal expansion, thus we only get another trivial "momentum shift" . 

G^^^^<{p,t^,r+) = iA{p,t^,r+)f^{p+lqE\q\- ir + X B,r+) (D.301) 
G(^^)>(p,t^,r+) = -iA{p,q,r+)(l- f^{p + yE\t^\-^f+ X B,f+)) (D.302) 



where the second GKBA is obtained via the relation — G^) = A. This is the final result. We see 
that (even in steady state) the momentum, time and space variables have been mixed up. This could 
mean interesting quantum effects but it makes the quantum kinetic equations (QKE) very difficult to 
handle. 



D.5 Summary and Receipe of QKE 

Here we want to write some kind of receipe for QKE so that people can quickly construct the QKE 
they want and it also serves as a summary for this appendix. 

1. Choose a LHS. Various choices for the driving are: mechanical driving or (time dependent or time 
independent) electromagnetic fields driving. Various choices of approximations for LHS are: full 
distribution or linearized distribution. Various choices of conditions are: spatial homogenity or 
temporal steady state. 

2. Choose a matching RHS. Decide whether to use the full collision integral (which only works with 
spatially homogenous systems) or use the gradient expanded ones. Then decide how many orders 
of gradient expansion should be kept. 

3. Choose a self consistent self energy for RHS from the Hedin's equations according to the interaction 
the researcher is interested in. 

4. Choose a matching GKB ansatz and the pre-QKE becomes QKE. 

For an example of such an implementation of the receipe, refer to the section on the QKE treatment of 
electron-phonon interaction. 

D.6 From NEGF to Linear Response Theory 

The derivation has already been given in the chapter on NEGF. Here we will just apply the linear 
response formula to electronic transport, i.e. calculate electrical conductivity. 
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D.6.1 Application: Electrical Conductivity 

Here we follow [Bruus2004j chapter 6. The time-dependent Hamiltonian with electromagnetic driving 
fields (introduced by scalar and vector potentials) is 

V{t) = - j drp{r)(i){r, t) + j dfJ{r) ■ A{f, t) (D.303) 

where p{r) and J{r) are treated as operators and 0(r, t) and A{f, t) are treated as functions with 
parametric time dependence. 

We first write the retarded response function in the Kubo correlator form. Choose a gauge such 
that the Hamiltonian becomes 

V{t) = j dfp{r)(j){f) (D.304) 
and let V = p{r) , f{t) = (P{f,t) (D.305) 
Following the procedure, we first take the time derivative. 

^^('^ - drct>{r,t)^ (D.306) 



dt j^^ ' dt 



dp ^ 

use (operator) contmuity equation, — + • J (r) = 



df(/>(f, t) [Vr ■ J{f)j (D.307) 
I integrate by parts and drop the surface term 

= J drJ{r) ■ V,^0(f, t) (D.308) 
I use Maxwell's equation, — V^(/)(r, t) = E{f, t) 

= - J dfE{f, t) ■ J{f, t) (D.309) 

So, V = J{r) and we choose operator ^ to be J and now we can write the linear response formula for 
electrical conductivity. El 

5{J{r,t)) = {J{r,t)) (D.310) 
I since there is no current when no field is applied 

/OO f' 
dti j dfi^^^.^^.(f-fi,t-ti)i(fi,ti) (D.311) 

Taking spatial and temporal Fourier transforms, we get the Ohm's law form, 

(J(g,a;)) = -'^jj{q,uj)E{q,u) (D.312) 
Thus the electrical conductivity ^ is simply 
a^^{q,uj) = -x%^^p{q,uj) (D.313) 



^^Note that all these manipulations are done so that the linear response formula looks like the transport law we are 
interested in. In this case, the transport law of interest is Ohm's law. 
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/3 



X 



/ dr^ {jp,Ho+H,Jfuh - inT^)Jc.,H,+H,Ar,t)) (D.314) 
JO 



introduce — / dr = \ 



assuming spatial translational invariance, we can rename [r,r — fi) — )■ (r, fi) 



X / dr^' {j^,Ho+H,Jri,ti - ihT'')J^,Ho+H,Ar, t)) (D.315) 
Jo 

K e-s.O+ Jo JO 

I now we can write the average explicitly in terms of (t — ti) &: rename t — ti — )• t 

V e-!-0+ Jo Jq 

This is our final result in Kubo correlator form. El 

We want to write the commutator version. Choose a gauge such that V{t) becomes 

V{t) = J drJ{r) ■ A{r,t) (D.317) 

where the current operator J is to be substituted for V, the function f(t) to be the vector potential A 
and choose operator A as J. The linear response formula is now written as (again, we take no current 
when V{t) = 0) 

{J{f,t))= [ dh [ dn^^^j^^j{f-fut-ti)A{futi) (D.318) 

We want to write it so that it looks like Ohm's law so that we can identify the electrical conductivity 
expression. To this end, we take the spatial and temporal Fourier transforms and use Maxwell's equation. 



( J(g, u:)) = ^^.(g, (D.319) 



1 



J J 



lUJ 



Thus the electrical conductivity is simply identified as 

<yr.M^) = :l;^Xjy^^^iq,u^) (D.320) 
IZ! f d(f-fi)e-^-(^^-^^^) hm r dte^'--^^' ([J^,Ho+H^^Ar,t),Mri)]) (D.321) 

lUJ tl I e— s>0+ /n \ / 







1 f ^ 

use the same trick where we insert — / df = 1 and rename {f,f — fi) — t- (f , fi ) 

i^''^-'^' {[Jc.,H,+H,Jq,t),M-q)],) (D.322) 



hujV e-S>0+ 



lim / e 



^^In some references, Laplace transform is used early in tiie derivation and the results are the same. Now we can see 
that Laplace transform is a compact way of accounting for the retarded response, i.e causality. One may also think of the 
the e as coming from the Fourier representation of the time step function in x- 
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The other commutator version is simply 

2 /"°° 



Appendix E 
Proofs 



E.l Subjecting the Phonon self energy to the ^-Deriviabihty condi- 
tion 

One must read the famous paper by Baym in |Bayml962| . The $-derivability condition amounts to the 
satisfaction of 4 conservation laws (in the electronic case). In terms of diagrams, it amounts a certain 
symmetry in the vertex. The check is at the level of Feynman diagrams, so these are the contour time 
self energies. Thus by visual inspection of the diagrams, we expect the terms type 1,2,3 do not satisfy 
the diagram symmetry and hence do not satisfy the conservation condition. We checked 2 versions of 
the self energy; the general version from the iteration of the Hedin-like equations and the sign-assigned 
version. All times are contour times, I apologize for using the notation t here. The $-derivability 
condition comes from the "curl" condition of the self energy, 

JS(1,2) ^ 5^(3 A) 

SD{A,3) 6D{2,1) ^ ■ ' 

E.1.1 V^^P''^ Term (Yes) 

Version 1: General Self Energy 

The self energy is (in the abbreviated notation, as an argument 1 = jiqih and as a subscript 

1 = jm) 

^(1'2) = -^?E^i56f ^56(M2)5(ii-t2) (E.2) 



56 



^(3,4) = -^^^4'6f I?56(t3t4)5(t3-t4) (E.3) 



56 



_ ^S(l,2) 



1 ^ y{4ph) SD56itlt2) 
2ij^ 1562 SD,s{Uh)' 

^- E ^SS^^^ASesSih - U)5{t2 - h)5{h - t2) (E.6) 

* 56 



^ ^ f.(4p/i) ('i^56l^at2j e., , X ,^ 



56 



2 i 



yrd2^{ti - - h)6{ti - 12) (E.7) 
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RHS 



(5S(3,4) 
5I)(2,1) 

56 

I the (contour) time delta function leads (5(^3 — t/^ to 8{t\ — t-i) 
I Tisc symmetry = 
= LHS 



Version 2: Sign-assigned Self Energy 



56 



^(3,4) = -^J^V^?J^i556(t3t4)<5(t3-i4) 



56 



LHS = ^^<'-^) 



RHS 



5L»(4,3) 

^ ^ T7(4pfe) ^^56(M2) . . X 



JS(3,4) 

-2 74^^3564 ^^^^^(*3-M 



Zi % 

use the symmetry of 

l-vltS^S{h - U)5{t2 - h)5{h - U) 

the (contour) time delta function leads 5{t^ — t^) to 5{ti — t2) 
LHS 



E.1.2 T^^y.^ (Yes) 

Version 1: General Self Energy 



The self energy is 



= \\Y.^StyiS'^D,-j{t,t2)D,,{t2t,) (E.22) 



5678 
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E(3,4) = l-Y,vit^V,T^D,r{t,U)Dse{t4t3) (E.23) 



5678 



2^ *^156 '^Ti 



5678 

9 „■ ^156 "782 
^ ^ 5678 

X {5^i5n5{ti - U)5{t2 - t3)Dse{t2ti) + r'57(iit2)<584fe'5(t2 - U)S{ti - h)) (E.26) 

68 



2 i 



vSt^vSt^Ds7{hh)S{t2 - U)S{h - ts) (E.27) 

57 



- 9 7 2^*^356 '^784 

5678 



2 i 

X (552<571<J(t3 - t2)S{U - h)D86{Ut3) + £'57(i3i4)fe'561(^(i4 - t2)S{t3 - h)) (E.28) 



ih 



^- E 4'f^^i?f^ ^86(^4*3)5(^3 - t2)5(i4 - h) (E.29) 



2 z 



68 



+1-Y1 vi!'''>vgt^D,^{t3U)6{U - i2)<^(i3 - h) (E.30) 

57 

I rename 6 -H- 8 in the first term 

I the second term is the same using the symmetry of V^'^p'^^ and that of the delta functions 

= ^-E^3?f^^l6f^^68(i4t3)<^(t3-t2)<^(t4-tl) (E.31) 

^ 68 

E vSt^vSt^D,jiht2)Sit2 - U)Sih - h) (E.32) 

^ 57 

I use .068(^4^3) = .086(^3^4) and use the (contour time) delta functions 

= LHS (E.33) 

Version 2: Sign- assigned Self Energy 

The paired momenta are (^1,^*2), i%,Q7) and {qsjqe)- 

^(1'2) = ^7E4r^?f^^57(tlt2)i^86(t2tl) (E.34) 

5678 

^(3' 4) = l^E^S'^^M'^D,,{tsU)Ds,{Uts) (E.35) 

5678 

LHS = l-Y^V^,t^V^f^Ds,{t2h)6{h-U)6{t2-ts) 

^ 68 
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+1- E ySf^g2'''D,7{ht2)S{t2 - U)5ih - h) (E.36) 

57 

RHS = ^^Y^vgf^vllf^Des{t4t3)S{ts-t2)S{U-h) 

* 68 

E 4T^^?f ^^57(t3t4)<5(i4 - t2)5its - h) (E.37) 

^ 57 

I rename 6 -H- 8 in the first term then write DQs^tits) = DgQitst^) 
= l-iH ySt^y{M''^DseitsU)6it, - t2)5{U - h) 

68 

E v£f^y^lt^D,r{t3U)6{U - h)d{t3 - ii) (E.38) 

57 

I interchange the signs of qs and qe so that V^q^^^i^^^^ = ^'i^f'^^^Iel'*^ 
I interchange the signs of ^3 and ^4 as well as qi and q2 so that ^^i^^^g^^^ = ^3*5^ ^723 '^^ 

= LHS (E.39) 

E.1.3 y(3pMV(^P'*) Type-l Term (No) 

Version 1: General Self Energy 



^ ^ 5,6,7,8,9,10,11,12 

^ ^ 5,6,7,8,9,10,11,12-^ 



LHS 

<5S(1,2) 



(E.40) 



1 //i^^ 



2 V i , 

5,6,7,8,9,10,11,12 



6D{A,3) 

\^ [ rli T7(3P'*)T/(3P'^)T7(4p'i) 

/ J j "^7^1,5,6 ^^7,9,10 '^11,12,8,2 

;,9, 10,11, 12 

^ ( ^^4r7T^9.1l(*7i2)i^l2,10(t2i7)£'8,6(i2il) + D^j{htj) ^fi^''' f f Di2Mt2t7)D8,6{t2tl) 

+D,j{titr)Dg,uitjt2) ^f'^''ff^^ ^ 

0lJ43{t4t3) 0lJ4s{t4t3) / 

^ 6,8,9,10,11,12 
2 



+ \ (7) E ^56^^7%^^£?8>5,7(tlt4)I)l2,10(t2t4)i^8,6(t2tl)5^ - ts) 

^ 5,6,7,8,10,12 

+ \ if) E ^lS6^^75?n%S2^5,7(ilt3)I?9,ll(i3i2)I?8,^ 

^ 5,6,7,8,9,11 
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1 rn^' 



RHS 

5S(3,4) 



5,7,9,10,11,12 



(E.42) 



6D{2,1 

1 ^ f ~(3p/i).%(3p/i)f>(4p/i) 

2\7j / ««7 1/3,5,6 *'7,9,10>^ll,12,8,4 

^ ^ 5,6,7,8,9,10,11,12"' 

^ ( ^^4rJT^9.1l(*7i4)i^l2,10(t4i7)£'8,6(i4i3) + D^j{Uj) '"i^''' ^ D^2,w{tih)Ds,Q{Uh) 

0JJ2l{t2tl) 0JJ2l{t2tl) / 

^ 6,8,9,10,11,12 
2 



+ \ ^ V^3S'^VV(Sv^a?8l4^5,7(i3t2)I?12 - h) 

^ 5,6,7,8,10,12 

+ ^ (7)' E ^'S6'^^i?i'^^i%i>5,7(t3il)I?9, 
^ 5,6,7,8,9,11 

+ 1 (7)' E / ^*7V^W^VV(S^i?,l22,4^5, - i2)5(i3 - il) 

^ 5,7,9,10,11,12-^ 

Hence the fourth Hne of LHS and RHS matches. However, the curl condition is not satisfied by noticing 
that in LHS, the external index 4 appears in V^^'^^^ and in RHS, the external index 4 appears in V^^'p^\ 

E.1.4 y(3pMV(4p'^) Type-2 Term (No) 

The same situation in Type-1 term appears here, thus the curl condition is not satisfied. 
E.1.5 \/(3p/i)V(^?''^) Type-3 Term (No) 

Type-3 term is different from Type-1 and Type-2 terms, so we need to check the curl condition explicitly. 
Version 1: General Self Energy 

2 



S(l,2) = \(^) E [ dt,v}X^^viXil,V^^^^^^^ 

^ ^ 5,6,7,8,9,10,11,12"^ 

^ ^ 5,6,7,8,9,10,11,12""' 

LHS 

^£»(4,3) ^ ' 
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1 / .. -J?.nh)^~,(4ph) fr{3ph) 

A\il ^ I -'1,0,0 ■ 7,8,9,10*^11,12,2 

^ 5,6 



7,8,9,10,11,12 

X (^^^^^1)9,11 (M2)I?12,10(t2t7)^8,6(Ml) + D^j{tit'j)^-^^^^Di2,lo{t2h)Dsfi{tjh) 



1 fh 



6,8,9,10,11,12 
2 



+ 1 ( - J E ^56^V^&'loV^S2^5,7^ - t3) 

^ ^ 5,6,7,8,10,12 

+ 1(7)' ^ ^S^V^«V;?S^5,7(tlt3)i^9, 
^ ^ 5,6,7,8,9,11 



1 / At \ ^ 

+ 



1 



4 V z / E ^5?V^7^JJloV^i?522^5,7(tlt4)i?9,ll(^^ - t3) (E.45) 

5,7,9,10,11,12 



RHS 
(5S(3,4) 

<5^(2,1) 

2 



(E.46) 



ill) 2^ / 4/3,5,6 »^7,8,9,10»^ll,12,4 

^ 5,6,7,8,9,10,11,12-^ 



2 



i ( 7 ) S ^^i,?6^V'(|J,io^^i?flS4^9,ll(tl^^ - h) 



1 

+ 



3,8,9,10,11,12 
2 



4 V i / E ^3S^V^&'ioVi^,i?i^5,7(t3t2)i^l2,lo(^^ - h) 

^ ^ 5,6,7,8,10,12 

^ ^ 5,6,7,8,9,11 

+ i (7)' E ^3^M^^7S9',ioVl?,lS4^5,7(t3t2)i^9,ll(t2t4)i^^^ (E.47) 
^ 5,7,9,10,11,12 

Note that indices 1,2,3,4 are all "external indices" and some external indices are in the coupling 

constant y(^P^) on LHS but in V^'^p^^ in the corresponding term on RHS. The corresponding term is 
identified by looking at the time delta functions. Hence they don't match even after renaming indices. 

E.1.6 Term (Yes) 

Version 1: General self energy 
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^^^'^^ = "Iff?) ^ Vl(5t7'^^&V8v(*2il)^59(ilt2)i^l0,6a2il) (E.48) 

^ ^ 5,6,7,8,9,10 

^^^''^^ = "^(?)' ^ 4t7'^V^&V8v(*4t3)^59(M4)i^l0,6(M3) (E.49) 
^ ^ 5,6,7,8,9,10 



^' '^ '^ 5,6,^9,10 V4D43((4«3) 



1 



3! \i 



E V'it3'^^W0,2^59(ilt2)i?10,6(i2tl)5(i2 - U)6{h - ts) 
5,6,9,10 



(i)' E ^i??^^?S,2^87(t2il)i^l0,6(t2tl)5(tl - i4)(^(t2 - 
■ ^ ^ 6,7,8,10 

(7) ' E V^S?2^87(t2tl)i^59(tli2)<5(t2 - i4)(^(tl - h) (E.51) 



- HI! 



5 { I fh^^ 



5Di2A) \ 3! 

^ ' ^ \ ^ ^ 56789,10 



E 4t7'^^^8wA7(t4t3)^59(t3t4)£'l0,6(t4t3) (E.53) 



ilU) E ^3567 ^10,4 ( ^^^^(^^59(t3t4)Z?10,6(M3) 

^ 56789,10 ^ zi\ A L 



+i^87(M3)^^^I^io,6(i4t3) + DsriUts)D,,{tsU)^-^^) (E.54) 
dL>2i(r2rij c>i^2i(r2rij / 

= -hil)' ^ 4tl'^4To!4^59(i3t4)i^lO,6(t4t3)5(t4-t2)5(t3-il) 



569,10 

2 



4(7) E 4t7'^4To!4^87(i4t3)i^lO,6(M3)<5(i3 - ^2)5(^4 - ^l) 

■ ^ ^ 678,10 

4 f- V E 4t7'^4'?^87(t4t3)£'59(t3i4)<5(t4 - t2)S{ts - h) (E.55) 



5789 

rename 6 -f-^ 10, 8 -f-)- 7 in the second line 



^ E 4tl'^4'S!4^59(i3i4)i?10,6(M3)5(i4-t2)5(i3-tl) 

69,10 

) E 4'lS!84'?^78(W3)A,10(M3)5(i3-i2)5(i4-il) 



2 



* ' 569,10 



1 ~^(Aph) f^{Aph) 



678,10 
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3! 



(-) E yiS^ys924 ^Ds7{hh)D,,{tsU)S{h - t2)d{h - h) (E.56) 

5789 



use DYsitAts) = Ds7{t3t4), De^ioiUta) = ^io,6(i3i4) 



= -^(7) E ^itl'^4Tol4^59(t3i4)I)lO,6(M3)5(*4-i2)5fe-tl) 
^ ^ 569,10 

-^f-)' E n?iS!8VVS^^87(M4)A0,6(t3t4)<5(t3-i2)<5(t4-tl) 
678,10 

f-V E ySS^ysS^Ds7{hts)D,,{tsU)S{U - t2)d{h - h) (E.57) 

5789 

= LHS (E.58) 
Version 2: Sign-assigned Self Energy 

The paired momenta are (91,^2), (^8,^7), (95,*)), {qw,Q6) and (93,94)- 

S(l,2) = E ^S7'^V^|'?d,2^87(i2il)I^59(ili2)i^l0,6(i2tl) (E.59) 

■ ^ ^ 5,6,7,8,9,10 

^(^'^^ = "Iff?)' ^ ^S^^V^|'?i4^87(M3)^59(t3t4)i5l0,6M3) (E.60) 
^ ^ 5,6,7,8,9,10 



3! 



3! 



3! U 



(7) E ^^ef ^t?o>59(ilt2)i?10,6(i2tl)5(t2 - t4)<^(il - is) 
^ ^ 5,6,9,10 

(7)' E ^I^67'^^itfo>8v(t2tl)i?10,6(t2tl)<J(tl-t4)<^(^ 

^ ^ 6,7,8,10 

(-) ' E ^5l?^^|'i,2^87(i2il)i?59(tli2)(^(t2 - i4)(^(tl - ^3) (E.62) 

5,7,8,9 



RHS = (E.63) 



5L>(2,1) 



3! 



E ^5r^S,4^59(i3i4)^10,6(i4i3)5(i4 - t2)5{t^ - tl) 
5,6,9,10 



^ E ^?67^^itS4^87(i4i3)^10,6(i4t3)5(t3-t2)5(i4-tO 

6,7,8,10 



3! 



3! 



(-) E 4'?^??4^87(i4t3)^59(i3t4)<5(i4 - t2)5{h ' h) (E.64) 



5,7,8,9 

use the pairing (gi, 9*2) and (9*3, 9*4) to change signs in the momenta and first Une matches 
use the pairing (91,92) and (93,94) to change signs in the momenta and third hne matches 
rename 6 -H- 10 and 8 O 7 in the second Une 
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I use D'TsiUta) = Ds'j{t^U) and DQ^w{Ut^) = Dio,6(i3i4) in second line 

I use the pairing (gg, gV) and (^lo, qe) to change signs in the momenta and second hne matches 
= LHS (E.65) 

E.1.7 V^(3p/i)4 ^^^^ ^Yes) 
Version 1: General Self Energy 

^ ^ 5,6,7,8,9,10,11,12,13,14"^ 
xA57(ili7)£'9,13(M2)£'l4,ll(i2i8)£'l2,10(t8i7)^86(i8tl) (E.66) 

TCiA\ - ^f^y \^ /" T>(3p/i)T>(3p/i).-^(3p/i) f>(3p/i) 

^(.'>>4j _ -1-1 2^ / "*7ar8V'3,5,6 »^7,9,10 '^11,12,8 '^13,14,4 

^ ^ 5,6,7,8,9,10,11,12,13,14"^ 

X-D57(i3i7)£'9,13(«7i4)£'l4,ll(i4t8)^12,10(i8i7)£'86(i8i3) (E.67) 

(E.68) 

1 



2 



(^) 2^ / «Mi8»/i,5,6 '/7,9,10'/ll, 12,8 ^13,14,2 

\ / K 7 s 9,10,11,12,13,14 "^ 

£'9,13(M2)£'l4,ll(i2i8)A2,10(t8i7)-D86(i8*l) 



5,6,7,8,9,10,11,12,13,14 
/^^57(tli7) 
V<5L'43(t4t3)" 



+Z^57(tlt7) '^.^^''f/^/'^ ^14,11(^2^8)^^12,10(^8^7)^86(^8^1) 

0-L'43(r4l3j 

+i^57(ilt7)i^9,13(M2)i^l4,ll(i2i8)^^^^?r7T^^86(t8tl) 

+£)57(tlt7)i^9,13(M2)£'l4,ll(t2t8)^12,10(t8t7) ^n'lw'! l (^"'^0) 



1 //l 



2 



* ' 6,8,9,10,11,12,13,14 



/ "*8 1/1,4,6 >/3,9,10'/ll,12,8*^] 



4,6 "3,9,10 "11,12,8*^13,14,2 



;i?9,13(t3t2)£'l4,ll(t2t8)i?12,10(i8t3)i?86(t8il)5(tl - ^4) (E.71) 



^ ^ 5,6,7,8,10,11,12,14" 
Xl?5,7(ili4)I?14,ll(t2t8)^12,10(t8t4)^86(i8il)5(i2 " h) (E.72) 



[-] 1^ / «*8 1/1,5,6 ^^7,4,10 1/11,12,8 ^^3,14,2 



^(3p/i) f>(3p/i) T7(3p/i) T>(3p/i) 
1,5,6 "7,9,10 "^3,12,8 "13,4,2 

5,6,7,8,9,10,12,13"' 



xL'5,7(tit7)L'9,i3(M2)-Dl2,10(t3i7)^86(*3*l)5(i2 " ^4) (E.73) 



2 



v;^ .7(3p/j)f>(3p/i) .7(3^/1) f>(3p/i) 

2 I 7 / 2^ 1'5.6 ^^7,9,3 '^11,4,8 ''13,14,2 

^ / 5,6,7,8,9,11,13,14 
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I rename 9, 10 5, 6, 13, 14 7, 10 and 6 ^- 14 

1 ^ f -■{3ph)r,{3ph)r,i3ph) r,i3ph) 

~ 2U ^ / ^^^81/1,5,6 Vo,4*/ll,12,8*/3,2,14 

^ ^ 14,8,5,6,11,12,7,10 

xD57{tit4)Dio,n{t4ts)Di2,e{t8ti)D8,i4{tst3)S{t3 - (E.85) 
I write -D8,i4(i8i3) = ^14,8(^3*8), £>io,ii(i4i8) = -011,10(^8*4) 
I rename 11 ^ 12, 8 ^ 11 and 12 ^ 8 

1/^y / T>(3p?^)T7{3pft)T7(3pft) f>(3p/i) 

~ 2\7/ ^ / "^^81/1,5,6 '^7,10,4*^12,8,11 ^^3,2,14 

^ ^ 5,6,7,8,10,11,12,14-^ 

xD57{tiU)Di2Mtst4)D8Q{tsh)Du,n{t3t8)S{t3 - t2) (E.86) 

= LHS second line (E.87) 



RHS second line (expected to match with LHS first line) 
1 fh 



2 V i 



2 



E[ rif t/(3p'i)t7(3p/!.)t>(3p/j) T>(3p/i) 
; "CS 1^1,14,4 '^3,5,6 ''ll,12,8''7,2,10 

5,6,7,8,10,11,12,14 



xD5j{t3t2)Du,llit^t8)Di2,10{^st2)Ds6itst3)Sit4 - h) (E.88) 

rename 14 ^ 6, 5, 6 ^ 9, 10, 7, 10 13, 14, 8 12, 12 11 and 11^8 

^ ^ 9,10,13,12,14,8,11,6-^ 

x£'9,13(t3t2)£'68(t4t8)Al,14(t8t2)-Di2,10(t8t3)'^(t4 " h) (E.89) 

write -Dii,i4(i8i2) = -Di4,ii(t2i8) and D^siUts) = DseitstA) 

LHS first line (E.90) 



RHS third line (expected to match with LHS third line) 

l/^y f rA3ph)fA3ph)rri3ph)M3ph) 

2 17/ 2^ / ^^^7 1^1,12,8 '^7,9,10 '^3,5,6 *^13,2,4 

^ ^ 5,6,7,8,9,10,12,13-' 

xD5,7{t3t7)Dg,is{t7t4)Du,10{tlt7)D86{tlt3)S{t4 - t2) (E.91) 

rename 12, 8 ^ 5, 6, 10 ^ 7, 6 ^ 8, 5 ^ 12 and 7 ^ 10 

1 ^ f r. fA3ph)r,i3ph)fA3ph)^~A3ph) 

2 Vi/ ^ / 1'5,6 '^10,9,7 '^3,12,8 *^13,2,4 
^ ^ 12,8,10,6,9,7,5,13-^ 

xDuMi3t7)D9,i3{t7t4)D5,7{ht7)De8{tlt3)5{t4 - t2) (E.92) 

write DQs{tit3) = D86(^3*i) 

LHS third line (E.93) 
RHS fourth line (expected to match with LHS fourth line) 



1 /h 



2 



^ 5,6,7,8,9,11,13,14 



EfA3ph)fr(3ph)^A3ph) fASph) 
"7,9,1 "3,5,6 "13,14,2 "11,2,8 



xD5j{t3ti)Dg^l3{tit4)Di4M^.4t2)D86it2t3) (E.94) 

rename 7, 9 — )• 5, 6 and 13, 14 — )• 8, 11 
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2 



- -(-\ .7{3ph).7(3p/t)T7(3pfe)T7(3p/i) 
~ 2 W / ^ ^'^'^ ^■^''^ ^'^^'^ ''14,2,13 

^ ^ 7,9,5,13,6,14,8,11 

xD75{t3ti)Des{tlt4)Du,uiUt2)Di3,9{t2t3) (E.95) 

_ 1 \^ .7(3p/i).~>(3p/i)f;.(3p?i).-;.(3p/i) 

~ 2 W / ^'^'^ ^''^'^ 8,11,4 1^14,2,13 

^ 5,6,7,8,9,11,13,14 

xD57{tit3)Dg^l3{t3t2)Du,ll{t2t4)D8,6{t4tl) (E.96) 

= LHS fourth line (E.97) 
RHS fifth line (expected to match with LHS fifth line) 

1 fflV ^ f r. fA3ph)^y{3ph)^yi3ph) fMph) 

2 17/ ^ / 1-5,3 ''^7,9,10 '^13, 14,4*^11, 12,2 
^ ^ 5,7,9,10,11,12,13,14-^ 

xI)5,7(i3t7)^9,13(M4)i?14,ll(i4i2)I?12,10(i2«7)<^(i3 - h) (E.98) 
rename 14 -H- 11, 12 13 and 10 O 9 
1 /h^' 



/ "'^7>^i,5,3 '^7,10,9 ''l2,ll,4''l4,13,2 

1,7,10,9,14,13,12,11 



X-D5,7(i3t7)-Dl0,12(M4)i?ll,14(t4i2)i^l3,9(t2t7)5(t3 " ^l) (E.99) 

I write Dio^uitjti) = .012,10(^4*7), i?ii,i4(i4i2) = 0'i4,ii(i2i4) and Di3,9(*2t7) = 0>9,i3(t7t2) 
= LHS fifth hne (E.lOO) 

Hence the curl condition is satisfied. 
Version 2: Sign-assigned Self Energy 

Paired momenta are (91,5*2), (05,07), (^9,^13), (^i4,9ii), (912,910) and (^8,96) 

^ ' 5,6,7,8,9,10,11,12,13,14*^ 
xA57(ili7)£'9,13(i7i2)£'l4,ll(i2i8)£'l2,10(t8i7)i^86(i8tl) (E.lOl) 
A\ - ^ f ^f^^^ i/{3ph)fA3ph)fA3ph) rri^ph) 

^ / 5,6,7,8,9,10,11,12,13,14*^ 
xD57{t3t7)Dg,l3{t7t4)Du,u{Ut8)Di2,lo{tst7)D86{t8t3) (E.102) 



2 f. 

E/ T/i3p'i)T7_(3p/i)T7(3pft)_-f>(3ph) 
I "t8>'i^4^6 "^3,9,10 '^11,12,8 "^13,14,2 
^ ^ " / 6,8,9,10,11,12,13,14*^ 

xD9^i3{t3t2)Du,u{t2t8)Di2Mist3)D8e{t8ti)S{h - U) 



4 5 



2 ^ 

E/ /7/ t>i3p/i)V7(3p/i)f>(3pft)_-j%{3ph) 
I "''8>'i 5 6 "^7,4,10 "^11,12,8^3,14,2 
^ 5,6,7,8,10,11,12,14*^ 

xD5,7{tit4)Du,n{t2t8)Di2,10{tst4)D86{t8tl)d{t2 - 13) 



1 //i 



2 



^ / 5,6,7,8,9,10,12,13*^ 
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2\i/ ^ ',9,3 11,4,8 13,14,2 

^ 5,6,7,8,9,11,13,14 

X£'5,7(ilt3)£»9,13(i3t2)i5l4,ll(i2i4)i586(t4tl) 

+ 2Viy ^ / ^*7V^1,5,3 '^7,9,10 Vl2,4^3,14,2 

^ ^ 5,7,9,10,11,12,13,14'^ 

xD5,7{tit7)D9,13{t7t2)Du,u{t2t4)Di2,lo{t^t7)S{h - ^3) (E.104) 



1 /n^^ 



^+ T>_(3p/i)T>_(3p/i)f^(3p/i)_-j%(3p/i) 
I "''8>'3 2,6 1,9,10 11,12,8 13,14,4 
6,8,9,10,11,12,13,14"^ 



X-D9,13(tl*4)£'l4,ll(t4i8)£'l2,10(i8il)-D86(i8i3)'^(i3 " ^2) 

"^2 V i / ^ / ^ 3,5,6 "^7,2,10 "^11,12,8 "^1,14,4 

^ ^ 5,6,7,8,10,11,12,14"^ 

X-D5,7(i3t2)I?14,ll(t4i8)£'l2,10(t8i2)^86(t8t3)5(i4 " 

2\i ^ / " 3,5,6 '^7,9,10 "^1,12,8 "^13,2,4 

^ ^ 5,6,7,8,9,10,12,13"^ 

x£'5,7(i3t7)^9,13(M4)I?12,10(ili7)i?86(tli3)'^(^4 - ^2) 



_l1/^^V ^^^ph)ij(?ph)^(Zph)^(Zph) 
"■"2 W / ^ 3,5,6 ^7,9,1 ^11,2,8 "^13,14,2 

^ ^ 5,6,7,8,9,11,13,14 

Xl?5,7(i3tl)^9,13(ilt4)i?14,ll(i4i2)A6(t2i3) 

-lI / T>(3pft)f>(3p/t)f^(3p/i) T>(3p/i) 

"""2 V i / ^ / " 3,5,1 ^7,9,10^11,12,2*^13,14,4 

^ ^ 5,7,9,10,11,12,13,14"^ 

X-D5,7(t3i7)^9,13(M4)A4,ll(t4t2)A2,10(i2t7)'5(i3 " «l) (E.106) 

RHS first line (expected to match with LHS second hne) 
follow earlier to rename 9, 10 5, 6, 13, 14 7, 10 and 6 ^ 14 

1 //ly \^ I A+ T>(3pMT>(3pft)T>(3p/i) ^r{?ph) 

2 I 7) / ^^8*^3,2,14*^1,5,6 Vr2,§*^7,ro,4 
^ 14,8,5,6,11,12,7,10""^ 

xD5,7{ht4)Dw,u{t4t8)Di2Atsti)D8,u{tst3)S{t3 - ti) (E.107) 
write D8,i4(i8i3) = Du^sihh) and Dio,ii(i4i8) = -Dii,io(i8i4) 
then rename 11 ^ 12, 8 ^ 11 and 12 ^ 8 

- f-Y V f Hf vi^Ph)Yi3ph)yi3ph) Mh) 

2\i) ^ \ ^ 3,2,14 1,5,6 12,8,11 7,10,4 

^ ' 5,6,7,8,10,11,12,14""^ 

xL'5,7(iii4)^i2,io(i8i4)^8,6(i8ii)A4,ii(t3t8)5(i3 - ^2) (E.108) 
use the pairing (^10,9*12) and (^i4,gii) to change signs 

LHS second line (E.109) 
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RHS second line (expected to match with LHS first hne) 

follow earlier to rename 14 ^ 6, 5, 6 ^ 9, 10, 7, 10 13, 14, 8 ^ 12, 12 ^ 11 and 11 ^ 8 

2\i J ^ / ^3,9,10 13,2,14 '^8,11,12 '^1,6,4 

^ 9,10,13,12,14,8,11,6-^ 

xL>9,13(i3i2)i^68(M8)I?ll,14(t8t2)^12,10(i8t3)'^(t4 " tl) (E.llO) 

write Dx\,\Ait%ti) = -014,11(^2^8) and ^68(^4^8) = DseitstA) 

1 fhV sr^ /■ , f>(3pfe)T7(3pft) T7(3pft) .7(3pfe) 

2 It) 2^ / ^3,9,10 ^13,2,14 '^8,11,12 ^1,6,4 
^ ^ 6,8,9,10,11,12,13,14"^ 

X-D9,i3(t3t2)-D86(i8t4)I)l4,ll(t2t8)i^l2,10(t8t3)^X*4 - *l) (E.lll) 

use the pairing {q6,qs) and (qiIj^m) to change signs 

LHS first hne (E.112) 

RHS third line (expected to match with LHS third line) 
I rename 12, 8 ^ 5, 6, 10 ^ 7, 6 ^ 8, 5 ^ 12 and 7 ^ 10 
I then write Dasihts) = Dseihti) 

5,6,7,8,9,10,12,13 



2\i) ^ / ' 3,12,8 10,9,7 1,5,6 13,2,4 



xL'l2,10(t3t7)£'9,13(M4)£'5,7(ili7)^86(Ml)<5(t4 " tl) (E.113) 

I use the pairings (95,97), (96,98), (010,912), (93,94) and (91,9*2) to change signs 
= LHS third line (E.114) 

RHS fourth line (expected to match with LHS fourth line) 
I rename 7, 9 -H- 5, 6, 13, 14 <H- 8, 11 
I then swop all indices in all the Green's functions, D 

= V T>(3p/i)T>(3p/i)T?(3pft) f^(3pft) 

2 W / 3,7,9 5,6,1 ^14, 2, Kr 8,11,4 

^ ^ 5,6.7,8.9,11,13,11 

xD5j(tlt3)Z)9,i3(t3t2)Z?14,ll(i2t4)i?86(t4tl) (E.115) 

I use the pairings (9*1,92), (95,97), (9*3,9*4), (9*11,9*14) and (913,9*9) to change signs 
= LHS fourth line (E.116) 

RHS fifth line (expected to match with LHS fifth line) 
rename 14 o 11, 12 o 13, 10 o 9 

then write -010,12(^7^4) = -012,10(^4*7), -011,14(^4*2) = -Oi4,ii(i2*4) and -Oi3,9(t2*7) = -09,i3(t7t2) 
1 (h-^ 



Ef flu vi^P'^^ T>_(3p'i) T/ (3p/i)_ T> (3p/i) 
I "t'7>'3 5 i "7,10,9 *^ 14,13,2 "^12,11,4 

,7,9,10,11,12,13,14*^ 



5,' 

xO'5,7(t3i7)-Oi2,10(M7)O'l4,ll(t2t4)-O9,l3(M2)'^(t3 " ^l) (E.117) 

use the pairings (91,9*2), (9*3,9*4) and (9*11,9*14) to change signs 

LHS fifth line (E.118) 
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Some concluding comments are 

1. Indeed the satisfaction of the curl condition amounts to certain symmetries of the vertex parts. 

2. The 3 cross terms do not satisfy the curl condition and it can be seen from the Feynman diagrams 
that the vertex parts are not symmetric. 

3. F^^p/i)" term satisfies the curl condition as the ladder vertex correction has the required symmetry. 

4. Thus there is no $-derivability for certain diagrams of the combined 3-phonon and 4-phonon 
interaction, though there may be <l>-derivability for each interaction seperately. Perhaps the reason 
is just like that for electron-phonon interaction. There are 2 systems where energy can distribute. 
In this case the "2 systems" are the 3-phonon system and the 4-phonon system. And just like in 
electron-phonon interaction, to get conservation, we need pairs of diagrams to take into account 
the total energy in the 2 systems which is conserved. 



E.2 Subjecting the Phonon self energy to the Landauer Energy Cur- 
rent Conservation Sum rule 

E.2.1 V^^P^^^ Term 

The Landauer energy conservation sum rule is, 

= / t^E - SS?>(.)Z.(?<(.)) (E.119) 

1,2 

We drop the central device superscript label (C) from now on. First establish an identity, = 
D<{u) 

r>>(-a;) = J dte'^-''^*D>{t) (E.120) 
= J dte''^^-*'^ D>^(t) (E.121) 

/OO POO 
dt ^ dt 
-OO J —OO 

= dte'^^D>^{-t) (E.122) 
I compare the 3 expressions at steady state: D2i{t) = -D^i(ti — t2) = — ^{u2{ti)ui{t2)) 

I D>^{-t) = D>^{t2 - h) = --{U2{t2)ui{h)) 

I ^l'2(*) = D<{tl - t2) = ~{u2{t2W{h)) SO D<{t) = D>^{-t) 

= j dte^^D<2{t) (E.123) 

= D<{u) (E.124) 

Now we check this sum rule for the self energy V^'^'^^^^ which has been checked for conservation by 
kinetic theory and by Baym's $-derivability condition earlier in this appendix. 
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The self consistent self energy is 

^^2(^1*2) = ^7 E ySt^y^lt^DUt^t2)DUt,t^) (E.125) 
3,4,5,6 

We have assumed steady state so we can Fourier transform to the frequency domain. 

^i2i^) = j d{ti-t2)e'^^*^-*^^T>^{ti-t2) (E.126) 
I write the Green's functions into Fourier form D^^{uji) and D^^{(jJ2) 

= ^7 E y^t'yif f^f'^f ^(*i-*2)e^(--+-)(*-*^)i^r5(-i)^6<4(-2) 

3,4,5,6 J J J 

I use representation of delta function — J dte^'^^ = d{uj) then evaluate J duj2 

= 5? E nr^Sf I ^DU^ODU^. - (E.127) 

3,4,5,6 

The other self energy is 

^^^2(^) = ^7 E / ^i^3<5(^l)^6>4(^l-^) (E.128) 

3,4,5,6 



First term of sum rule 

/ ^^E^^2H^2>iM (E.129) 
1 h f doj f duji 



ftf^ ^ l^(3«V3tf)z^3<(a;0l^6>4('-i-'-)^riM/^ (E.130) 



1,2,3,4,5,6 



Second term of sum rule 



5t/^/^ E fS''>i^r'''?5(-:)i5S,(a.:-a-)Of,(a,)fiu, (E.131) 



1,2,3,4,5,6 

rename a; — )• — w and wi — )■ — wi 



1,2,3,4,5,6 
use 1)^2 1*^) = -^21 (""^ 



1,2,3,4,5,6 

rename 3 -H- 5, 4 <H- 6 and 1 -H- 2 



1,2,3,4,5,6 



The Sum Rule 
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1,2,3,4,5,6 

I the coefficients are complex conjugates of each other 

= llf^f^ ^ 25R(v^(3«V^tf))(M^3<Ml?>K^ (E.135) 

1,2,3,4,5,6 

/ (E.136) 

Hence the sum rule is not satisfied. We try again following the slightly different approach in |Lu2007j 
between equations (B5) and (B6). 

Second term of sum rule 

1,2,3,4,5,6 

I rename cj — )• — w 



1 h f duo f duj 



2 i / 27r / 27r 

1,2,3,4,5,6 



^ E Vl(|ri^62'^i^3>5('-i)^6l(a^i+'-)^2<i(-^)M--) (E.138) 



use D2i{—oj) = D^2{^) then shift uji ^ uji — uj 



1,2,3,4,5,6 

rename 3 O 6, 4 o 5 and 10 2 



J J 100 /ICC 



1,2,3,4,5,6 



and we get exactly the same expression as the first approach hence the sum rule is not satisfied. 

So what is the problem? I suspect the sum rule for energy current is somehow incorrect. Looking 
back at the derivation of the sum rule in the chapter on NEGF (mostly phonons), we realize that 
the frequency integral plays no part in the derivation but definitely plays a part in the final sum rule 
expression. We display the role of the frequency integral by decomposing the expression, 

Tr(S<(a;)D>(w) -S>(tj)L»<(tj)) = "odd in w part" + " even in a; part" (E.142) 

Then with the frequency integral 

— ^"odd in (jj part" + / — /ia;"even in cj part" (E.143) 
2-K J 2tt 

The second integral is zero whatever the even part is because we recall odd x even = odd and odd 
integrals are zero. The first integral is nonzero and is the expression we got earlier. So for the sum rule 
to hold, Tr(E^Z)-^ — E^D^) must be even in co, there is no odd (in oj) part. 

It is interesting to note that the particle current conservation rule sum rule which is derived in 



^Recall the standard way to decompose a function into even-odd parts is 



/(^) = I [/(^) + /(-^)] + I [/(^) - f{-^)] (E.141) 

^ V ' ^ V ' 

even part odd part 
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essentially the same way says a different story. This is equation (12.34) in Haug2007l 



= J ^Tr (S(^)<(^)G(^)>(^) - S(^)>(^)G(^)<(a;)) (E.144) 
and the sum rule holds when Tr(. . .) is odd in ui and has no even (in ui) part. 
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